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Nonlinear Meson Theory of Nuclear Forces. I. Neutral Scalar Mesons 
with Point-Contact Repulsion 


L. I. Scurre* 
Stanford University, Stanford, California 
(Received June 22, 1951) 


This paper develops an attempt to account for nuclear saturation and shell structure in terms of many- 
body forces that are derived from mesons that obey a nonlinear wave equation. Classical field theory is 
used, and in some cases the practical difficulties of obtaining numerical answers are reduced by employing 
a variation method. Apart from a cutoff, which appears in this particular form of the theory but could 
be eliminated, there are two parameters in the theory; they can be chosen so that nuclear matter has a 
stable density equal to the observed value, and a variational binding energy equal to 42 percent of the 
observed value, thus approximately accounting for saturation. The two-nucleon interaction has the observed 
order of magnitude in empty space, and is greatly reduced within nuclei. This suppression of two-body 
interactions in favor of the interaction of each nucleon with the average nucleon density in heavy nuclei 
may account for the independent-particle model and hence for shell structure. Although the theory does 
not account for magnetic moments, it indicates that a more realistic version (for example, a nonlinear 
pseudoscalar theory) may predict a reduction of the anomalous magnetic moments of nucleons within 
nuclei. According to a recent suggestion of Bloch, this could account for the deviations of the magnetic 
moments of even-odd nuclei from the Schmidt lines. The nonlinearity also has the consequence that mesons 
are scattered from nuclei as though by a strong repulsive potential. The relation of this effect to current 
observations on interactions between mesons and nuclei is briefly discussed. 


I. INTRODUCTION 


NE of the most fundamental and least understood 

properties of atomic nuclei is saturation: the close 
proportionality of nuclear volume and binding energy 
with mass number. Attempts to account for saturation 
in terms of two-body interactions between nucleons 
have taken two directions. In his first paper on the 
neutron-proton structure of nuclei, Heisenberg! pro- 
posed that sufficient exchange forces be introduced to 
account for saturation, and this idea has since been 
followed up extensively. Within the last few years, 
however, experiments on the scattering of high energy 
neutrons and protons, mainly at Berkeley,’ have indi- 
cated quite definitely that the actual two-body exchange 
forces do not supply enough repulsive interaction to 
prevent the collapse of heavy nuclei. The second 
attempt to account for saturation assumed that the 


* Assisted in part by the joint program of the ONR and AEC. 

'W. Heisenberg, Z. Physik 77, 1 (1932). 

2See, for example, the nearly symmetric neutron-proton 
scattering curve obtained by R. Wallace, Phys. Rev. 81, 493 
(1951), and earlier papers cited there, which implies iittle or no 
interaction in odd / states (Serber force). 


two-body interaction consists of a central repulsive 
core surrounded by an attractive region.* Quantitative 
investigation showed that a repulsive core of sufficient 
diameter to yield the observed density of heavy nuclei 
would lead to disagreement with the experimental data 
on two-nucleon scattering.‘ There now appears to be 
general acceptance of the idea that an explanation of 
saturation will require the introduction of many-body 
forces between nucleons, in which case the potential 
energy of a given configuration of nuclear matter will 
not be determined unambiguously by the known two- 
body forces. 

A second important property of nuclei that is not 


*H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 161 
(1936); H. A. Bethe, Elementary Nuclear Theory (John Wiley 
and Sons, Inc., New York, 1947), p. 81. 

*G. Parzen and L. I. Schiff, Phys. Rev. 74, 1564 (1948). This 
question has recently been re-examined by R. Jastrow, Phys. Rev. 
$1, 165 (1951). His conclusion that a large enough repulsive core 
in the singlet neutron-proton interaction could lead to saturation, 
cannot.be accepted, since the most stable configuration of a heavy 
nucleus would then be a collapsed state with parallel spins (all 
triplet interactions); the repulsive core in the triplet interaction 
is much smaller if it exists at all. 








B. 


now adequately understood is the shell structure.‘ 
While much attention has been devoted to the details 
of coupling schemes that lead to particular sets of 
magic numbers, no quantitative study has been made 
of the validity of the independent-nucleon model on 
which these coupling schemes are based. Indeed, it 
appears at first that the strong, short-range two-body 
interactions that are known to exist between pairs of 
isolated nucleons would make the state of any one 
nucleon in a nucleus dependent mainly on the motions 
of its neighbors of the moment, and thus prevent the 
existence of the one-body potential which seems essen- 
tial to shell structure. However, Wigner® has pointed 
out that for sufficiently short-range two-body interac- 
tions, a nucleon may not be able to follow the rapid 
variations in potential that are produced by the motions 
of its neighbors, and hence would behave as though it 
were in a smoothed-out version of the actual potential. 
Alternatively, it has been suggested that the disturbing 
effects of the short-range interactions on the motion of 
a nucleon may be suppressed by the exclusion principle, 
which makes it difficult for a nucleon to change its state 
when neighboring states are occupied. This idea, formu- 
lated most explicitly by Weisskopf,’ leads in the direc- 
tion of the independent-nucleon model for the lowest 
excited states of nuclei, and perhaps also toward the 
liquid-drop model for the highly excited states that 
follow nucleon capture. Neither of these proposed 
explanations for the independent-nucleon model seems 
to have been developed quantitatively thus far. 

The present series of papers presents an attempt to 
account for both saturation and the independent- 
nucleon model in terms of a particular type of many- 
body force. In this theory the interactions between 
nucleons arise from mesons which obey a nonlinear 
wave equation.’ Some insight into the consequences of 
such a model can be obtained from a preliminary 
qualitative discussion based on a classical treatment of 
the meson field in which the nucleons act as sources. 
In the usual linear theory, the meson field amplitude 
is proportional to the nucleon source strength. Meson 
fields are then superposable, and the interaction energy 
between a number of nucleons is equal to the sum of the 
pair interactions. In the present theory, the nonlinearity 
is chosen in such a way that the meson field amplitude 
increases less rapidly than linearly with the nucleon 
source strength. Then the change in meson amplitude 
produced by the addition of a nucleon is less when 
many nucleons are already present than when few are 
present, and the interaction energy between a number 
of nearby nucleons is less than the sum of the pair 
interactions. This is just the sort of effect needed to 


5M. G. Mayer, Phys. Rev. 78, 16 (1950), and earlier papers 
cited there. 

* E. P. Wigner (private communication). 

7V. Weisskopf, Science 113, 101 (1951); see also H. Kopferman, 
Naturwiss. 38, 29 (1951). 

®L. I. Schiff, Phys. Rev. 80, 137 (1950); Phys. Rev. 83, 239 
(1951). 
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account for saturation; a stable density for very heavy 
nuclei will be obtained if the (attractive) potential 
energy per nucleon increases less rapidly than the $ 
power of the density for high densities. By the same 
token, the interaction between a pair of nucleons when 
they are embedded in a heavy nucleus (as distinguished 
from the interaction of each with the surrounding 
nuclear matter) is less than when they are in empty 
space. This suppression of two-body interactions within 
a nucleus in favor of the interaction of each nucleon 
with the average nucleon density, means that the 
nonlinearity acts as a smoothing mechanism and hence 
leads in the direction of the one-body potential and 
shell structure.® 

These papers develop two ways in which a non- 
linearity can be introduced into the usual meson theory 
of nuclear forces: in those terms that involve only the 
meson field and in those terms that represent the 
coupling between mesons and nucleons. A third possi- 
bility, placing the nonlinearity in the purely nucleonic 
terms, leads to meson-independent interactions between 
nucleons, and will not be pursued further here.!® In 
the first case, results that are interesting from the 
present point of view are obtained if the nonlinearity 
corresponds to a repulsion between mesons. The appear- 
ance of a nonlinear term in the source-free meson 
equation means that it is very difficult to work with the 
corresponding quantum field theory. While quantization 
can be carried through in the usual way, it is not clear 
that the procedure is self-consistent, and the field 
energy cannot be diagonalized easily, if at all, even in 
the absence of nucleons. The nonlinearity can of course 
be treated as a perturbation, but this is a useful pro- 
cedure only in special cases (see Secs. III and XT), and 
throws little light on the more general quantization 
problem. Therefore, classical field theory will be used 
throughout; since the field amplitudes in nuclear matter 
turn out to be large and the mesons obey Einstein-Bose 
statistics, the use of classical field theory may actually 
be a fairly good approximation within nuclei. In the 
second case, the source-free meson equation is the 
usual one, and can be quantized by standard methods. 

The present paper deals with the first case, in which 
the nonlinearity is in the meson field itself. This non- 
linearity can take many forms. Most of this paper is 
devoted to the neutral scalar meson theory in which 
the nonlinearity corresponds to a point-contact repul- 
sion between mesons.® A positive term proportional to 
¢* must be added to the hamiltonian density, or a ¢* 
term to the wave equation, where ¢ is the meson field 
amplitude. While this seems a simple and natural form 


® This possible relation between nonlinear meson theory and 
the saturation and shell structure of nuclei occurred independently 
to E. Teller (private communication). Similar nonlinearities have 


by W. 


been introduced into the theory for different pu 
R. Finkel- 


Heisenberg, Z. Naturforsch. 5a, 251 (1950); an 
stein and M. Ruderman, Phys. Rev. 81, 655 (1951). 

10 Terms of this last type also arise if the meson field is elimi- 
nated from the usual classical meson-nucleon equations; see S. D. 
Drell, Phys. Rev. 79, 220 (1950). 





NONLINEAR MESON 


to use, it brings a serious problem into the analysis and 
the interpretation of the formalism. Because of this 
difficulty, as many results as possible are established 
using a general form of nonlinearity, and the special- 
ization to the foregoing form postponed as long as can 
conveniently be done. The second paper of this series, 
immediately following," deals with the second case, in 
which the nonlinearity is put in the meson-nucleon 
coupling.” Since the results obtained there on the basis 
of classical field theory are unpromising from the point 
of view of explaining saturation and shell structure, it 
is not now planned to carry that line of approach 
further. It is, however, hoped that one or more further 
papers in this series will deal with other types of mesons 
and other forms of field nonlinearities, and perhaps 
also with the problem of quantization. In particular, 
a form of nonlinearity proposed by Teller'® (see Eq. (7) 
and Sec. VI) avoids the difficulty referred to above, 
although it seems intuitively less natural. 

The theory presented here must be regarded as no 
more than a model for what may eventually turn out 
to be a reasonably complete meson theory of nuclear 
forces and structure. The primary objective now is to 
lay the basis for forming an opinion as to whether or 
not the general ideas presented here have any relation 
to reality. For such an exploratory purpose, it seems 
best to make an inherently difficult analytical develop- 
ment as simple as possible, even at the expense of 
realism. This relative simplicity is achieved first by 
using only classical field theory, and second by choosing 
the mesons to be of the neutral scalar type. It is 
apparent, then, that results in quantitative agreement 
with experiment cannot be expected and that such 
phenomena as exchange forces and anomalous nucleon 
magnetic moments will not appear at all as conse- 
quences of the theory. Nevertheless, a qualitative 
inference concerning the latter is presented in Sec. X. 


Il. FORMULATION OF THE THEORY 


We choose units such that c, i, and the meson mass 
u are equal to unity. Then all lengths are measured in 
units of the meson Compton wavelength h/yc (= 1.40 
x10~-" cm for heavy or w-mesons), and all energies 
are measured in units of the meson rest energy pc? 
(=140 Mev). The lagrangian density is assumed to 
have the form, 


.= }(0¢/dtY—43(¥¢)—G(¢o)+/(r, OF(¢), (1) 
where f(r, ¢) is the nucleon source density, F(@) the 
nonlinear coupling function, and G(¢) the nonlinear 
field function. In the usual linear theory, 

F(¢)= 4, 


We shall assume that F and G approach the forms (2) 


G(¢)=}¢". (2) 


"L. I. Schiff, Phys. Rev. 84, 10 (1951), referred to here as II. 
"This form of the theory was suggested to the writer by 


~ 


- Bloch. 
SF. Teller (private communication). 
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when ¢ is small, so that for weak fields the nonlinear 
theory becomes the usual one. The momentum canoni- 
cally conjugate to ¢ is r=0¢/dt, the hamiltonian or 
energy density is 


H=4n°+4(¥¢)?+G(¢)—f(r, )F(¢), (3) 
and the wave equation is 
¢/dP = V26—G'(o)+f(r, HF'(¢), (4) 


where a prime denotes a derivative with respect to ¢. 

Some indication as to useful assumptions concerning 
the forms of F and G can be obtained by considering 
the case in which f(r, ¢) is constant in space and time. 
This may be thought of as an approximation to the 
situation in the interior of a heavy nucleus. Then ¢ is 
also constant, and the wave equation (4) becomes 


G'(¢)=fF'(@), (5) 


where f is proportional to the nucleon density. If now 
@ is to increase less rapidly than linearly with f (see 
Sec. I), the ratio G’/F’ must increase more rapidly than 
linearly with ¢. In the remainder of this paper we 
assume the form (2) for F, and therefore assume also 
that G increases more rapidly than $¢*. Similarly, in 
II we assume the form (2) for G, and also that F 
increases less rapidly than ¢. 

With F(¢)=¢, Eq. (5) becomes G’(¢)=/. It seems 
plausible to require that there be a unique relation 
between f and ¢ that has no preference as to sign. We 
therefore assume that G is a positive even function of 
@ that increases monotonically more rapidly than $¢*. 
Equation (3) gives for the energy density in this case 
G—, so that the energy per nucleon is proportional to 
(G/f)—. Suppose now that for high nucleon density, 
when f and ¢ are large, G is proportional to ¢", where 
n>2. Then the energy per nucleon is negative and 
proportional to f!/“"-. Since this energy is the average 
potential energy of a nucleon, and its kinetic energy 
increases with nucleon density as f!, the heavy nuclear 
system fails to collapse in this approximation if and 
only if 1/(m—1)<#, or n>5/2. 

Wherever detailed calculations are 
paper, it is assumed that 

G(o)=3¢'+40°¢', (6) 
where @ is a constant to be determined later by com- 
parison with experiment; this corresponds to n=4. 
Physically, the first term on the right side of Eq. (6) is 
the rest mass term in the usual linear theory; the 


second term is equivalent to a point-contact repulsion 
between mesons, since its space integral can be written 


far f [eae r’ g(r’ )drdr’. 


As an alternative to Eq. (6), Teller has suggested the 
form, 


made in this 


G() = (1/na*)[(1+ a2¢?)"2— 1], (7) 








4 Tet.) 3 


which has less intuitive appeal but greater flexibility 
than (6). We shall return briefly to Eq. (7) in Sec. VI. 


III. FREE-MESON SOLUTIONS 


In the absence of sources (f=0), Eq. (4) has solutions 
in the form of traveling plane waves that approach the 
usual harmonic plane waves in the weak field limit. 
To see this, we call the direction of propagation the x 
axis, and the wave speed v (measured in units of the 
speed of light). Then 


o(r, )=h(x—21), 
and h satisfies the equation, 
(®—1)h"=—G'(h), (8) 


where a prime denotes differentiation with respect to 
the argument. Since G’(#) has the same sign as h (see 
Sec. II), Eq. (8) has oscillatory solutions if and only if 
v>1. A first integral of Eq. (8) is easily obtained after 
both sides are multiplied by h’: 


4(v®?— 1)h’"*= —G(h)+ constant. (9) 


It is apparent from Eq. (9) that the constant of inte- 
gration must be sufficiently positive if there is to be a 
real solution; further examination shows that for given 
v, the wavelength and period decrease as the wave 
amplitude increases, and that the form is more sharply 
peaked than a sinusoidal wave. When G has the form 
(6), h is an elliptic integral of the first kind. 

For infinitesimal amplitudes, these plane wave solu- 
tions can be superposed to form wave packets that 
travel with the group speed 1/2, as in the usual linear 
theory. When the amplitude is small but finite, the 
nonlinear term is relatively small. Then quantization 
can be carried through in the usual way, and the 
nonlinearity taken into account as a perturbation if 
need be. This is actually a physically interesting situa- 
tion when we think of the free meson beams that are 
attainable in the laboratory, as we now show. 

We tentatively assume that the linear theory provides 
a useful approximation in this case, so we can put 


o(r, 2)=A cos(k-r—w!), 


for a meson beam of momentum k and energy 
w= (k’+1)!. Setting f=0 and G=}¢? in Eq. (3) shows 
that the average energy density is $A?w*, so that the 
number of mesons per unit volume is 4A*w. A very 
intense meson beam (probably unattainable in the 
laboratory) would consist of a burst of 10'° mesons in a 
microsecond pulse, confined to a beam of one square 
millimeter cross section and traveling with a third the 
speed of light. This corresponds to a density of about 
3X 10-*' meson per Compton wavelength cubed, or an 
A value of about 8X10~'*. If now the nonlinearity is 
to be significant for nuclear structure, where the linear 
dimensions and energies involved are of order one when 
expressed in our units, the nonlinear term should only 
become important when ¢ is of order one. This expec- 
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tation is confirmed by the quantitative results of Sec. 
VII. Thus for attainable free meson densities, the 
present theory is equivalent to the usual linear theory. 


IV. STABILITY OF STATIC SOLUTIONS 


Because of the impossibility of separating out the 
time, static solutions of the wave Eq. (4) that arise 
from stationary source distributions f(r) are of unusual 
importance and form the subject matter of the next 
six sections, where they are used to calculate the 
energies of various configurations of nucleons. It is of 
interest, therefore, to see whether or not such solutions 
are stable in time with respect to small deviations." 

Let ¢o(r) be that solution of the wave equation, 


V-oo— G' (do) +f(r) = 0, 


which obeys suitable boundary conditions. 

Then if @o(r) is changed into ¢o(r)+¢,(r, ¢), where 
o1<o, we ask whether ¢; is oscillatory in time (stable) 
or increases (unstable). From Eq. (4) with F’=1, we 
see that ¢; approximately satisfies the linear equation, 


2o1/dP = V*o1— o1G'"" (bo), (11) 


where use has been made of Eq. (10) and higher powers 
of ¢; have been neglected. Now the assumptions con- 
cerning the form of G(¢) made in Sec. II are consistent 
with G’’(¢) being everywhere positive, and we suppose 
that this is always the case, as it is for both of the forms 
(6) and (7). Moreover, G’’(¢o) is expected to be of 
order one in the neighborhood of a source, where ¢po is 
appreciable (see the end of Sec. III). Thus unless ¢; is 
very irregular, so that V°¢:/¢: is comparable with 
G’'($o), Eq. (11) shows that 0°¢,/0f has the opposite 
sign from ¢),. and the solution @ is stable. In any 
event, further study of the time dependence of {¢:dr 
over various regions of space shows that any instability 
due to the largeness of V°¢1/¢; is likely to be limited 
both in space and in time. 


(10) 


V. VARIATION PRINCIPLE FOR STATIC SOLUTIONS 


Because of the great difficulty in solving nonlinear 
differential equations in all but the simplest cases, it is 
important to have a variation principle available for 
the estimation of the energies associated with various 
source distributions. We now show that in the static 
case, the negative of the lagrangian, computed with the 
correct source function and an arbitrary trial wave 
function, gives an upper limit on the energy, and has a 
stationary value equal to the correct energy when the 
trial function is in the infinitesimal neighborhood of the 
correct wave function. 

For the source function f(r), the correct wave function 
g(r) is a regular solution of the wave Eq. (10); the 
correct total energy is the integral of Eq. (3) and can 


4“ The desirability of investigating this point was suggested to 
the writer by S. D. Drell. 
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be written in one of the equivalent forms: 


Hy= Joicws+G1e) — f(r) 0 |dr, (12) 


Ho= f [—4(v40)+G(bo)—$uG'(Go) dr, (13) 


Hy= f [G(b0)— 3406's) —3/e)ouldr. (14) 


Equations (13) and (14) are obtained from Eq. (12) by 
use of the wave equation and partial integration, 
assuming that ¢» obeys boundary conditions that make 
the resulting surface integral vanish. With the trial 
function ¢”(r), the variation expression is minus the 
integral of Eq. (1): 


_—s f [37 9)?+-G(G)—f()G Hr. (15) 


We now put ¢(r)=¢0(r)+¢:("), where ¢, is not 
necessarily small. Substitution into Eq. (15) yields, 
with the help of Eqs. (10) and (12) and partial inte- 
gration, 


H = Hot [ [§wos)+G(d+6) 
— G($0)— 1G’ ($0) ldr. 


Now we have assumed that G(¢) is a positive, even, 
monotonic increasing function of ¢ that is everywhere 
concave upward (G’’(¢) everywhere positive). Then 
G(¢0)+¢:G'(¢0) regarded as a function of ¢; is a 
straight line that is tangent to the curve G(¢o+¢1) at 
the point ¢:=0 and lies below it everywhere else. It 
follows that the integral on the right side of Eq. (16) 
is positive or zero, so that H‘” provides an upper limit 
on Ho. Moreover, H‘” = Hp if and only if ¢; is every- 
where zero so that ¢‘°=¢0; H‘” differs from Ho by 
terms of second order in ¢; when ¢; is small, so that 
H™ is stationary when ¢ ” is in the infinitesimal 
neighborhood of ¢o. It is interesting to note that the 
assumed properties of the nonlinear function G(@) are 
decisive in making H“ an upper limit on Ho, although 
they do not affect the stationary character of H. 


(16) 


VI. SOLUTION FOR AN ISOLATED NUCLEON AT REST 


It is interesting to inquire first whether there can be 
a regular, localized solution of Eq. (10) in the absence 
of sources (f=0). If we assume the solution to be 
spherically symmetric, it is convenient to put @o(r) 
=x(r)/r, when x(r) satisfies the equation, 


d?x/dr?=1G'(x/r). (17) 


Now G’(x/r) has the same sign as x, so that d*x/dr* 
also has the same sign as x. This means that if x 
vanishes at infinite distance and starts to increase as r 
decreases from infinity, it is always concave upward 
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and continues to increase into the origin. Then x(r) 
cannot be zero at r=0, and ¢p is irregular at the origin. 
We therefore conclude that mesons cannot be perma- 
nently localized in the absence of sources. This result 
is a consequence of the assumed properties of G(¢), 
which correspond to a repulsion between mesons (this 
repulsion was pointed out explicitly in the discussion 
of Eq. (6), and follows whenever G increases more 
rapidly than ¢*). If G had been chosen to correspond 
to an attraction between mesons, regular localized 
solutions could exist, but the theory would not account 
for saturation. 

We now consider the possibility that Eq. (10) has 
regular, localized solutions when f(r) is a spherically 
symmetric source of arbitrarily small spatial extension 
(that is, approaching a point source). We suppose that 
f(r)=0 for r>a, so that Eq. (17) is valid in this region. 
Then x(r) increases as r decreases, and reaches the 
value x(a) at r=a. For r<a, Eq. (17) is replaced by 


a@y/dr?=1G'(x/r)—rf(r). (18) 


If now x(a) has the opposite sign from f, which is 
assumed for simplicity to have the same sign throughout 
the interior of the sphere r=a (so that it approaches a 
simple or 6 function point source), Eq. (18) shows that 
x continues to increase into the origin, so that ¢o is 
irregular there. We therefore consider only the case in 
which x(a), and hence x(r) for r>a, has the same sign 
as f. By a repetition of the same argument, ¢» is 
irregular at the origin if x changes sign between r=a@ 
and r=0. Thus the only way in which a regular solution 
$o can exist is for x(r) to have the same sign everywhere 
and vanish at r=0. 

We suppose without loss of generality that f and x 
are everywhere positive. We then multiply Eq. (18) 
through by 47, integrate over r, and obtain an expres- 
sion for the total source strength: 
g—4r f rfirydr=4x f °PG'(x/r)dr 

0 


0 
-4n f r(d?x/dr*)dr, 
0 


The last integral is easily evaluated, and vanishes if o 
is regular: We are interested in the point-source limit 
of vanishingly small a. Then since x(r) becomes arbi- 
trarily large as r becomes arbitrarily small (but greater 
than a), we choose a small enough so that there exists 
a fixed radius 6 greater than a for which G’(@) has 
attained its asymptotic form C¢*~! (see Sec. II). We 
can then obtain a lower limit for g: 


2 6 
g=4r f 7G’ (x, drzae f PG’ (x/r)dr 
0 


a 


b ) 
=49C f (x"-1/r"-8)dr=4Cy"“1(5) f dr /r*-, 








6 


The last integral converges in the limit a—0 if and 
only if x—3<1, or n<4. Thus for a simple or 5-function 
point source, the source strength g is infinite if n=4. 
We interpret this to mean that there is no admissible 
solution for a point source in this case. 

It follows that for the G(@) given by Eq. (6), a 
nucleon must be represented by a source of finite extent, 
so that the size and shape of the nucleon source appear 
in the theory as independently variable parameters, 
along with @ and g. The number of the independent 
parameters that appear in the theory can be reduced 
by adopting the form (7) for G(¢), with 5/2<n<4; 
with this range of , the theory is expected to lead to 
saturation (see Sec. IT) and nucleons can be represented 
by point sources. With such point interactions, there is 
also the hope of eventually developing a relativistically 
covariant quantum theory. 

Since the use of Eq. (6) demands a nucleon of finite 
size, and there is no a@ priori preference as to shape, we 
choose an isolated nucleon source function for which 
the wave equation is easily solved, and which is as 
small in spatial extent as can conveniently be found. 
Such a source function can be constructed by choosing 
a suitable wave function ¢;(r), and using the wave 
equation, 

Vdoi— 


— oi +fi= (19) 


to determine the corresponding source f,(7). Our choice 
is 
A 
o1(r)=—(e-*—e77 
’ 


(20a) 


A a? A* 
(y?— 1)e—7"-++——(e-"—-e 


r rs 


vr)3. 


(20b) 


where ¥ is a parameter that is later allowed to approach 
infinity ; in this limit: 


o\(r)(A/r)e7’, (21a) 


a’ A® 
+40 A5(r)+-——e 


yr? 


(21b) 


fi(r) 


so that 
quite 
finite. 

This choice is convenient so far as the subsequent 
analysis and the smallness of the source are concerned. 
However, it is inconvenient as regards the fact that g 
becomes infinite as y+, so that a cutoff is needed to 
keep the source strength finite. Since the analysis is 
simplified by taking the limit y—~«, we evaluate g by 
choosing a radius equal to the Compton wavelength of 
the proton (=0.150 in our units), and arbitrarily re- 
placing the second term on the right side of Eq. (21b) 


f, consists of a point source surrounded by a 
small region in which the source strength is 


AA ~aete and less singular source function has also been 
PB So by S. D. Drell (private communication), with results 
similar to those quoted in Sec. VIT. 
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for all smaller radii by its value at r=0.150. This gives 
g=49A+4na2A*{ —Ei(—0.450)+4e-0-150) 


(22) 
= 49A(1+-0.83707A?). 


Since the actual divergence in g is only logarithmic, the 
precise nature of the cutoff is relatively unimportant. 
This is the only place in the theory at which a cutoff 
need be introduced, since while all energies diverge like 
y for large y, the divergent parts can be subtracted 
without ambiguity. The self-energy of the nucleon 
represented by Eqs. (20) can be found from Eqs. (12), 
(13), or (14); in the limit of large y it becomes 


H,= —4nA®{}y—3+302ALy In(32/27) 


—In(3y/32)—1]}. (23) 


VII. MODEL FOR NUCLEAR MATTER 


In order to investigate the predictions of the present 
theory with regard to the saturation of nuclei, it is 
desirable to choose as simple a model as possible. We 
consider a representative sample of the interior of a 
heavy nucleus, and regard this as typical of a large 
amount of nuclear matter, thus avoiding boundary 
effects. The binding energy per nucleon of this material 
is known experimentally to be about i4 Mev,'* or 0.10 
in our units. This value is the volume term in the mass 
defect ; the neutron excess, coulomb, and surface terms 
are ignored here because we deal with an equal mixture 
of neutrons and uncharged protons, with no boundaries 
present. If we accept the experimental evidence for the 
independent-nucleon model, the kinetic energy per 
nucleon can be calculated on the basis of the Fermi 
gas model,"’ and is equal in our units to 


3 0.150 
(9x)i—_—_= 
40) ro ro 


0.1046 


; (24) 


where 0.150 is the Compton wavelength of the proton 
and 4m7r°/3 is the volume per nucleon. The problem 
then is to calculate the potential energy per nucleon, 
and show that as ro is varied, the sum of it and (24) 
has a minimum value equal to —0.10 when 1 has its 
experimental value 1.0. Thus the two experimental 
parameters of nuclear density and binding energy per 
nucleon serve to determine the two parameters a and g, 
or a and A, of the theory, once the cut-off is introduced 
as in Sec. VI. 

Two specific calculations of the potential energy are 
made in this section. The first is modeled after the 
discussion of Sec. II, according to which f and ¢ are 
assumed to have the constant values fy and oy, related 
by the wave equation, 


ontodgn’=fy. (25) 
16L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., 
New York, 1948), p. 24. 
‘TL. Rosenfeld, see reference 16, p. 193. 
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We assume that all nucleons have the same sign of g, 
and that their sources superpose, so that 


3g 3A 
iu= =—(1+0.83702A?). 


4ar? ro 


(26) 


The potential energy per nucleon is then given by 
Eqs. (12), (13), or (14) when the integral is carried 
over the volume of one nucleon: 


4rr,? 302 
Hy=-— “(tos = 6x‘). 
3 4 


Elimination of fy between Eqs. (25) and (26) gives a 
relation between @y and g or A; the sum of Eqs. (24) 
and (27) gives a relation between binding energy, fo, 
and ¢y; and minimization of the binding energy with 
respect to ro gives a relation between ro, on, and g. 
All three of these relations involve a, so that when the 
experimental values of binding energy and fo are 
inserted into them, they can in principle be solved for 
the three unknowns a, ¢y, and g. Alternatively, if a 
and g are determined in some other way, the three 
relations can be solved for binding energy, ro, and ow. 

The second calculation of the potential energy per 
nucleon is somewhat more realistic. A nucleon with 
source distribution f; is embedded in nuclear- matter 
represented by the constant source distribution fy. 
The combined source distribution is assumed to be 
fitfw, and the two terms are supposed to have the 
same sign (so that all nucleons are equivalent sources). 
The difference in energy between the combined source 
and the separated sources is then found. This calculation 
takes the independent-nucleon model quite literally, 
since it is assumed that there is no correlational change 
of fy in the neighborhood of /;; it is difficult to estimate 
the sign of this effect, although it does not seem to be 
large. The wave equation for the combined source 
cannot be solved analytically, and the variation princi- 
ple of Sec. V is employed. This overestimates the 
potential energy, so that the calculated magnitude of 
the binding energy per nucleon is expected to be less 
than the experimental value. 

The question immediately arises as to whether or not 
the terms proportional to y and Iny in the nucleon self 
energy expression (23) will ‘cancel with the analogous 
terms in the energy of the combined source. This 
question can be answered by considering the exact 
solution of the wave equation, 


V'oiv—dw—a*din't-fitfv=0, 


in the neighborhood of the origin. With the substitution 
¢in=x(r)/r, the equation becomes 


(27) 


2 2,,3 


arx : 
—— X~—— Ff rtf =O. 


9 > 
r2 


In the limit y, the 6-function in Eq. (21b) can be 
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taken into account by requiring that x(0)=A. We 
have then to solve the equation, 


dx ax a?A® < 
rf =O, 
dr? r? r? 


(28) 


in the neighborhood of the origin; this can be done by 
using the power series: 


x(r)= A[1+ar+ay"*+ ---+9%(botbrt+by*+ ---)), 
s>0. 


Substitution into Eq. (28) shows that a,=—1, and 
that s satisfies the equation, 


s(s—1)=3a2A?; 


this has just one positive root, and it is greater than 
unity. The quantity bo is arbitrary, and is to be chosen 
in such a way as to satisfy the boundary condition at 
infinity: x(r)—r¢éy. Thus the 1/r and constant terms 
in the series expansion of ¢,n are the same as for ¢y. 

The cancellation of the infinite self-energy terms is 
now most easily seen by using Eq. (14), according to 
which 


Hw=- [Cheto +4 it fader. (29) 


In the limit y—>, the infinite terms are of two types, 
proportional to y and to Iny. The first type arises from 
integrals of the forms, fdr/r? and f4(r)dr/r; the second 
type arises from integrals of the form, fdr/r. It is 
easily seen from Eqs. (21b) and (29) that all of these 
divergent integrals are exactly the same in the expres- 
sions for Hyy and for H,, since they depend only on /; 
and on the 1/r and constant terms in ¢,y and ¢;. Thus 
the potential energy per nucleon is finite, and can be 
calculated by subtracting H, and Hy from Hi, when 
the integrals for the latter two quantities are extended 
over equal large volumes of nuclear matter. 

We now calculate Hiy by the variation method. A 
convenient trial function to use is 


A 
gin =—(e-*"—e-7") + on, 


r 


(30) 


where £ is the variation parameter. It is apparent that 
unless B=1+(¢y/A), the constant term in the series 
expansion of ¢,y is not the same as that for ¢; in the 
limit y—«. It might be thought at first that this 
would make the calculated potential energy diverge 
like Iny; actually, because of the form of the variation 
integral (15), this is not the case, as is readily verified. 
On the other hand, if we were to replace A by A’ and 
+ by 7’ in Eq. (30), divergences would appear; indeed, 
it can be shown that the leading terms in the variational 
energy for large ~ and y’ are minimized by setting 
A'=A and 7’=y, and that in this case the divergent 
terms cancel with those in H,;. We therefore use the 
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trial function (30), and find that the variation energy 
given by Eq. (15) yields for the potential energy per 
nucleon (in the limit y): 


Hw — H,— Hy =4{3[A%8—1)°/B]—Aox 
+a?A‘[B In(48)—(3+8) In(3+8)+6 In2] 
+ (3a*A%}y?/48)—3a2A%pyInB}. (31) 


As 8 is varied, the minimum value of Eq. (31) always 
occurs for 8>1. 

The minimum value of Eq. (31) is now used as the 
potential energy per nucleon to calculate the values of 
the theoretical parameters as outlined just below Eq. 
(27). If we assume ro>=1.00, we find that we cannot 
make the total (potential plus kinetic) energy per 
nucleon as low as —0.10. The lowest value obtained is 
— 0.042, for which the theoretical parameters have the 
following values: g=1.49, A=0.0854, a=7.96, oy 
=0.149, fy=0.356, B=2.50. It is of incidental interest 
to make use of these values for g and a, in connection 
with Eqs. (24), (25), (26), and (27), to calculate the 
potential and total energy by the somewhat cruder 
first method. It turns out that the total energy per 
nucleon is a minimum when ro= 1.03, and then has the 
value —0.020; the other parameters are: ¢v=0.143, 
fy=0.324. Note that either of these methods could be 
used to calculate the compressibility of nuclear matter. 

When account is taken of the simplicity of the model 


(neutral scalar mesons, all nucleons equivalent), and of 
the use of the variation method, the foregoing results 
may be regarded as showing sufficient promise to 
warrant further development of the underlying theo- 
retical ideas, as well as the further application of the 
present model that are presented in the next four 
sections. 


VIII. TWO-NUCLEON INTERACTION IN EMPTY SPACE 


The theoretical parameters obtained in the preceding 
section should be consistent with the known two-nucleon 
interactions. For this system, the source function is 


fe(r)=fir—ri)+fi(r—re), 


where f/; is given by Eq. (20b), and r, and rz are the 
coordinates of the two nucleons. This again assumes 
that the sources are superposable and that all nucleons 
have the same sign of source. The variation method is 
used, and the trial function taken to be 


oo (r) = o1(r—11) + o1(r— 12), 


where ¢; is given by Eq. (20a). A variational parameter 
could be introduced into Eq. (32) by replacing exp(—r) 
by exp(—er) in Eq. (20a); however, the minimization 
with respect to € requires more numerical work than 
seems worth while at this stage. It is expected that 
Eq. (32) will give best results for the energy when the 
separation distance R of the nucleons is large and the 
overlap of the two parts of ¢2 is small, and poor results 


(32) 
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when the nucleons are close together. This turns out to 
be the case, as is shown below. 

The argument presented in Sec. VII for the cancella- 
tion of the infinite self-energy is easily extended to 
include the present situation, since near r=r, the 
source centered at r=r2 has the same kind of effect 
that the uniform source fy had in the discussion of the 
preceding section. The potential energy of interaction 
between the two nucleons is then the variational energy 
calculated from Eq. (32), less twice the nucleon self- 
energy given by Eq. (23). The result is, in the limit 


y@, 


e-® 6ma?A' r* x+1\ dx 
tes EL peal 
R R x—-1/ x 


1 


(33) 


The first term of Eq. (33) is just the usual attractive 
Yukawa interaction that is obtained from linear neutral 
scalar mesons, by either classical or quantum theory. 
The second term is repulsive, and falls off very rapidly 
for large R, like [(InR) exp(—2R) ]/R?. 

With the theoretical parameters obtained at the end 
of Sec. VII, the potential energy (33) is strongly 
repulsive near R=0. This result shows the poorness of 
the trial function (32) in this region, since a better 
trial function gives an attraction there.’ With R=0, 
we have f2(r) = 2/1(r), and we choose a new trial function 
to be C¢,(r). Variation of the parameter C shows that 
the interaction potential energy is negatively infinite. 
A comparison between the form of the divergence in 
this case and in the linear theory case as y+” shows 
that the sign and magnitude of the interaction near 
R=0 are similar to those of the first (Yukawa) term of 
Eq. (33). We thus conclude that the true potential 
energy is not likely to be greatly different from this 
Yukawa term for all R. With A=0.0854, this has the 
order of magnitude of the observed two-nucleon 
interactions. 


IX. TWO-NUCLEON INTERACTION IN 
NUCLEAR MATTER 


As discussed in Sec. I, nuclear shell structure can be 
understood if the interaction between two nucleons 
embedded in nuclear matter is substantially less than 
their interaction in empty space. The variational calcu- 
lation is based on a two-center trial function similar to 
Eq. (30), and the result is even more complicated than 
in the preceding section; only the leading term of the 
interaction potential energy for large R is quoted: 


27 A?(6?—1) we] es 
eas 


B B 


Since B=2.50, this falls off much more rapidly than 
(33) for large R. Numerical comparison shows that the 
ratio of interaction energy within the nucleus to that in 

18 The writer is indebted to G. Breit and R. P. Feynman for 
discussion of this point. 





NONLINEAR MESON THEORY 


empty space is about 0.07 at R=2, 0.15 at R=1.5, 
and 0.30 at R=1. This indicates a substantial suppres- 
sion of the two-nucleon interaction within nuclear 
matter, at least in the domain of R where the two 
calculations are valid. 


X. MAGNETIC MOMENT SUPPRESSION 
WITHIN NUCLEI 

Bloch'® has recently suggested that the deviations of 
the magnetic moments of even-odd nuclei from the 
Schmidt lines be explained in terms of a reduction of 
the anomalous magnetic moment of the odd neutron 
or proton as compared with its empty-space value. He 
finds that the reduction averages about a factor of two 
for the heavier elements, with fluctuations that correlate 
to some extent with the known magic numbers. 

The type of theory developed here predicts an effect 
of this kind, since the self mesonic field of a nucleon is 
expected to be much less when the nucleon is embedded 
in nuclear matter than when it is in empty space. While 
the detailed theoretical model of the present paper is 
too simple to account for magnetic moments, it is 
nevertheless tempting to speculate that the factor 
8 (= 2.5) which appears in the exponent of Eq. (30) but 
not in Eq. (20a) corresponds to an anomalous magnetic 
moment reduction by a factor of order 8. A definitive 
statement on this point will however have to await the 
development of, for example, a nonlinear pseudoscalar 
theory. 


XI. INTERACTION OF MESONS WITH NUCLEI 


An interesting consequence of a nonlinear meson 
theory is that a free meson in the neighborhood of a 
nucleus will be strongly affected by the relatively large 
static meson amplitude present within the nucleus. To 
study this effect, we consider the time-dependent wave 
equation for a static source fy, to which corresponds a 
static wave function $y; fy and ¢y are approximately 
constant and equal to the values quoted in Sec. VII 
within the nucleus, and vanish outside. The time- 
dependent wave equation has a solution of the form 
on(r)+¢r(r, 4); if or is a small-amplitude wave, it 
satisfies to good approximation the linear wave equation, 


'op/dP= Vobr—br—3eon’ or, (34) 


which can be derived in precisely the same way as 
Eq. (11). 

Equation (34) can be interpreted as showing that 
nuclear matter acts as a strongly repulsive potential for 
small-amplitude meson waves in the vicinity. The 
strength of this equivalent repulsion is conveniently 
specified in terms of the distance in which the amplitude 
of an incident meson wave of unit energy is decreased 
by a factor e. This distance is (3a°¢y*)+=0.487 in our 
units, or 0.68 10—" cm. 

19 F, Bloch, Phys. Rev. 83, 1062 (1951). Note added in proof: 
H. Miyazawa, Prog. Theor. Phys. 6, 263 (1951), has made the 
same suggestion independently, and proposed also that the mag- 
—_ moment suppression may be related to the exclusion prin- 
ciple. 
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This result implies that incident mesons will be 
scattered by a heavy nucleus as though it were a nearly 
impenetrable sphere. Note, however, that for an isolated 
nucleon, @y’ is replaced by A? exp(—2r)/r* from Eq. 
(21a), which gives quite a small scattering volume. The 
related processes of inelastic scattering, absorption, and 
production (by photons or energetic nucleons) are not 
so easily discussed, since they must be based on quan- 
tum theory. Fortunately, it is in just this case of 
small-amplitude waves that a quantum field theory 
can be made (see Sec. IIT), so that one might hope to 
go further by quantizing ¢r but not the static meson 
field ¢y. So far as meson production in heavy nuclei is 
concerned, it follows from the foregoing discussion that 
the outgoing meson wave is much more strongly coupled 
to the surface than to the interior of the nucleus, so 
that most mesons will be produced in a surface layer 
about 10~" cm thick. An effect like this seems to have 
been observed,”° although it is doubtful if the layer is 
actually as thin as predicted here. 


XII. CONCLUSIONS 


The nonlinear meson theory presented in this paper, 
which describes neutral scalar mesons with point- 
contact repulsion, is certainly an oversimplification of 
the actual situation, and possesses the inherent difficulty 
of requiring finite nucleon sources. Nevertheless, it 
gives results that can be related in a sensible way with 
experimental observation. After the cut-off is fixed at 
the proton Compton wavelength, there are two free 
parameters in the theory: the nonlinear parameter a, 
and the nucleon source strength g. These can be chosen 
so that nuclear matter has a stable density equal to the 
observed value, and a binding energy (calculated by 
the variation method) equal to 42 percent of the 
observed value. The two-nucleon interaction then comes 
out to have the observed order of magnitude in empty 
space. Within nuclei, the two-nucleon interaction is 
strongly reduced, and provides a qualitative explanation 
for nuclear shell structure. The self-mesonic field of a 
nucleon within a nucleus is much smaller in spatial 
extent than it is in empty space; this may account for 
the observed deviations of magnetic moments of even- 
odd nuclei from the Schmidt lines by making the 
anomalous nucleon magnetic moments smaller when 
they are within nuclei than when they are in empty 
space.'® For attainable free meson beams, the density 
is so small that the nonlinearity is not significant. When 
mesons interact with a nucleus, however, the large 
meson amplitude in and near the nucleus acts through 
the nonlinearity to produce an effective repulsive 
potential. This effect may be significant in connection 
with current observations on the scattering, absorption 
and production of mesons in the vicinity of nuclei. 


2” R. F. Mozley, Phys. Rev. 80, 493 (1950); R. M. Littauer and 
D. Walker, Phys. Rev. 82, 746 (1951); Panofsky, Steinberger, 
and Steller, Phys. Rev., to be published. 
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lhe possibility of accounting for nuclear saturation by means of classical neutral scalar mesons that are 
coupled nonlinearly to the nucleons is investigated. It is shown that the interaction energy of an aggregate 
of nucleons is the same as in the usual linear theory if the nucleons are regarded as point sources. The 


theory does not, therefore, lead to saturation 


I. INTRODUCTION 


HE preceding paper! develops a classical nonlinear 

neutral scalar meson theory of nuclear forces in 
which the nonlinearity appears in those terms that 
involve only the meson field. It is pointed out in I that 
the nonlinearity could also be introduced into the 
meson-nucleon coupling terms, in which case it corre- 
sponds physically to a suppression of meson emission 
and absorption by nucleons when mesons are already 
present. Both possibilities were included in the general 
formulation of the theory; in Eq. (1.1) the first kind of 
nonlinearity is the G(¢) term, and the second is the 
F(#) term. The present paper explores the implications 
of the second kind of nonlinearity so far as saturation 
is concerned. It is found that the interaction energy of 
many nucleons is precisely as in the usual linear theory, 
so that there are no many-body forces and no account 
is given of saturation.? While it is possible that this 
conclusion would be altered if more complicated theories 
were studied (for example, a nonlinear pseudoscalar 
theory), it seems unlikely that this is the case. Also, 
it does not appear that any advantage is gained by 
using both the F and G types of nonlinearities at the 
same time. 

In accordance with the discussion of Sec. 1.2, we 
assume that G(@) = $¢°, and that F(¢) is an odd function 
that approaches ¢ when ¢ is small and increases less 
rapidly than @ for large ¢. It would then seem at first 
that an argument like that presented in Sec. I.2 would 
lead to saturation if F(@) has a suitable asymptotic 
form. According to such an argument, if F is propor- 
tional to ¢"(0<m<1) when ¢ and hence also f is large 
(high nucleon density), the potential energy per nucleon 
is negative and proportional to f"/@-”. Then nuclear 


L. I. Schiff, Phys. Rev. 84, 1 (1951). This paper is referred 
to here as I, and equations and sections of it are referred to as 
Eq. (1.1), Sec. 1.2, etc. The physical background and notation of 
I are applicable to the present paper. 

? According to a manuscript by R. J. Glauber, just received, 
the corresponding quantum theory with an exponential form for 
F gives an exceedingly singular two-nucleon interaction. This 
different result may be due in part to the use there of a series 
expansion for F(¢) rather than the asymptotic form used here 
(see subsequently), and to the assumption there of a finite coupling 
constant (our source strength g), whereas our Eq. (7) shows that 
for fixed A, g must vanish as a—0 if m>1 (or if a positive ex- 
ponential is used for F). 


matter fails to collapse if, and only if, m/(2—m) <3, 
or m<4/5. It is also necessary that m be positive in 
order that the potential energy calculated in this way 
be negative. The fallacy in this argument lies in the 
assumption that the smeared-out source function f is 
approximately equivalent to the original aggregate of 
localized sources. One way of seeing this is to note that 
the nonlinear F term reduces the effectiveness of the 
coupling wherever ¢ is large, and for localized sources 
this is just at the sources. In the limit of point nucleons, 
@ is always infinite at the source, so that only the 
asymptotic form of F is significant. Thus any calculation 
based on the form of F away from ¢=« must be 
incorrect, and this is just the case when the point 
sources are smeared out. In I, on the other hand, the 
nonlinearity is in the G term, which involves the entire 
range of @ values, between sources as well as at the 
sources ; in this case the smearing is expected to provide 
a good approximation. 

We need, therefore, to calculate the energy of an 
aggregate of localized sources. Since the fields are 
superposable between sources, this will be done by 
calculating the energy of a single localized source placed 
in a meson field that is the resultant of the fields 
produced by all other sources. The total energy of the 
aggregate can be expressed as the sum of the energies 
of the individual sources. It turns out that the calcu- 
lation has a sensible limit when the sources become 
points, and that the interaction energy is then precisely 
that obtained from the usual linear theory. 


II. SOLUTION FOR AN ISOLATED NUCLEON 
We wish to solve the static wave equation [see 
Eq. (1.4) 
V°o—o+/(r) F’(¢)=0 (1) 


for a localized spherically symmetric source function 
f(r) that can later be made to approach a point source. 
Since the wave equation is easily solved wherever f=0, 
it is convenient to confine f to a spherical shell of radius 
a and zero thickness: f(r)=(g/4ma?)i(r—a), where 
g=J fdr is the source strength, and the limit a—0 is 
to be taken later.* The energy can then be calculated 


The writer is indebted to R. P. Feynman for suggesting the 


use of the shell source 
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from either of the equations (see Eq. (I.3)), 


= f [40 o)?-+4¢"—f(r)F(o) Idr, (2) 


H= f f(r) [4oF’ (6) — F(#) dr. (3) 


Equation (3) is obtained from Eq. (2) by use of the 
wave equation (1) and partial integration. The latter 
is easier to use, and with the assumed form for f(r) 
becomes 


H=g[}¢.F’(¢.)—F(¢a) |, (4) 


where ¢,= ¢(a). 
The appropriate solution of Eq. (1) is 


r>a: o(r)=Ae*/r, r<a: o(r)=D (sinhr)/r. (5) 


One of the boundary conditions at r=a is that ¢ be 
continuous. The other is obtained by integrating the 
wave equation across the shell, and is 
es ate 
lim —(r@) 


«0 dr 


e, 
=—F'(¢.). 
a—e 4nra 
Application of the boundary conditions to Eqs. (5) 
makes it possible to eliminate D and obtain a relation 
between g and A: 


g Ae~* 
Ae~*(1+cotha) = -F'( —). (6) 


4ra a 


Unless A is zero, which is not an interesting case, 
$4 becomes infinite as a—0, and only the asymptotic 
form of F is significant. We assume for the present that 
this is F(¢)=b", where m>0, and substitute in Eq. 
(6) for small a; it is sufficient to keep the two lowest 
order terms on each side in order to get all of the terms 
in the self-energy that fail to vanish when a—0. The 
result can be written 


g=(44/mb)A?-"a"—"[1+ (m—1)a]. (7) 


For m<1, the source strength g becomes infinite as 
a— if A is to remain finite. This must not be regarded 
as an objection to the theory, as it was in Sec. I.6, since 
the effective source strength that appears in the wave 
equation is gF’(¢,); this is of course finite as a—0, as 
may be seen from the fact that a solution of the form 
(5) exists. In the limit of small a, the self-energy given 
by Eq. (4) can be written as 


—2xA?(2—m)(1—a)/ma, (8) 


when use is made of Eq. (7). 


OF NUCLEAR FORCES. II 


Ill. ENERGY OF ONE NUCLEON IN THE 
PRESENCE OF OTHERS 


In order to investigate this case, we assume that @ 
has the form, 


r>a: ¢=B(e-*/r)+C, 


Equation (3) then shows that the total energy of an 
aggregate of such sources is the sum of the energies 
computed on the basis of Eqs. (9). Actually, if C is a 
constant in space, the first of Eqs. (9) does not satisfy 
the wave equation (1). However, only the magnitude 
of the C term at the origin is significant when the limit 
a—0 is taken, as may be verified by a more careful 
calculation. C represents the resultant of the meson 
fields produced by all other sources, and B will in 
general differ from A because the C term changes the 
effective source strength through the nonlinearity of F. 
It might also appear at first that the B and D’ terms 
should not be spherically symmetric in general, owing to 
the nonlinearity; the more careful calculation referred 
to above shows that the departure from spherical 
symmetry becomes insignificant in the limit a—0. 

Application of the boundary conditions to Eqs. (9) 
makes it possible to eliminate D’: 


r<a: ¢=D"(sinhr)/r. (9) 


Be~*(1+cotha)—C(1—a cotha) 


g Be~* 
=—F’ —+c). (10) 


4ra a 


For small a, Eq. (10) can be written, with the help of 
Eq. (7): 
B/A=1—[(1—m)Ca/(2—m)A ]. 
Substitution into Eq. (4) then gives for the energy : 
—[24A?(2—m)(1—a)/ma]—22AC. (11) 


The interaction energy is the difference between the 
expressions (11) and (8), or —2m#AC, and thus is 
independent of the value of m. It can be shown without 
difficulty that the same interaction energy is obtained 
if the asymptotic form of F is taken to be b)—},¢~* 
with s>0, or bo>—b; exp(—c@) with c>0. A general 
proof of this has been constructed which is independent 
of the form of F, but it does not seem worth while to 
include it here. 

The usual linear theory is included in the foregoing 
results as the special case m=1. We see then that in 
the point-source limit, a nonlinear coupling gives the 
same interaction energy for a number of nucleons as the 
linear coupling, and so does not lead to saturation. 
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The yield of elastically scattered protons from oxygen was 
measured with a magnetic analyzer which detected protons scat- 
tered through laboratory angles of 159° to 169°. Using protons 
accelerated by an electrostatic generator, the proton energy range 
from 0.6 to 4.5 Mev was covered in 4.4-kev or smaller steps. Two 
sharp resonances were observed, one at an incident proton energy 
of 2.66 Mev with a width of 19.9 kev, and the second at 3.47 Mev 
with an observed width less than 3.5 kev. Near 4.0 Mev a broad 
maximum in the cross section was obtained, and a broad resonance 
appears to give another maximum slightly above 4.5 Mev. The 
resonance at 2.66 Mev appeared as a nearly symmetrical dip in 
the scattering cross section. 


I. INTRODUCTION 


A STUDY of the interaction of protons with O'* 
yields information about the energy levels of the 
compound nucleus, F'’. Although this nucleus has been 
investigated previously, little information is available 
on the location of the energy levels or their character. 
Because oxygen is so often a contaminant in target 
materials, a knowledge of the reactions of protons with 
oxygen is also important in connection with other ex- 
periments. Certain nuclear properties of O'* and of the 
interaction of protons with O'® make this reaction not 
only interesting, but also well suited to a comparison of 
theory and experiment. A discussion of such a com- 
parison is given in the paper which follows.' 

In the range of incident proton energies from 0.6 to 
4.5 Mev which this experiment covers, previous inves- 
tigations of the interaction of protons have been com- 
paratively few. Heitler, May, and Powell? measured the 
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The capture cross section of oxygen for protons was measured 
for incident proton energies from 1.4 to 4.1 Mev by counting the 
positrons from the decay of F" built up under the bombardment 
of oxide targets. Up to a narrow resonance at 3.47 Mev, the 
capture cross section was observed to increase almost linearly with 
energy. Above 3.75 Mev, the cross section was found to increase 
more rapidly to a maximum near 3.99 Mev. 

On the basis of the scattering and capture data, energy levels 
have been assigned to F” at 3.11, 3.88, 4.36, and 4.73 Mev, 
although the positions of the latter two levels are not clearly 
defined by the data. 


angular distribution of 4.2-Mev protons elastically 
scattered from oxygen. Using 4.5-Mev protons, Rho- 
derick*® looked for protons inelastically scattered from 
oxygen but did not observe any. The capture of protons 
by oxygen has been investigated most extensively by 
DuBridge, Barnes, Buck, and Strain,*® who used the 
stacked foil technique to obtain an excitation curve 
which indicates a resonance near 3.5 Mev and a rapidly 
increasing yield near 3.9 Mev. 


II. ELASTIC SCATTERING OF PROTONS BY OXYGEN 
Apparatus and Procedure 


Tue yield of elastically scattered protons from 
oxygen was measured as a function of incident proton 
energy by using a magnetic analyzer to separate protons 
scattered by oxygen from protons scattered by other 
elements in the target. A detailed description of the 
design and construction of the analyzer and associated 
equipment is given elsewhere.*-* Figure 1 shows a 
horizontal cross section of the analyzer and the proton 
paths. Protons scattered by the target through labora- 
tory angles of 159° to 169° enter the analyzer where only 
those protons with the correct momentum are allowed 
to pass between the exit slits and enter the proportional 
counter. Separating the counter from the evacuated 
region of the analyzer was a nickel foil 0.00005 inch 
thick. By means of a magnetic balance-type fluxmeter® 
the magnetic field was set or its value measured to an 
accuracy of about 0.15 percent. The Wisconsin electro- 
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static generator provided a collimated proton beam 
with a well-defined energy spread. For this experiment, 
a beam current of about 0.4 ua was incident on a target 
area 2 mm square. 

In order to avoid other elements which would give 
reactions under proton bombardment, only oxides of 
heavy elements were used as targets. The entire yield 
curve (shown in Fig. 3) was taken with a target of 
barium oxide on a backing of 1000A nickel foil. A de- 
scription of the mounting and preparation of the foils 
is given by Bashkin and Goldhaber." Barium oxide was 
deposited on these foils by evaporating a thin film of 
barium and then admitting dry air to the evaporator 
in order to allow the oxide to form. 

Figure 2, a typical momentum analysis, shows that 
for an exit slit width of 10 mm, which was used for this 
experiment, the protons scattered from oxygen and from 
carbon can be almost completely resolved by the 
analyzer. Certain characteristics of the analyzer, cal- 
culated in terms of Hp, are included in Fig. 2 and 
indicate why the particular shape of the oxygen “peak” 
is obtained. There is a range of magnetic field values 
over which all of the protons scattered by oxygen will 
pass between the exit slits of the analyzer and be 
detected. 

Momentum analyses of the protons scattered from 
the target were taken at frequent intervals and served 
to calibrate the fluxmeter and determine the back- 
ground correction. All of the momentum analyses 
showed a background of protons counted at magnetic 
field settings for which no protons should enter the 
counter. Some of this background was observed with 
no target in place and was caused by protons scattered 
within the analyzer so that they entered the counter. 
Approximately an equal background resulted from 
protons scattered first by nickel, barium, or other 
heavy elements in the target and rescattered in the 
analyzer slit system so that they entered the counter at 
relatively low magnetic field settings. Over the energy 
range for which the oxygen and nickel peaks were well 
separated, the total background was obtained by extra- 
polating the yield between these peaks into the oxygen 
peak. For the target of barium oxide on 1000A nickel 
with which most of the data were taken, the background 
was about 5 percent of the yield of protons scattered 
from oxygen, except at energies below 1 Mev. 

As the incident proton energy was decreased, several 
effects contributed to an increasing uncertainty in the 
measurement of the relative scattering cross section. At 
low energies the nickel peak spread out because of 
increasing target thickness and began to overlap the 
oxygen peak. In order to overcome the uncertainty in 
yield caused by this overlap, data taken below 1 Mev 
with the target used for the entire curve were normalized 
to data obtained with a target of barium oxide on a 
500A nickel foil and a target of barium oxide on 


lS, Bashkin and G. Goldhaber, Rev. Sci. Instr. 22, 112 (1951). 
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Fic. 2. Momentum analysis of protons scattered from a 
target of BaO on 1000A nickel foil. 


diamond. Use of these targets also eliminated the neces- 
sity of corrections to the low energy yield because of 
oxygen which was found to occur on the back surface 
of the nickel foil. This oxide layer is normally found on 
nickel, but may have been enhanced here by the chemi- 
cals used in the preparation of the foils. At high energies, 
protons scattered by oxygen on both sides of the nickel 
pass through the analyzer, but at low energies this is no 
longer true, and the 5 percent yield obtained from 
oxygen on the back side will not be present in the main 
oxygen peak. Increased thickness of the oxygen-con- 
taining layer on the target caused an increase in the 
size of the image formed by protons scattered from 
oxygen, and this image took up a larger fraction of the 
exit slit width giving a narrower and more rounded peak 
at low energies. Thus, below 1 Mev, it was necessary 
to change the magnetic field every time that the 
energy of the incident protons was changed. The results 
were a larger scattering of the data points and more 
uncertainty in the low energy region of the curve. 


Results 


The yield curve obtained for the elastic scattering of 
protons by oxygen is shown in Fig. 3. Data shown on 
this curve were all taken with an incident proton 
energy spread of 0.18 percent at half-maximum inten- 
sity, except near the 3.47-Mev resonance, where data 
are shown for 0.06 percent energy spread. Above 1.35 
Mev, data points were obtained no more than 4.4 kev 
apart, and below this energy no more than 2.9 kev 
apart. Each point represents about 12 microcoulombs 
of protons striking the target. Accurate measurement 
of this proton charge was made with a current inte- 
grator designed by Bouricius and Shoemaker.” 

A differential cross section of 3/4 barn per steradian 
on the yield curve corresponds to about 7400 recorded 
proton counts above background. The statistical uncer- 


2 G. M. B. Bouricius and F. C, Shoemaker, Rev. Sci. Instr, 22, 
183 (1951). 
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Fic. 3. Yield of protons elastically scattered from oxygen through laboratory angles 159°-169°. 


tainties are everywhere smaller than the circles which 
represent the data points, Above 1.1 Mev, the relative 
cross sections should be accurate to +4 percent except 
near the 2.66-Mev and 3.47-Mev resonances, while 
below 1.1 Mev, where additional uncertainties were 
introduced in the background corrections, the relative 
values may be accurate to only +15 percent. A large 
error may be expected in the absolute value of the cross 
sections indicated by the ordinate scale. Many of the 
small variations in the yield curve occur at energies 
where the magnetic field was changed and are caused 
by the sloping top of the oxygen peak. None of these 
variations, including the largest at 0.66 Mev, are real. 
The contributions of the O'’ and O'* isotopes should 
not be larger than the statistical uncertainty. 

In order to plot the shape of the resonance at 2.66 
Mev as accurately as possible, thin targets (0.6-0.25 
kev) and a proton beam energy resolution of 0.04 
percent and 0.02 percent at half-maximum intensity 
were used. Because the thickness of the nickel was not 
small compared with the width of the resonance, the 
oxygen on the back side of the foil or in the foil, a large 
percentage of the total for thin targets, made large cor- 
rections necessary. To avoid these corrections, the 
target with the diamond backing was employed. A plot 
of the best results obtained for this 2.66-Mev resonance, 
which appears as an almost symmetrical dip in the 


cross section, is shown together with a theoretical fit in 
the paper which follows.! A ratio of maximum to 
minimum cross section of 11.5 was obtained, and the 
fit of the resonance gives an observed width, I’, of 19.9 
kev. It must be emphasized that the background at the 
minimum of the resonance was a large part of the total 
yield and that the value given for the minimum may be 
in error by as much as a factor of two. 

The resonance at 3.47 Mev was sufficiently narrow so 
that its shape could not be accurately determined with 
the smallest beam energy spread and the thinnest 
targets available. A cross section at the maximum of 
16/4. barns per steradian relative to the scale shown 
on Fig. 3 was obtained, but the narrowness of the peak 
of the resonance makes this value uncertain. The width 
of the resonance is less than 3.5 kev. . 

Two broad resonances are indicated in the hig 
energy region of the curve, and it appears as if there is 
interference between these levels, thus making an inter- 
pretation of this part of the curve difficult. The gradual 
increase of the scattering cross section from 3.6 to 4.0 
Mev must be caused by a resonance, although the 
location of the resonance cannot be obtained from a 
visual inspection of the scattering yield curve. A more 
detailed analysis of the data indicates that the minimum 
near 4.27 Mev and the maximum near 4.5 Mev may be 
caused by another resonance at an incident proton 
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energy of about 4.39 Mev and with an observed width, 
Tia», of about 0.24 Mev. 

In the low energy region the scattering cross section 
does not decrease with increasing energy as fast as for 
Rutherford-type scattering, and by comparison the 
experimental cross section is relatively flat. Some 
experimental data were obtained on the scattering of 
protons by oxygen in the energy range from 450 to 600 
kev using a scintillation counter. Changes in the effi- 
ciency of the counter with energy and a large back- 
ground made an accurate normalization of these data 
impossible. The data did indicate that there were no 
rapid changes in the cross section between 450 and 600 
kev, and hence no resonances occur in that energy range. 

Attempts to measure the absolute cross section were 
made. In the various momentum analyses taken at 
different energies the yield of elastically scattered 
protons from barium was obtained, and the scattering 
cross section for barium was found to vary as the 
reciprocal of the square of the energy. Therefore, the 
scattering from barium was assumed to be of the 
Rutherford type for which the cross section can be 
calculated. Assuming that the compound in the target 
was BaO, then the cross section for oxygen was the 
ratio of the yield of protons from oxygen to the yield of 
protons from barium times the Rutherford cross section 
of barium. The best experimental value for the cross 
section is 3.1/4 barns per steradian in the laboratory 
system at an incident proton energy of 2.2 Mev. This 
value was used in drawing the ordinate scale of Fig. 3. 
In the momentum analyses the dip between the oxygen 
and carbon peaks was sufficiently low to conclude that 
nitrogen was not detectable in the target and thus that 
barium nitride was not formed. Other possible com- 
pounds of barium which might have formed instead of 
the oxide, i.e., barium hydroxide or barium carbonate, 
give more than one oxygen atom for each barium atom 
and would result in a lower calculated cross section. 
During storage of the barium oxide targets in a desic- 
‘cator, some of the barium oxide may have been con- 
verted to these other barium compounds. If all of the 
oxide were converted to the carbonate, the cross section 
given above would be too high by a factor of 3. How- 
ever, the upper limit to the differential scattering cross 
section given here is an aid in an analysis of the data, 
and such an analysis indicates that the cross sections 
given in Fig. 3 are too large by 22 percent. 


Ill. CAPTURE OF PROTONS BY OXYGEN 


The capture of protons by O'* produces F" with the 
emission of one or more gamma-rays to carry away the 
excess energy. Since the Q value of 0.61 Mev is lower 
than for any other (/,7) reaction and since the capture 
cross section is small, the capture gamma-rays are dif- 
ficult to detect above the background radiation pro- 
duced by the electrostatic generator and by the anni- 
hilation of the positrons emitted by F!’. However, the 
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Fic. 4. Electric circuit used to compensate for fluctuating beam 
current and measure the activity built up in the target during 
bombardment. 


detection of these positrons provides a sensitive method 
of measuring the capture of protons by O'. 


Apparatus and Procedure 


An investigation of the capture cross section from 
1.1 to 4.1 Mev was made by bombarding oxide targets 
with protons from the electrostatic generator and taking 
the resulting F'’ activity as a measure of the capture 
cross section. In order to build up a reasonable activity 
in the target, it was desirable to bombard the targets 
for a time comparable to the half-life of F'’, which was 
measured and found to be 66.31 seconds. If the beam 
current is not constant, the activity in the target at the 
end of bombardment will be a function of the variation 
of the beam current as well as the average current and 
the bombardment time. 

Figure 4 shows an electric circuit similar to one de- 
scribed by Snowdon" which was used to measure the 
activity built up in the target. Except for the resistance 
R, this circuit is that of the current integrator of 
Bouricius and Shoemaker,” which has a null detector 
as its essential feature. The operation of the circuit, 
which will hereafter be called the normalization circuit, 
may be described as follows: Normally, the condenser C 
is charged to a voltage V by the battery connected 
across it through a relay. During bombardment the 
proton current which strikes the target is allowed to 
discharge the condenser. When the null detector indi- 
cates that the condenser voltage is zero, the beam is 
shut off. If the beam current should be interrupted 
during bombardment, the condenser will recharge 
through the resistance R at the same rate at which the 
radioactive product decays, because the time constant, 
RC, is set equal to the mean life of the radioactivity. 

Table I compares the differential equation and its 
solution for the electric circuit with that of the build-up 
of radioactivity in the target. The notation is: 7= proton 
current as a function of time, Ec=potential of the 
upper plate of condenser C, V=battery voltage, 
\= decay constant of the radioactive product, V = num- 
ber of radioactive atoms in the target at time ¢, ‘= time 
measured from the start of bombardment, and k/ = rate 


‘8S. C. Snowdon, Phys, Rey. 78, 299 (1950). 
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radioactivity in the target. 
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of formation of the radioactive atoms, where & is a 
constant depending on the cross section for the reaction 
and the target thickness. 

Although the quantity Ee is actually measured by 
the null detector, the quantity (V+Zc¢) will be used as 
a variable to show the similarity in equations. 

By putting RC=1/\, the two equations in the last 
row of Table I will give 


(V+Ec)=N/RC. (1) 
At the end of bombardment E,=0, and Eq. 1 becomes 
N=kCV. (2) 

Substituting for C gives 
N=RV/XR. (3) 


Equation 3 can be compared with the case where the 
beam current is constant and 


N=(k/\)I(1—e™). 


If the electric circuit is used, the activity in the target 
at the end of bombardment is equal to the activity 
obtained after infinite bombardment with a current 
V/R. Thus, the constants of the circuit must be adjusted 
so that V/R is less than the beam current available; 
and for a given beam current, the ratio V/R will 
determine the length of bombardment. In this experi- 
ment the radioactive product has a half-life of about 
66 seconds, and the approximate values of the con- 
stants used are: C= 16 uf, V=6 volts, R=6 megohms, 
V/R=1 ua. Since the proton current available averaged 
about 2 wa, the length of each bombardment was about 
66 seconds. 
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A second circuit was constructed using relays and a 
clock to provide various timing and switching functions 
which were needed. This timing circuit operated in 
response to the normalization circuit as follows: 

1. When the start button on the normalization circuit 
was pressed, the timing circuit released the solenoidally 
operated shutter in the target chamber and allowed the 
proton beam to strike the target. 

2. When the normalization circuit indicated the 
proper bombardment, the timing circuit caused the 
shutter to be raised, started the clock, and turned off 
the belt spray voltage on the electrostatic generator. 

3. After a 15-second delay, during which time the 
generator voltage decayed to a value at which the x-ray 
output was negligible, the timing circuit switched on 
the positron counting circuit. 

4. At the end of a pre-set counting time, usually two 
minutes, the positron counting circuit was turned off, 
and all relays were returned to their initial positions. 
Provision was made to time the bombardment, delay, 
and counting periods, with electric timers to check on 
the accuracy of the circuit. 

Figure 5 shows a horizontal cross section of the 
target chamber. The use of the tantalum shutter al- 
lowed a beam to be established before the bombardment 
was started. A heated target holder was used which 
could be rotated through an angle of 180° by remote 
control so that either one of two targets could be 
bombarded. Data were taken first on one target and 
then on the other according to the following sequence 
of operations: (1) establish beam, (2) bombardment, 
(3) delay time, (4) count positrons. At the start of 
counting on one target, the F'’ produced in that target 
by the recent bombardment had only 15 sec to decay, 
while the F'’ produced by a previous bombardment 
had about 7 half-lives to decay. Calculation shows that 
85 percent of the activity to be measured remained at 
the start of counting, but only 0.8 percent of any 
previous activity was left. Thus, by the use of two 
targets, a waiting period between runs was avoided, 
and the resulting error due to old activity was less than 
the statistical fluctuation of the data. 

A fraction of the positrons emitted from the target 
passed through the aluminum window of the target 
chamber and the aluminum absorber and were detected 
by a beta-ray counter of the end window type. The 
aluminum absorber was used between the target and 
the counter to reduce the counting rate from N® and 
F'8 positrons. Although the percentage of O'* in ordinary 
oxygen is small, the O'*(p,2)F'® reaction has a high 
cross section* ® above the 2.59-Mev threshold,'‘ and the 
F'8 activity can be greater than the F" activity when 
an oxide target is bombarded with protons. N® can 
be formed by the capture of protons by carbon on the 
target. A total absorber thickness of 224 mg/cm? was 
used when data were being taken with the thick targets 


4 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
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and 258 mg/cm? when data were being taken with the 
thin targets. F'* has a positron end point of 635215 
kev,'® which is low enough so that all of the positrons 
from F'* were stopped in the absorber. N" has a positron 
end point of 1.202+0.005 Mev,'® which is so high in 
comparison with the 1.72+0.03-Mev positron end 
point!” of F!’ that it was not practical to use an absorber 
sufficiently thick to absorb all of the positrons from N™. 
Some experimental checks showed that no significant 
background of N™ positrons was present, however. 
Since no resonances have been observed in the scat- 
tering of protons from carbon between 1.7 and 4.1 
Mev,'* there are probably no rapid fluctuations in the 
capture cross section over this energy region, and any 
background contributed by the presence of carbon 
should be fairly constant. 

In order to determine background counting rates, 
approximately one dut of every four runs was made 
using an aluminum absorber thickness of 4 mm. This 
absorber stopped all of the positrons from F'’, but had 
little effect on the annihilation and x-radiation which 
formed most of the background. From the data thus 
obtained a background curve was plotted for each 
target. When thick oxide targets were used, the back- 
ground amounted to about 10 percent of the total 
number of counts. 


Results 


The entire energy range studied was covered twice, 
once with a pair of thick oxide targets, and once with 
a thinner pair. For each target of each pair the data 
were corrected for background and plotted separately. 
Within the experimental error, the data obtained from 
the two thin targets gave the same curve. One of the 
thick oxide targets contained about 50 percent more 
oxygen than the other, and the data obtained with one 
of these targets was multiplied by a normalization 
factor so that the two thick target yield curves would 
be nearly coincident. 

Figure 6 shows the results of the capture cross section 
measurements. Data from both targets of the pair are 
included on both the curve representing the thick 
target data and the thin target data. The statistical 
uncertainty in the data is given approximately by the 
diameter of the circles which represent the data points. 

The peculiar shapes of the step in the thick target 
data and the resonanee peak in the thin target data 
near 3.47 Mev are largely due to the characteristics of 
the targets which were used. All data were taken with 
targets of tantalum oxidized by electrolysis in distilled 
water. Under the bombardment of a 2-ua proton beam, 
the tantalum sometimes came to a dull red heat. Some 

18 Blaser, Boehm, and Marmier, Phys. Rev. 75, 1953 (1949). 

16 Hornyak, Dougherty, and Lauritsen, Phys. Rev. 74, 1727 
(1948) 

'7V. Perez-Mendez and P. Lindenfeld, Phys. Rev. 80, 1097 
(1950). 


'8G. Goldhaber and R. M. Williamson, Phys. Rev. 82, 495 
(1951). 
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Fic. 6. Relative F' activity produced by the bombardment of 
oxide targets with protons. 


of the oxygen which was originally on the surface of the 
target in the form of Ta,Os may have diffused into the 
target during bombardment, giving the distribution of 
oxygen in the tantalum target shown by the data. A 
thinner oxide target and better energy resolution of the 
proton beam were used to take the data of Fig. 7. Here 
again the observed shape of the resonance was deter- 
mined by the characteristics of the target and the energy 
spread of the proton beam. The position of the narrow 
capture resonance was found to agree within the experi- 
mental error with the position of the 3.47-Mev reso- 
nance observed in the scattering experiment. 

Other features of the variation of the capture cross 
section with energy which must be examined and cor- 
related with the scattering data are: (1) the fact that 
within the experimental error the effect of the 2.66-Mev 
resonance on the capture cross section was not de- 
tectable, (2) the almost linear increase in the capture 
cross section above 3.75 Mev until a maximum is 
reached near 3.99 Mev. DuBridge, Barnes, Buck, and 
Strain® also found a rapidly increasing capture cross 
section as a function of energy near 3.9 Mev. The work 
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of these authors, combined with the present experi- 
ment, indicates that with the use of thick targets the 
more rapid rate of rise of the cross section above 3.75 
Mev is more easily observed. A possible explanation of 
this effect is the presence of a broad capture resonance 
at 3.99 Mey. It has been assumed that this is the same 
resonance which causes the increase in the scattering 
cross section between 3.6 and 4.0 Mev. 
IV. SUMMARY 
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resonances at proton energies of 2.66, 3.47, 3.99, and 
4.39 Mev. The positions of the 2.66- and 3.47-Mev 
resonances are well determined, while the positions of 
the upper resonances are based on less substantial 
evidence. These four resonances correspond to energy 
levels in the compound nucleus, F!’, at 3.11, 3.88, 4.36, 
and 4.73 Mev. 

The authors wish to thank Professor R. G. Herb, 
under whose supervision this project was carried out, 


for his advice and encouragement, and Dr. F. P. 


The measurement of the elastic scattering and capture 
Mooring for assistance in taking some of the data. 


cross sections of oxygen for protons gives evidence for 
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Assignment of Angular Momenta to the Energy Levels of F’’ 
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An analysis of data on the elastic scattering and capture of protons by oxygen was made for the purpose 
of assigning angular momenta to certain energy levels in F". The elastic scattering data were analyzed using 
a graphic method wherein the phase and amplitude of the refracted partial waves are represented by 
vectors in the complex plane. As the proton energy is varied over a resonance, a circular locus is obtained 
for the vector which represents the component of a partial wave which excites the resonance. 

Assignments of angular momenta to the energy levels of F have been made as follows: ground state, 
Dy; 0.55 Mev, Sy; 3.11 Mev, 5S}; 3.88 Mev, Fj; 4.36 Mev, D3; and 4.73 Mev, P3. The assignments of the 
0.55-Mev, 3.11-Mev, and 3.88-Mev levels are reasonably certain, but the others are based on less substantial 
evidence. The reduced width of the 3.11-Mev Sj level was found to be about 0.048 10 Mev-cm, while 
the 0.55-Mev Sj level probably has a reduced width over 100 times as large. 

The slowly rising capture cross section observed from 1.4 to 3.4 Mev is probably caused by the broad 


0.55-Mev level. 


A comparison of the levels in the mirror nuclei, O" and F", shows a similar structure. 


I, INTRODUCTION 


HERE are a number of reasons to expect that 
experimental data obtained on the interaction of 
protons with O'* might be more easily interpreted than 
in the case of many other nuclei. For proton energies 
below about 5.6 Mev the only reactions which are 
energetically possible are elastic scattering and simple 
capture, with capture much less probable. Thus, com- 
plications introduced by several competing reactions 
are avoided. The binding energy of a proton added to 
an O'* nucleus is only 0.61 Mev, which is the lowest 
positive binding energy observed with any nucleus. 
Scattering of protons by O"*, therefore, gives informa- 
tion about the low-lying levels of F!’. Since the lower 
levels should have larger reduced widths and should be 
more widely spaced than the upper levels, the problems 
of experimentally resolving levels and plotting their 
shapes are less difficult. 
Because the spin of O'* is zero, the scattering formulas 
are greatly simplied over the case of non-zero spin, and 


* Now at North American Aviation, Inc., Downey, California. 
t Supported by the Wisconsin Alumni Research Foundation 
and the AEC 


the results of an elastic scattering experiment should be 
relatively easy to fit to these formulas. O'* contains 
8 neutrons and 8 protons and can be considered as a 
closed shell in both neutrons and protons.'? If this 
shell model of the nucleus is correct, the compound 
nucleus, F!’, formed under bombardment of O'* by 
protons,: will consist of one proton outside a closed 
shell. The level structure of F'’ is of theoretical interest 
because of the possibility of applying this simple 
nuclear model. Also, O'”, the mirror nucleus of F", 
has been rather extensively investigated; and it is of 
interest to compare the levels of these two nuclei. 
The results of the previous paper on the elastic scat- 
tering and capture of protons by oxygen® are far from 
being sufficiently extensive, so that a detailed theo- 
retical analysis can be made. However, it is interesting 
to attempt to fit these data to existing formulas, 
especially in view of the fact that no reaction yield 
involving a nucleus more complicated than lithium 


1M. G. Mayer, Phys. Rev. 78, 16 (1950). 

2 E. Feenberg and K. C. Hammack, Phys. Rev. 75, 1877 (1949). 

3 Laubenstein, Laubenstein, Koester, and Mobley, Phys. Rev. 84 
12 (1951). 
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has been fitted theoretically over an extended energy 
range. Because of the lack of sufficient experimental 
data, many of the conclusions that are reached in this 
paper must be regarded as tentative; but it is hoped 
that the interpretation presented here will point the 
way to further experimental and theoretical work to 
confirm or deny the conclusions which are reached. 


II. ELASTIC SCATTERING THOERY 


The cross section for scattering can be given in terms 
of the phase shifts, 5,, between the incident and re- 
fracted partial waves. For particles of spin } incident 
on nuclei with spin zero, the partial wave which repre- 
sents particles with / units of orbital angular momentum 
(measured in units of 4) must be separated into two 
components if />0, because of the two possible orien- 
tations of the spin with respect to the orbital angular 
momentum. The phase shift of the component of the /th 
partial wave which forms a compound state with total 
angular momentum J =/+-3 will be designated 6,*, and 
the phase shift of the component which forms a com- 
pound state with J=/—} will be designated 5,-. The 
differential scattering cross section, ¢, as a function of 
these phase shifts, can be obtained from Eqs. (4) and 
(5) of the paper by Critchfield and Dodder.‘ It is 

o=X*[| A|*+|Bl*], (1) 
where 

= — $n csc*}0 exp(in In csc*44) 


+ 5° (/+-1)P:(cos) exp(ia,+i6,*) sind;+ 


l=0 


+¥ IP;(cos@) exp(ia:+76;-) sind, (2) 


l=! 


B=siné >> P,'(cos@)e* 
l=1 


X [siné;~ exp(i6,;-) —siné,+ exp(ié;+) ], (3) 
and 


n=ZZ'/hv, 
e'@' = (1+-in)/(l—in): - -(1+in)/(1—in); 
P;'(cos6) = d{_P;(cos6) ]/d(cos@), 


A=h/ mv, 
l>0 


ei = 1 A 


Z=charge of the proton, Z’=charge of the target 
nucleus, v=velocity of relative motion, m=reduced 
mass of the system, and 6=angle of scattering in the 
center-of-mass system. 

The first term in the equation for A (Eq. 2) 
represents Rutherford or coulomb-type scattering. The 
other terms in the equations for A and B represent 
scattering due to nuclear or short-range forces. The 
phase shifts, 5:, can be considered, as was done by 
Adair,® to be the sum of a phase shift, —@), due to a 
hard sphere type of scattering, and of an anomalous 


*C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949), 
®R. K. Adair, Phys. Rev. 81, 310 (1951). 
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phase shift, 8;, due to the energy levels of the compound 
nucleus. 6; is then given by 


6+=B6i+—o1, 3:°>=B81°— 9, 
where 


gi=[tan—(F,/G)) + =R: 


and tang,* or tan8;~ is a sum of terms of the form, 


41/(E,+4,— £). 


The sum for tan8,* will include only those terms due to 
resonances caused by energy levels in the compound 
nucleus which have J=/+ 4 and which are formed by 
protons with / units of orbital angular momentum. 
Similarly, the sum for tan§;~ will include only those 
terms due to resonances caused by energy levels which 
have J =l1—} and which are formed by protons with / 
units of orbital angular momentum. The notation is as 
follows :° 


r,= 2kyx, ‘(F2+G?)|r=Ri, (4) 
Ax= — (yx2/RD[{d In(F?2+G?)!/d In(kr)} +1 }-=2, (5) 


where k= wave number of relative motion, r= distance 
between the proton and the oxygen nucleus, R;= effec- 
tive nuclear radius or reaction radius for the /th 
partial wave, y,?=reduced width of the Ath level, 
A,=level shift of the Ath level, E=energy in the 
center-of-mass system, £,= characteristic energy of the 
Ath resonance, and F;and G;,are the regular and irregular 
particle wave functions, respectively.’ If the difference 
between the incident proton energy and the energy of 
each resonance excited by /-protons is large compared 
with the width of that resonance, then it follows that 


6,+=6,-=0, 
and 
6:7 = 6)" = — gi. 


A geometric interpretation of the cross section for- 
mula can be obtained by representing the amplitude 
and phase of each partial wave component by a vector 
in the complex plane. Adding these vectors to the 
Rutherford vector gives the resultant A. B can be 
obtained in a similar manner, but frequently this term 
is very small compared with A and can be neglected. 
Because protons scattered near the backward direction 
were observed in the present experiment,’ sin@ is 
small and B will be neglected in an analysis of the data. 
B is, in general, always zero except at energies near a 
resonance for which />0. Also, at energies which are 
distant from all resonances except those excited by the 
Ith partial wave, B is zero at those scattering angles for 
which P;'(cos@) is zero. 


5’ R. G. Thomas, Phys. Rev. 81, 148 (1951). 

7 Coulomb wave functions are tabulated in the following papers: 
Yost, Wheeler, and Breit, Terr. Mag. and Atmos. Elect. 40, 443 
(1935). E. R. Wicher, Terr. Mag. and Atmos. Elect. 41, 389 (1936). 
Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Coluomb 
Functions for Reactions of Protons and Alpha Particles with the 
Lighter Nuclei (Yale University, New Haven, Connecticut, 1950). 
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Representation of terms in the scattering equation by 
vectors in the complex plane. 


Fic. 1 


If an equation of the form z=e® sin? is plotted in the 
complex plane, a circle is obtained which passes through 
the origin and has its center at the point (0, 1/2). Such 
a plot is shown by the solid circle in Fig. 1. The vector 
OC in this figure is the vector e’* sind; and as 6 varies 
from 0° to 180°, the point C will travel counterclockwise 
once around the circle.’ Partial waves for which />0 
have vectors which are rotated through an additional 
angle a;. The dashed circle in Fig. 1 shows that the 
effect of the e'*!' factor in the cross section formula is to 
rotate the /th locus circles about the origin through an 
angle a,. As the Py; vector is given by P,(cos@) 
Xexp(ia;+76;~) sind,;-, the vector OC’ of Fig. 1 will 
represent the P; vector if 6;.-=6, a:=a, and cosé>0. 
The diameter of the locus circle is given by (/+ 1) P:(cos@) 
for the /*+ partial wave and by /P;(cos6) for the / 
partial wave. 

If the incident proton energy is varied through a 
resonance, then the term 6=tan—({4I'/(£,+4,—E) ] 
which is caused by this resonance will vary from near 0° 
to near 180°. The corresponding vector will travel once 
around its locus circle. If the angular momentum of the 
compound state which causes the resonance is J, then 
the diameter, }, of the locus circle will be (J+ 4) P:(cosé). 
The ends of the maximum and minimum A vectors will 
fall at opposite ends of a diameter of the circle; and this 
diameter, or an extension thereof, will pass through the 
origin of the A vectors. Thus, it follows that A max-tA min 
=(J+4)P,(cos@), and if B can be neglected, then we 
have 


b=" (omax) + (min)? J]= (J +4)Pi(cosd), - (6) 


where @max aNd ¢min are the maximum and minimum 
differential cross sections at the resonance. For Eq. (6) 
to be valid, the observed width of the resonance must 

*S. G. Kaufmann (unpublished) previously used a circular locus 


for plotting resonances where only interference between resonance 
and Rutherford-type scattering was considered. 
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be sufficiently small that the phase shifts of the partial 
waves which do not excite the resonance will be essen- 
tially constant as the energy is varied from the maximum 
to the minimum of the resonance. 

Each scattering vector can be further broken down 
into two components which represent the “hard sphere”’ 
or normal potential scattering and the anomalous 
potential or resonance scattering. In some cases this 
breakdown of the scattering vectors will simplify the 
analysis, but in the discussion which follows, only the 
resultant of these two vectors will be drawn. Thus, each 
scattering vector corresponds to one of the terms in Eq. 
(2). For simplicity in the diagrams, the two scattering 
vectors for the /th partial wave (/>0) are sometimes 
combined to form one resultant vector. Reference to 
resonances and to the corresponding energy levels of the 
compound nucleus will be made in terms of symbols 
such as P;. The subscript refers to the total angular 
momentum of the compound state, and the capital letter 
refers to the orbital angular momentum of the bom- 
barding protons which form this state. 

Sufficient data are not available from the present 
scattering experiment to carry out an accurate phase 
shift analysis. However, with the aid of a geometrical 
representation of the equations for scattering, some of 
the experimental results can be interpreted in a general 
manner. In order to apply the scattering equations it 
was necessary to make certain simplifying assumptions. 
The reaction radii are assumed to be independent of 
energy, and the reaction radii for all types of potential 
and resonance scattering except S scattering are 
assumed to be the same. These simplifications are prob- 
ably not correct, but an accurate phase shift analysis 
would be necessary to determine what the properties 
of the reaction radii are. 


III. THE 2.66-MEV RESONANCE 


An analysis of the scattering data is most easily 
started in the low energy region of the curve because at 
low energies only the partial waves with low orbital 
angular momentum will contribute appreciably to the 
scattering. A convenient starting point for the present 
data is the 2.66-Mev resonance. Applying Eq. (6) to 
data on this resonance and using the cross section 


TABLE I. Theoretical values for the diameters of the locus circles 


Diameter of locus circle 
6b =(J +4) Pi(cosi65°) 

S12 1.00 

Py) 0.97 

P32 1,93 

D; 1.80 

Ds 2.70 

Ps 2.41 

Fry 3.22 

Gr 2.74 

Go 3.42 

Hy 2.74 


Type of energy level 
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values of the previous paper corrected to the center-of- 
mass system gives b= 1.12 if the minus sign of Eq. (6) 
is used, and 6=2.05 if the plus sign is used. The nature 
of the experimental cross section measurement is such 
that these values of 6 are not accurate, but they repre- 
sent a maximum value for 6. Table I gives the theo- 
retical values for the diameters of the locus circles for 
the present experiment if the angular spread of the 
scattered protons which were detected is neglected. 
Averaging over the acceptance angle of the analyzer 
lowers slightly the theoretical diameters of the circles 
for the higher angular momenta. 

A comparison of the experimental values of 5 with 
the theoretical values indicates that the only types of 
resonances which would give reasonable agreement are 
S;, Py, P;, and D;. A vector diagram was drawn for each 
of these four cases, and the shape of the resonance 
computed from the diagram was compared with the 
experimental results. The nearly symmetrical dip in the 
cross section was found to be reproduced theoretically 
only if the resonance is assumed to be S; and if a large 
phase shift for S-potential scattering is assumed at 2.66 
Mev. Later attempts to explain the scattering data 
obtained from 0.6 to 2.66 Mev indicated that a large 
S-wave phase shift at 2.66 Mev was also a necessary 
consequence of a reasonable explanation of these data. 
The S-wave phase shift obtained from attempts to fit 
the low energy portion of the curve will be used in 
further discussion of the 2.66-Mev resonance. 

Figure 2 shows the vector diagram for the 2.66-Mev 
resonance assuming it is an 5S; resonance. A vector 
drawn between points A and O would be the resultant 
of the D and P potential scattering and Rutherford 
scattering vectors, assuming a reaction radius of 5.31 
X10-" cm and that there are no P or D resonances 
which influence the scattering at this energy. The vector 
OC represents the S wave scattering vector at an energy 
near the resonance but sufficiently far away so that the 
effect of the resonance is negligible. As the proton 
energy is varied over the resonance, the point C will 
move counterclockwise around the circle. Inspection of 
the vector diagram of Fig. 2 shows that the resonance 
indicated there will give a dip in the cross section which 
is nearly symmetric as was observed in the scattering 
experiment. Estimates were made of the effects of 
resonances above 2.66 Mev on the phase shifts at 2.66 
Mev. These estimates were partially on the basis of the 
present experiment and partially on the basis of mirror 
level arguments. Consideration of the broad P; and D; 
levels at higher energies as well as a small contribution 
from F potential scattering at 2.66 Mev gives the vector 
BC of Fig. 2. The D potential scattering vector is 
broken down into its D; and Ds components to show 
the effect of D resonances at higher energies on the 
scattering; and, similarly, the P vector is broken down 
into its P; and P; components. Figure 2 shows that 
resonances at higher energies will have only a small 
influence on the scattering at 2.66 Mev. 
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Fic. 2. Vector diagram for the scattering of 2.66-Mev protons 
from O'* through an angle of 165° in the center-of-mass system if 
an 5S; resonance is assumed at this energy. 


The experimental diameter of the locus circle was 
1.12, so that if the experimental data on the 2.66 Mev 
resonance is to be fitted to the theoretical curve for 
an S; resonance, the experimental cross sections must 
be multiplied by 1/(1.12)*. If the conversion from 
laboratory to center-of-mass system is also included in 
the factor, the experimental cross section values must 
be multiplied by 0.72; and in all further comparison of 
the formulas with experimental results the experimental 
cross sections will be multiplied by this factor. It should 
be recalled at this point that the experimental deter- 
mination of the relative minimum cross section for the 
2.66-Mev resonance was subject to a large percentage 
error. If the minimum were lower than the value used, 
it would be found that the point B in Fig. 2 would be 
closer to the locus circle than is shown, and the experi- 
mental cross section values would have to be multiplied 
by a factor smaller than 0.72. Also, moving the point B 
closer to the locus circle would enable this resonance to 
be explained with a smaller reaction radius for P and D 
scattering. Thus, the entire analysis presented here is 
indirectly dependent on the experimentally determined 
shape of the 2.66-Mev resonance. However, the general 
conclusions reached should not be dependent on these 
uncertainties. 

Using the vector diagram of Fig. 2, a curve can be 
drawn which represents the theoretical shape of the 
resonance assuming it is S;. Assuming a width, I’, of 
19.9 kev gave the best fit to the experimental data. A 
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Fic. 3. Comparison of the theoretical shape of the 2.66-Mev resonance with the experimental points. The theoretical shape 
is based on the vector diagram of Fig. 2. Curve A corresponds to the vectors beginning at point A on Fig. 2 and curve B cor- 


responds to the vectors beginning at point B on Fig. 2. 
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Fic. 4. Vector diagram for the scattering of 2.66-Mev protons 
from O"* through an angle of 165° in the center-of-mass system if 
a P, resonance is assumed at this energy. 


comparison of the theoretical curves with the experi- 
mental points is shown in Fig. 3. The dashed curve A 
corresponds to the vectors which start at point A in 
Fig. 2, and the solid curve B corresponds to the vectors 
which start at point B in Fig. 2. It is seen that curve B, 
which takes into account the effect of resonances at 
higher energies, is a better fit to the experimental data. 

If a Py resonance is assumed at 2.66 Mev, the vector 
diagram which is shown in Fig. 4 will be obtained. OC 
of Fig. 4 represents the P, vector off resonance, and EO 
represents the S wave scattering vector. For con- 
venience, the P; vector has been moved to the position 
of the last vector of the sum. The same assumptions 
have been made in drawing Fig. 4 as were made for 
Fig. 2 except for the nature of the resonance. Points A 
and B of Fig. 4 correspond to the points A and B of 
Fig. 2. The P; locus circle is rotated through an angle 
of (180°+a,°), where the extra 180° takes into con- 
sideration the fact that all odd legendre polynomials 
are negative for angles near 180°. 

The shape of the 2.66-Mev resonance which results 
from the vector diagram of Fig. 4 is shown by the 
curve of Fig. 5 to be too asymmetric. This asymmetry 
can also be seen from the vector diagram. The locus of 
the points, B, on Fig. 4 which would give the correct 
ratio of maximum to minimum cross section is indicated 
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by the arc B’B”’. The point B” is the origin of the vector 
diagram which would give the experimentally deter- 
mined shape to the cross section. No simple assump- 
tions about neighboring resonances were found which 
could move the point B to B’’. Moving B to B” would 
require the presence of broad resonances near 2.66 Mev, 
which were not observed because of extremely unlikely 
interference effects. The arc labeled S circle is the locus 
of the point E as the S wave phase shift is varied while 
the point O is held fixed. It can be seen that decreasing 
the S wave phase shift also will not bring the point B 
to B”’. On the basis of the vector diagram of Fig. 4 it 
has been concluded that the 2.66-Mev resonance is 
not P. 

Vector diagrams for the 2.66-Mev resonance were 
also drawn assuming it to be P; or D;. Arguments similar 
to those given above for the P; case can be used to rule 
out these other cases also. When the plus sign is used 
in Eq. (6), the start of the vector diagram must be 
inside the locus circle for the resonance. Because this 
condition is not fulfilled if a D; resonance is assumed, 
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Fic. 5. Calculated shape of the 2.66-Mev resonance if it is 
assumed to be a P, resonance. Calculations are based on the 
vector diagram of Fig. 4. 


this possibility is readily eliminated without additional 
arguments. 

If the analysis of the 2.66-Mev resonance presented 
above is correct, it should be possible to predict results 
of other experiments on the scattering of protons in this 
energy region by oxygen. The simplest experimental 
method determining the validity of the above analysis 
would probably be a determination of the shape of the 
2.66-Mev resonance when protons scattered through 90° 
in the center-of-mass system are observed. Figure 6 
shows the vector diagram for scattering through 90°, 
assuming the 2.66-Mev resonance is S;. OC represents 
the S wave scattering off resonance, and various S wave 
vectors for energies in the resonance region are shown 
by dashed lines. It should be noted that P scattering 
does not contribute at 90° if there is no P resonance. 
The predicted shape of the 2.66-Mev resonance if 
observed at 90° is shown by the upper curve of Fig. 7, 
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- ° 
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Fic. 6. Vector diagram for the scattering of 2.66-Mev protons 
from O" through an angle of 90° in the center-of-mass system. 
The same assumptions have been made for this diagram as for 
curve A of Fig. 3. The S-wave scattering vectors at various energies 
are indicated by dashed lines. 


which was drawn by the use of the vector diagram of 
Fig. 6. If a P resonance is assumed, only factor B of 
Eq. (1) will contain a term due to the resonance, and 
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Fic. 7. A comparison of the calculated shape of the 2.66-Mev 
resonance for scattering through a center-of-mass angle of 90° 
if either an S; or a P; resonance is assumed. The 5S; curve is ob- 
tained from the vector diagram of Fig. 6. The P, curve is obtained 
using the same parameters except for the type of resonance 
assumed. 
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for the nuclear parameters. Calculations are based on scattering through 165° in the center-of-mass system. 
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A comparison of the experimental yield curve for scattering at low energies with curves calculated using assumed values 


The 2.66-Mev 


resonance is not shown on these curves because this resonance is narrow and will influence the scattering only in the neighborhood 


of the resonance 


the shape will be as shown by the lower curve of Fig. 7. 
A P, or a Py resonance appears the same if protons 
scattered through 90° are observed. Figure 7 shows a 
marked difference between the calculated shapes of an 
S or a P resonance when the angle of observation is 90°. 

It can be seen from the vector diagram of Fig. 6 that 
if the ratio of maximum to minimum cross section at 90° 
can be experimentally determined, then the D wave 
contribution at 2.66 Mev can easily be calculated 
(assuming an 5S; resonance). By using relatively simple 
techniques such as this, it should be possible to lessen 
the complications involved in an analysis of experi- 
mental scattering data. 


IV. ELASTIC SCATTERING AT ENERGIES 
BELOW 2.66 MEV 

The outstanding feature of the low energy scattering 
data is that the cross section is larger than the Ruther- 
ford cross section and decreases with increasing energy 
much more slowly than does the Rutherford cross sec- 
tion. The low energy data can be explained in a general 
manner by assuming the existence in the compound 
nucleus of a broad S; level at low energies. A P or 
higher order level will not explain the large cross 


sections over an extended low energy region because the 
penetrabilities of these partial waves are too small at 
low energies. With the information available, the only 
method of analyzing the low energy data was to 
assume values of the parameters involved and then 
compare the calculated curve with experiment. The 
two best fits to the experimental curve which were ob- 
tained after a small number of trials are shown in Fig. 8. 
The 2.66-Mev resonance is not shown on the curve, 
because it is narrow and will effect the scattering only 
in the immediate neighborhood of the resonance. 
Some time after the calculations indicated in Fig. 8 
were finished, the existence of a low-lying level in F'’ was 
established by Ajzenberg,® who observed neutrons from 
the O'*(d,n)O" reaction. The position of the level was 
found to be 551415 kev above the ground state rather 
than at 350 kev or 200 kev, which were used in Fig. 8 
for curves A and B, respectively. The assumption of a 
bound level was correct. Recalculation of the curves 
in Fig. 8 does not seem profitable until more experi- 
mental information is available on the scattering of 
protons by oxygen in the low energy region. Some evi- 


®F, Ajzenberg, Phys. Rev. 83, 875 (A) (1951). 
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dence is also presented by Ajzenberg to show that the 
low-lying level is S;, in agreement with the assumptions 
made for analyzing the present experiment. 

It has been shown by Thomas’ that in calculations 
of scattering cross sections where a broad resonance 
influences the scattering, the variation of A), with 
energy must be considered. If a resonance is narrow, 
such as the one at 2.66 Mev, then A, for this level can 
be assumed to be constant and (£,+4,) may be taken 
as the resonance energy, Er. For calculations involving 
the low energy scattering data, the variation of A, with 
energy has been considered. A, is a sum of the values 
of A for the various modes of decay of the compound 
state \. In the present experiment gamma-ray emission 
and proton emission are the only two possible modes of 
decay of the compound nucleus, and the A for gamma- 
ray emission is small in comparison with that for proton 
emission. Hence, only the value of A for proton emission 
has been given in Eq. (5) for Ay, and this value was used 
in the calculations. If the formulas used in this paper 
are correct, then the 0.55-Mev level in F'’ has a very 
peculiar property. This level is a bound level and can 
decay only by gamma-ray emission so that observation 
of the level by the O'*(d,n)O" reaction should give 
very nearly the value of E,. As the binding energy of 
oxygen for a proton is 0.61 Mev, E, will be —0.06 Mev 
referred to the center-of-mass system. The value of A, 
for low energy S protons will be positive and sufficiently 
large so that there will exist a proton energy, Ep, for 
which (£,+A,)=Epr. For proton energies in the 
immediate vicinity of Er, the scattering cross section 
will behave in an anomalous manner typical of a 
resonance, although the cause of this behavior is a 
bound energy level. Experimental] data on the scattering 
of low energy protons by oxygen are needed in order 
to determine the validity of the above arguments. 

Attempts to fit the low energy scattering data of the 
present experiment have led to the conclusion that the 
reduced width of the low lying level is near the maxi- 
mum allowed by Wigner’s criterion,’® which states that 
the maximum value of the reduced width is given 
approximately by the relation, 


yr ph? /mR, (7) 


where m is the reduced mass of the system, / is Planck’s 
constant divided by 27, and R is the reaction radius. 
All assumptions which were made for the calculations 
in the low energy region were limited in two respects: 
(1) to values of y,? which obey Wigner’s criterion, and 
(2) to combinations of E,, y,*, and R which give 
(E,+A))£=Er<450 kev, as was observed experi- 
mentally. 

Rather large reaction radii have been used in the 
calculations because they appeared to be necessary in 
order to fit the experimental data. More accurate and 
extensive data are needed to obtain accurate values for 
the reaction radii. Smaller values for the absolute cross 


WE. P. Wigner, Am. J. Phys. 17, 99 (1949). 
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Fic. 9. Vector diagram for the scattering of 3.47-Mev protons 
from O'* through an angle of 165° in the center-of-mass system. 
The locus circles for both a Ds;2 and an Fy. resonance at this 
energy are also shown. 


sections will lead to somewhat smaller reaction radii. 
Results of the analysis presented indicate that the 
reduced width of the F"” levels can vary over a wide 
range. The reduced width of the 3.11-Mev 5S; level is 
0.048 X 10-"* Mev-cm, while the 0.55-Mev 5S; level ap- 
pears to have a reduced width at least 100 times 
larger. Perhaps this difference in the reduced widths is 
caused by a fundamentally different mode of excitation 
for the two states. 


V. THE SCATTERING DATA AT ENERGIES 
ABOVE 2.66 MEV 

If the best experimental values obtained for the 
3.47-Mev resonance are substituted in Eq. (6), the 
result is 6=3.1 using the minus sign or 6=4.4 using the 
plus sign. These values may be low because of the 
difficulty in obtaining a sufficiently small proton beam 
spread to determine the true shape of this very narrow 
resonance. The value of b=4.4 can be ruled out im- 
mediately because it is larger than any of the possible 
values of 5 given in Table I. In order to decide between 
the several assignments which may be made to the 
3.47-Mev resonance on the basis of Eq. (6), the vector 
diagram shown in Fig. 9 was drawn together with a 
circular locus for either a Dy or an F 7/2 resonance. 

It will be assumed in the discussions which follow 
that the parity of an energy level of F"’ is equal to the 
parity of the orbital angular momentum of the proton 
which interacts with O'* to form the energy level. For 
convenience, a resonance will be said to have even or 
odd parity depending on whether the orbital angular 
momentum of the protons which excite the resonance 
have even or odd parity. 
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Fic. 10. Comparison of the calculated variation of the capture 
cross section with the experimental points. Calculations are shown 
for two possible modes of decay of the compound state, and they 
assume that the capture is caused by the broad low energy level 
of F"’. No account has been taken of the resonance at a proton 
energy of 3.99 Mev. The nuclear parameters assumed for curve B 
of Fig. 8 have been used for the calculations. The curves were 
normalized to the experimental data at the following points: 
dipole radiation, 2 Mev; quadrupole radiation, 3 Mev. 


All locus circles for even parity resonances caused by 
D or higher order partial waves would have approxi- 
mately the same position on Fig. 9 because values of a; 
are not sensitive to the value of / for the larger values 
of /. Similarly, all locus circles for odd parity resonances 
caused by F or higher order partial waves will have 
approximately the same position. An inspection of the 
vector diagram at 3.47 Mev shows that an even parity 
resonance would give a yield curve exhibiting the 
maximum cross section at a lower energy than the 
minimum. However, an odd parity resonance would 
have the minimum cross section at a lower energy than 
the maximum. The experimental curve fits the latter 
case; and, therefore, the 3.47-Mev resonance was taken 
to be an F or higher order resonance of odd parity. On 
the assumption that an H resonance would not be 
expected until higher energies were reached, the reso- 
nance at 3.47 Mev was taken to be excited by F 
protons. The experimental value of 6 leads to a choice 
of 7/2 rather than 5/2 as the total angular momentum 
of the compound state. 

The best experimentally determined shape of the 
3.47-Mev resonance indicates that if this resonance is 
Fz/2, the vector diagram should begin at the point 
marked by an « in Fig. 9. Resonances at higher energies 
will have an effect on the 3.47-Mev vector diagram 
because of the relatively high penetrability of P and D 
partial waves at this and higher energies. Although the 
effect of these resonances was estimated for the diagram 
shown, their influence may be larger than this estimate, 
and in this case the start of the vector diagram will 
move toward the point x. The effect of increasing the 
assumed width of a higher energy D,; resonance is 
shown by the dotted D, vector in Fig. 9. No reasonable 
assumptions would enable the vector diagram to 
indicate an even parity resonance. 

If the slowly rising scattering cross section between 
3.5 and 4.0 Mev is attributed to the 3.99-Mev resonance, 
which was indicated by the capture data, then this 
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resonance is of the type which would give a maximum 
before the minimum. Since the arguments about even 
and odd parity resonances which were used at 3.47 Mev 
apply to this case also, the resonance is assumed to be 
even parity. Mirror level arguments indicate that the 
total angular momentum should be 3, and hence the 
assignment D, is given to the 3.99-Mev resonance. 

If the minimum at 4.26 Mev and the maximum near 
4.5 Mev in the scattering yield curve are caused by the 
same resonance, then 8 is calculated to be 1.8 or 5.0 
using the minus or plus sign, respectively, of Eq. (6). It 
is assumed that Eq. (6) can be applied in this instance 
to indicate the value of J, in spite of the interference 
between resonances, because the variation of the D; 
vector due to the 3.99-Mev resonance is not large 
between 4.27 and 4.5 Mev. A comparison of the experi- 
mental values of 6 with Table I indicates that the total 
angular momentum is probably }. Mirror level argu- 
ments indicate that the 4.39-Mev resonance is P3. 

The above discussion explains the general shape of 
the scattering yield curve at high energies. However, 
when a detailed theoretical calculation of the shape of 
the curve was made, it was found that the general level 
of the experimental cross section above about 3.7 Mev 
was higher than could be accounted for by the resonances 
discussed above. This is probably to be expected, since 
in this energy region penetrabilities of high order partial 
waves are relatively high, and the observed widths of 
resonances can be very large. Broad resonances probably 
occur at energies slightly higher than were reached in 
the present experiment, and the effects of these reso- 
nances may be large above 3.7 Mev. 

Effects of the ground state of F! on the scattering 
have been neglected in the analysis described here. 
There is evidence that the ground state is Dy, and if the 
D, resonance at 3,99 Mev is caused by a level which 
forms an inverted doublet with the ground state, then 
the reduced width of the ground state may be assumed 
to be large. Below 2.66 Mev the penetrability of D 
waves is so small that the ground state will have only a 
small effect on the scattering. At higher energies the 
influence of the ground state may be large. The start 
of the 3.47-Mev vector diagram of Fig. 9 would be 
closer to that expected from the experimental shape of 
the curve, and the calculated general level of the cross 
section over the high energy portion of the yield curve 
would be raised if the effects of a D ground state were 
included. 


VI. ANALYSIS OF THE CAPTURE DATA 


The peak observed in the capture cross section near 
3.47 Mev can easily be explained by the narrow 3.47- 
Mev resonance observed in the scattering yield. The 
large capture cross section which extends over the 
entire energy range is probably caused by the broad S: 
level in F!”. A comparison of the calculated variation of 
the capture cross section with the experimental points 
is shown in Fig. 10. The calculated variation is based 
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on the one-level dispersion formula" in the following 
form: 


o= aT T,/[(Ex+4,.— E)*+307)], 


where T',=[2ky)?/(F 2+G2) =n; is the width of the 
level for proton emission, I’, is the width of the level for 
gamma-ray emission, and '=I',+T’,. Since I’, is small 
compared with I’,, I’ can be taken as equal to I',. The 
characteristics of the low-lying F’ level which were 
assumed for curve B of Fig. 8 have been used for the 
calculated curves of Fig. 10, and the experimental 
points are those obtained with the thin oxide targets. 
The variation of I, with energy will depend on the 
type of gamma-radiation by which the compound 
nucleus decays. For dipole radiation, I’, will be propor- 
tional to the cube of the gamma-ray energy, while for 
quadrupole radiation, [', will be proportional to the 
fifth power of the gamma-ray energy. The calculated 
curve of Fig. 10 for dipole radiation was normalized to 
the experimental data at 2.0 Mev, and the normaliza- 
tion point for the quadrupole radiation curve was at 
3.0 Mev. 

Figure 10 shows that the capture cross section ex- 
tending over a large energy region can be explained on 
the basis of the low-lying level in F'’. The large de- 
parture of the experimental points from the theoretical 
curve for quadrupole radiation in the energy range 
above 3.7 Mev probably results from the broad reso- 
nance at 3.99 Mev which was not considered in the cal- 
culations. The reasonably good agreement between the 
curve for quadrupole radiation and the experimental 
points is an indication that quadrupole radiation is the 
mode of transition from the low lying S; level to the 
ground state. It is possible, however, that the curve for 
dipole radiation would fit the experimental points if the 
possible variation of the nuclear matrix elements with 
energy could be taken into account. 

If it is assumed that quadrupole radiation is respon- 
sible for the capture by the broad S; level, then some 
statements about the ground state of F'’ can be made. 
It will be assumed that this ground state has even 
parity and is either an S or a D state. Shell models of 
the nucleus? eliminate a P ground state. If the ground 
state were 5;, then magnetic dipole radiation would be 
allowed, and the calculated curve for dipole radiation 
should fit the experimental points. If the ground state 
were Dj, electric quadrupole or higher order radiation 
would be required, as is indicated by the present data. 
A Dj ground state could be reached from the S; level 
by either magnetic dipole or electric quadrupole radia- 
tion. According to a paper by Austern and Sachs,” the 
magnetic dipole radiation should predominate in this 
case, and the behavior of the cross section would then 
be expected to follow that for dipole radiation. Thus, 
the variation of the capture cross section with energy 


u E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947) 
12N. Austern and R. G. Sachs, Phys. Rev. 81, 710 (1951). 
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gives some evidence, but is not proof, that the ground 
state of F!’ is Dy. 

A Dy, ground state can be reached from the F72 level 
by electric dipole radiation, which is more likely to give 
the large peak in the capture cross section at 3.47 Mev 
than an electric octupole transition, which would be 
required if the ground state were 5S}. 


VII. COMPARISON OF THE ENERGY LEVELS IN 
THE MIRROR NUCLEI, F'’ AND O” 


A summary of the energy levels assigned to F" is 
shown on Fig. 11 together with the energy levels in O" 
for comparison. The O" and F" energy level diagrams 
have been shifted so that their ground states coincide 
on the vertical energy scale. A detailed list of reactions 
leading to excited states of O'’ together with references 
is given by Hornyak ef al."* In light of more recent 
experiments, some changes have been made in the 
energy level diagram for O' which is given in this 
review. The positions of the 4.56-, 5.08-, and 5.36-Mev 
energy levels in O"" were obtained from the experiments 
of Bockelman" on the scattering of neutrons by oxygen. 
The positions of the other energy levels of O'” have been 
taken from the work of Rotblat,” although it should be 
mentioned that the position of the 0.87-Mev level has 
been located by other more accurate experiments. 

Experiments by Burrows ef al'* on the angular dis- 
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Fic. 11. Comparison of the energy levels in the mirror 
nuclei, O" and F"’. 
‘8 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 
4 C, K. Bockelman, Phys. Rev. 80, 1011 (1950). 
© J. Rotblat, private communication, courtesy of T. Lauritsen 
‘6 Burrows, Gibson, and Rotblat, Phys. Rev. 80, 1095 (1950). 
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TABLE IT. Calculated widths I, of the F"” levels which correspond to levels of O". 








Observed 

resonance 
energy for 
O'8(n,n) 
reaction 


Assumed 
reaction 
radius 
cm 


Observed 
width, Is 
Mev in the 
lab system 


P; level assumed Dj level assumed 
lp 
calculated 
for 4-Mev 
protons 
Mev 


Tp 
calculated 
for 4-Mev 
protons 2 


7¥ Y 
Mev-cm Mev-cm 





0.44 
1.00 
1.30 
0.44 
1.00 
1.30 


0.053 
0.100 
0.040 
0.053 
0.100 
0.040 


3.78X 10" 
3.78X10-" 
3.78X 10-8 
5.31X 10" 
5.3X 10-" 

5.3X 10" 


1.9 
0.52 
0.12 
1.4 

0.45 
0.10 


21.0X 10-8 
5.9X10™" 
1.3107" 
6.1X 10" 
2.0 10-" 
0.46X 10-" 


0.79 10-4 
0.57 X 10-8 
0.17X 10 
0.49X 10 
0.39X 10- 
0.12 10- 


13 
13 
13 
13 





tribution of protons from the O'*(d,p)O" reaction have 
been interpreted by Butler’? to indicate that the ground 
state of O” is a D state, and the 0.87-Mev level is an 
S; state. A recent measurement of the spin'® of O” 
gives the value 5/2, so that the ground state is probably 
Dy. It therefore appears as if the ground state and first 
excited state of O'’ have the same total angular mo- 
mentum and parity as the corresponding states of F!’. 

The 3.06- and 3.85-Mev levels in O correspond in 
position with the 3.11- and 3.88-Mev levels in F'’. No 
further information is available on the characteristics 
of these O" levels, so that a more detailed comparison 
cannot be made. 

Experiments on the scattering of neutrons by oxygen" 
indicate that the angular momentum of the 4.56-, 
5.08-, and 5.36-Mev levels of O" is 3 in each case. This 
agrees with the angular momentum of 3 found for the 
4.73-Mev level in F'’. In order to compare the results 
of the proton scattering experiment with what would 
be expected on a mirror level hypothesis, Table II was 
calculated. This table gives the observed widths, Ip, 
of the F'’ levels which correspond to the 4.56-, 5.08-, 
and 5.36-Mev O" levels if the following assumptions 
are made: (1) Corresponding O' and F"’ levels have 
the same reduced widths, (2) the same reaction radii 
can be used for neutron and for proton scattering, (3) 
all F'’ levels are observed by the scattering of 4-Mev 
protons. The latter assumption was made for con- 
venience in the calculations and was allowable because 
the penetrabilities for P or D waves do not vary greatly 
over the range from 4.0 to 4.5 Mev. Table II gives 
results of the calculations for two different reaction 
radii and for either a P; or a D, assignment to each 
level. Values of the reduced widths of the levels are 
also given, and these may be compared with the maxi- 
mum values of approximately 18 10— Mev-cm and 
13X10-" Mev-cm allowed by Wigner’s criterion for 
reaction radii of 3.78X10—" cm and 5.31X10-" cm, 
respectively. 

From the proton scattering data, I’, for the 4.73-Mev 
level in F" is estimated to be about 0.24 Mev, and 
fitting this value to the data of Table IT indicates that 


7S. T. Butler, Phys. Rev. 80, 1095 (1950). 
'S F. Alder and F. C. Yu, Phys. Rev. 82, 105 (1951) 


reasonable agreement is obtained only if the level is 
assumed to be P;. Table II indicates that the 4.73-Mev 
level of F'? may correspond to either the 4.56- or 5.08- 
Mev level of O'’. While agreement appears better with 
the 4.56-Mev level, the possibility of a larger reaction 
radius for proton scattering than for neutron scat- 
tering could give a good correspondence with the 
5.08-Mev level. 

The value of I’, for the 4.36-Mev level in F"’ cannot 
be reliably obtained from the available data, but the 
best estimate from the capture data gives T',0.5 Mev 
for this level. This estimate takes into consideration the 
effect of the variation of A, with energy in making the 
actual observed width less than T',. A comparison with 
Table II indicates that this 4.36-Mev level is D; and 
probably corresponds to the 5.08-Mev level of O'’. This 
assignment is in agreement with the D assignment made 
previously on the basis of the proton scattering data. 
The two highest levels observed in F'’ appear, therefore, 
to have similar characteristics to two mirror levels in 
O", although the levels do not appear in the same order 
in F” as in O". 

In view of the fact that the Dy, level has a large 
reduced width, the relatively large downward shift of 
the F!7D; level with respect to the corresponding O'’D; 
level might be expected. The 3.11- and 3.88-Mev levels 
in F'’, which correspond very closely in energy to their 
mirror levels in O'’, have small reduced widths. 

The value of A, for the 4.36-Mev F"’ level cannot be 
obtained from the present data with sufficient accuracy 
to rule out the equivalence of this level with the 4.56- 
Mev level in O"’. If the 4.56-Mev O" level is a D, level, 
then Table II indicates that the reduced width of this 
level is very large. It would be necessary to assign a 
large reaction radius to the scattering if Wigner’s 
criterion is to be obeyed. 

A comparison of the energy levels of O' and F"’ is 
very favorable to the mirror nucleus hypothesis. 

The authors wish to thank Professor R. G. Herb, 
under whose supervision this project was carried out, 
for his assistance and encouragement. Very valuable 
discussions with Professor H. T. Richards, Dr. R. K. 
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The absorption curve in water of the cosmic radiation producing nuclear disintegrations was obtained by 
recording the neutron showers occurring in an absorber surrounded by BF; counters. It was found that, 
while the V-component of the cosmic radiation is responsible for most of the disintegrations observed under 
the first few meters of water, u-mesons are the particles causing either directly or indirectly most of the 
events recorded at depths greater than ~10 m water. The cross section of u-mesons for nuclear interactions 
is found to be ~1X 10-** cm?/nucleon at a depth of 20 m water. Estimates of the absolute intensity of the 
N-component and of the relative contribution to nuclear disintegrations by u-mesons and N-component at 


sea level are given. 





I. INTRODUCTION 


HE problem of the interaction of u-mesons with 

nucleons has been faced experimentally by look- 

ing either for anomalous scattering of the u-mesons of 

the cosmic radiation or for the products of the nuclear 
disintegrations induced by them. 

Using the first method, Amaldi and Fidecaro' were 
able to show that for the u-mesons at sea level (average 
energy ~ 1X 10° ev) the upper limit of the cross section 
for meson-nucleon interaction is 2.3 10-*° cm?/nucleon. 
With the second method, several authors have obtained 
in recent years some indication of the occurrence of 
nuclear disintegrations underground, at depths large 
enough for the nucleonic component to be practically 
eliminated: the events detected were showers of pene- 
trating particles? and groups of moderate energy 
neutrons.® 

Recently George and Evans‘ reported the observa- 
tion of stars in photographic plates exposed at 60 m 
water equiv. Most of these events could be interpreted 
as direct evidence of nuclear disintegrations induced by 


u-mesons, and their frequency indicated a cross sec- 
tion of the order of 10-** cm?/nucleon (average en- 
ergy of the mesons ~1.5X 10" ev). 

Here an experiment is described, in which the ab- 
sorption curve in water of the radiation producing 
nuclear disintegrations was obtained. The events were 
detected by recording the neutron showers produced in 
an absorber. As has been discussed in several previous 
papers,® whenever a nuclear disintegration occurs, neu- 
trons with energies from ~1 Mev up are released, «nd 
if a nucleon cascade develops, each of its steps causes 
further production of neutrons. 

In comparison with the photographic plate tech- 
nique, this method has the advantage of allowing the 
detection of the events occurring in thick absorbers, 
hence of providing data with a comparatively good 
statistical accuracy. 


Il. EXPERIMENTAL AND RESULTS 


The experiment was performed during the summer of 
1950, in Cayuga Lake, Ithaca, New York (altitude of 
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Fic. 1. Layout of the experiment. 


! E. Amaldi and G. Fidecaro, Phys. Rev. 81, 339 (1951). 
2H. J. J. Braddick and G. S. Hensby, Nature 144, 1012 (1939); E. P. George and P. T. Trent, Nature 164, 838 (1949). 
8 V. Cocconi Tongiorgi, Phys. Rev. 76, 517 (1949). 
+E. P. George and J. Evans, Proc. Phys. Soc. (London) A, 63, 1248 (1950). 

5 See, e.g., Cocconi, Cocconi Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 
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Fic. 2. 


Side and front views of the water-tight Al box containing the detector. The BF; proportional counters had an effective 


surface of 1X18’. They were all connected in parallel and operated at the same voltage (~4500 volts). 


the water level 117 m). Valuable help in performing 
the experiment was given us by Dr. J. Heidmann, to 
whom we wish to express our appreciation and gratitude. 

The general layout of the experiment is sketched in 
Fig. 1. A raft was anchored 220 m offshore, in a location 
where the lake is 65 m deep. A winch mounted on it 
allowed the hoisting of the detector, which was housed 
in a water-tight aluminum box. Except for a preampli- 
fier, all the recording apparatus was located on shore.® 
Four coax cables RG/8U, each 330 m long, were used 
to carry the high voltage (~5000 v) to the neutron 
counters, to supply the preamplifier, and to bring to 
shore its pulses. These cables stayed in the water with- 
out any protection for four months, and showed no 
sign of leak or deterioration. 


8 We are very grateful to the Pennsylvania Dixie Cement Cor- 
poration for the kind hospitality on its ground. 


The aluminum box containing the detector is shown 
in Fig. 2. The detector consisted of 12 BF; proportional 
counters (1’’X18’’), filled to 101 cm Hg of enriched 
BF;, plus 20 cm Hg of Argon, each surrounded by 1}” 
of paraffin. Additional slowing down material for the 
neutrons was provided by the water surrounding the 
box. The counters, constructed and operated as de- 
scribed in previous papers’ were all connected in 
parallel. Their pulses were fed into a preamplifier 
(Atomic Instrument Company, Model 205-B) then 
through a matched coax cable, into a linear amplifier 
(Atomic Instrument Company, Model 204-B) located 
on shore. 

The nuclear disintegrations we intended to study 
were those occurring inside the absorber }> placed be- 
tween the counters; its area was always 18X18”; 
data were taken with absorbers of different thicknesses 
and materials, as listed in Table I. 
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TaBLeE I. Rates recorded in the different channels, at various depths and with various absorbers. A count in channel “m=3,” e.g., 
means that an event has occurred, in which at least 3 neutrons gave pulses in our counters and were recorded by our circuit. Whenever 
the absorber was thinner than 4”, it was made of sheets evenly spread in the 4-in. hole. The errors given are standard errors. No errors 
are given for most of the rates recorded in channel “m=1,” as the uncertainties due to barometric effect, variations in the amplifier 
gain, etc., are, in these cases, probably larger than the calculated statistical errors. The figures given in the last column are the over-all 
efficiencies to record a neutron, as they resulted from measurements taken with a (Ra+Be) source. 








Effi- 


Number of neutrons recorded I 
ciency 
Maal 


Nature and 

thickness of 
E 

m=S5 m=8 m=9 (percent) 


m=4 


0.05 +0.02 4.8 

. . . 6. 
5. 
4. 


absorber 
Depth (area 18” X18”) m=1 m=2 


1370 
8000 





8.9+0.3 
937 +7 
188+2 
5240.6 


8.0+0.7 
0.2 +0.05 


15.2+0.9 


119+3 
0.4 40.07 


8.9+0.4 
1,28 +0.1 


2 =0 

2 =4” Pb 5440.6 
Zz =1" Pb 0 
> =}” Pb 


0 mHDO 3120 


1805 7.6 £0.23 


475 4.1541 
3500 49449 


3.4+40.7 


0 
158+4.8 62.843.0 5.6+0.9 3.3 40.7 


0.25 +0.2 


z= =0 
1 mH»O > =4” Pb 


==0 286 +6 0 
2541.2 1.2640.26 0.61+0.16 


68 +1.7 
0.32 +0.09 


19643 
4.88 +0.3 


25mHO 2Y=4"Pb 1650 
2 =4” Al 374 


0.3 +0.15 
39.1 40.4 


==0 169+4 
2=4" Pb 499 
2=4"Pb 321 
z= 100 +2 


0 
2=4" Ph = 202+2.1 
2=4" Al 1121.2 


5.5 m H:O 12 240.7 


10.5 m H:O0 18.7 +0.7 
0.04 +0.04 
10.6 +0.3 
0.37 +0.03 


20.5 m HO 


0.03 +0.03 


==0 90-43 0 
605mH:O S24” ph 109411 3.364015 1.25+0.09 


4.7+0.5 
2.2 40.23 


1.68 £0.13 
0 


0.64 +0.07 


0.07 +0.05 


1.0340.21 0.45+40.14 0.18+0.09 


0.3 +0.08 


1.620.3 


0.6 +0.12 0.19+0.07 0.07 +0.04 


1.0+0.15 


0.83+0.09 0.3940.06 0.244005 0.1540.04 0.05+0.02 


0.35+40.05 0.2+0.04 0.1340.03 0.08+0.02 0.05+0.02 








* The remarkable increase in the efficiency due to presence of the thick Pb-absorber is to be mainly accounted for by the following reasons: (a) the 
inelastic collisions with absorber-nuclei cause the neutrons to have smaller average energy when they reach the counters; (b) the diffusion in the absorber 


causes the neutron source to act not as a point source, but rather as an extended source smeared out in the whole volume of the absorber. 


hen, as in 


our case, the counters are rather close to the surface of the moderating material, both these effects increase the probability of recording the neutrons. 


The over-all efficiency E of the system for recording 
a neutron produced in >° was experimentally deter- 
mined by locating a calibrated (Ra+Be) source in 
different positions inside the absorbers used. It was 
found to vary from E=0.048 to E=0.063 depending 
on the nature and thickness of the absorber. The values 
determined for E are given in the last column of Table I. 
It has been proved in a previous work’ that the spectrum 
of the neutrons produced in nuclear evaporations is 
similar enough to the spectrum of the neutrons emitted 
by a (Ra+Be) source, to make these determinations 
accurate within less than 20 percent. 

As pointed out before, whenever a nuclear disintegra- 
tion occurs, a shower of neutrons of moderate energies 
is generated. These neutrons, slowed down in the 
paraffin and in the water, will produce in the counters 
a succession of pulses distributed in time according to 
the neutron lifetime 7 in the detector (7 ~ 160 usec), the 
event being practically exhausted in a time of the 
order of 2 or 3r. If the pulses emerging from the ampli- 
fier were observed on a scope, they would appear as 
single pulses due to incoherent neutrons crossing the 
counters and to the counter-background, mixed with 
occasional groups of pulses caused by the neutron 
showers generated in the nuclear disintegrations, the 
latter events being the ones we intended to select. 

The selection was made as follows. Whenever a pulse 
occurred in the counters, a gate of duration T= 160 
usec~7 was opened, and a count registered in channel 
“m=1.” If a second pulse was produced while this 
gate was on, a coincidence would be recorded, a count 
registered in channel “m=2,” and a new gate of dura- 


tion T opened. If a third pulse occured within this 
gate, a coincidence would be formed, a count registered 
in channel “m=3” and a fourth gate opened; and so 
forth up to channel ‘““m=9.” The readings of the nine 
registers directly give the integral pulse distribution 
due to the neutrons produced in the nuclear disintegra- 
tions, and recorded by our detector. 

The rate of chance coincidences was always negligible. 
In fact, in the least favorable case, namely, in channel 
“m=2” at the depth of 1 m water, the ratio of the 
chance coincidences to the total coincidences recorded, 
was of the order of 10~. 

The data taken without absorber, i.e., with }>=0, 
were used as a background correction, and subtracted 
from the results obtained with the different absorbers. 
This correction takes care of the spurious events leading 
to the production in the counters of a number of ions 
comparable with that produced by the B!°(m, a)Li’ 
reaction (a-contamination of the counter walls, stars 
of heavily ionizing particles, electron bursts, etc.), 
which will affect only the number of counts recorded in 
channel “m= 1’; furthermore it takes care of most of 
the neutrons generated in the nuclear disintegrations 
occurring in the surroundings of the absorber >> 
(paraffin, counters, aluminum box, water, etc.). 

As shown in Table I, 99.9 percent of the counts re- 
corded under water with }>=0 occurred in channel 
“m=1,” 0.1 percent in channel “‘m=2,” none in the 
following channels. 

Data were taken at depths of 1, 2.5, 5.5, 10.5, 20.5, 
and 60.5 m water. “Ground points,” called hereafter 
points at depth “0,” have been obtained by running the 
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Fic. 3. Rates F(m) recorded in the various channels, vs depth 
in m water, for the absorber 2=4” Pb. The absorption curves 
of the N-component (MFP= 160 g/cm?) and of the u-mesons are 
given for comparison 


experiment in the laboratory (260 m above sea level) 
with the aluminum box used in the lake surrounded on 
all sides by 6” of paraffin. It was verified, by using the 
(Ra+Be) source, that the efficiency of the detector 
in this condition was the same as that measured in the 
lake. 

All the experimental results are collected in Table I 
with their standard errors. 


Ill. ABSORPTION CURVE OF THE RADIATION 
PRODUCING NUCLEAR DISINTEGRATIONS 


The frequencies F(m) recorded with }> =4” Pb, cor- 
rected for background, are plotted versus depth in 
Fig. 3. 

The depth dependence being approximately the same 
for the rates recorded in all the channels, we shall dis- 
cuss all the curves together. 

In the first few meters of water, the slope of the 
curves indicates an absorption length of about 160 
g/cm*. At greater depths, say from ~10 m water on, 
the events are produced by a radiation whose absorp- 
tion length is of the order of 4000 g/cm’. 

This shows that while the V-component is the radia- 
tion producing the great majority of the events ob- 
served at the level of the water and under the first 
few meters of water, at large depths most of the nuclear 
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disintegrations observed are produced by the pene- 
trating component of the cosmic radiation, namely by 
u-mesons. 

The absorption curves of w-mesons and N-com- 
poneni are given in the figure for comparison. 

By extrapolating to depth “0” the absorption curve 
obtained at depths greater than 20 m water, one can 
deduce that at sea level the u-mesons contribute only 
~2 percent of the disintegrations observed, the re- 
maining 98 percent being caused by the V-component. 

In reaching the conclusions contained in this section 
it is implicitly assumed that the probability of recording 
the nuclear disintegrations is the same at all depths. 
There is no @ priori reason for this to be so; however, 
the procedure is justified by the experimental result 
that the neutron distribution in the different channels 
was found to be practically the same everywhere. 


IV. QUANTITATIVE INTERPRETATION OF THE 
RESULTS AT DEPTHS GREATER THAN 
10 M WATER 


We shall base our discussion on the results obtained 
at 20 m water, where the frequency of the events still 
provides good statistics and the intensity of the N- 
component is already negligible. Curves A and B in 
Fig. 4 are the results for > =4” Pb and for }> = 4” Al, 
corrected for background. We shall call each of these 
curves the “recorded multiplicity spectrum” of the 
neutrons produced in the events occurring in the ab- 
sorber considered. 

Let us consider first the data with }}=4’ Pb. The 
processes that can give rise to production of neutrons 
in >, are: 

(a) capture of negative u-mesons: 


using the differential range spectrum given by Rossi’ and assuming 
for the slow mesons a cos*@ law of zenith angle dependence, the 
number of negative u-mesons expected to stop in Z (whose mass 
is 2.37 10* g) is 395 hr. Assuming that the probability of emit- 
ting a neutron is exponential,* with average multiplicity 2,%!° 
and using the method described later in this section, one finds 
that the expected number of counts in the various channels, due 
to this process, are: 


58 hr“ 3 hr 0.25 hr“. 


One can see that the contribution of the u-capture, owing to the 
low value of the neutron multiplicity, is essentially confined to 
the first couple of channels 


(b) (y, 2) reactions induced by the photons in equi- 
librium with the u-mesons: 


this process is discussed in the following paper by Hayakawa, 
from where one deduces that at 20 m water the equivalent cross 


7 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 

§ Probably a poisson distribution is nearer to the truth than an 
exponential one. However, the choice of the exponential spectrum, 
which was made for sake of simplicity, will not affect the final 
results. 

* Groetzinger, Berger, and McClure, Phys. Rev. 81, 969 (1951) ; 
Sard, Crouch, Jones, Conforto, and Stearns, Nuovo cimento 8, 
326 (1951). 

1° M. Widgoff (private communication). 
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section of the w-mesons for producing neutrons is oy 72> 

1.0X 10-** cm*/nucleon, and the average number of neutrons per 

meson is /=1 to 2. The expected number of neutrons is, therefore: 
Sy, n@ApyXoy, % aX (hr) 

where 


} 


at 
Ap,=3600X2eMNI,, J cos"@ sinddd. 


With N=Avogadro’s number, M=mass of the absorber, /y, 
=vertical intensity of the u-mesons at 20 m water=2X10™° 
cm~? sec™ ster“, n= 2 and )=1.5, one has 

App =2.15X 10" cm hr“ 
and 


94, n= 320 br. 


These neutrons contribute about 320X E = 320 X 0.063 = 20 counts 
per hour in channel “m=1,” and 0.8 hr~ in channel “m= 2.” 


(c) Nuclear disintegrations induced either directly 
by the u-mesons or by their secondaries (photons, 
m-mesons, nucleons). These events will, in general, 
give rise to many neutrons, both in the primary inter- 
action and in the subsequent nucleon cascade, hence, 
they will contribute to the counts recorded in all 
channels. 

To discuss these processes, the rates recorded in the 
various channels have been corrected by subtracting 
the contributions of the events (a) and (b) (open 
circles in Fig. 4). 

From the recorded neutron multiplicity spectrum 
thus obtained, one can deduce the true neutron multi- 
plicity spectrum, by taking into account the probability 
f{(m) of recording the counts in the various channels. 

Let 


I(v)=probability that in an event v neutrons are 
released in >, both in the primary interaction 
and in the subsequent cascade, 


G(y, n)= (; )e — E)’-"=probability that the v neu- 


trons give n (n<v) pulses in the counters, 
P(n, m)=(1—x«""")(1—«""*) -- «(1—«"-™), with 


x 
=f e~“*dt/r, 
T 


(T is the coincidence gate, and r is the neutron life- 
time)= probability that m out of the » pulses arrive 
with the right timing to be recorded by channel ‘“m.” 
One has: 


f(m=>E5 ¥ I()G(y, n)P(n, m). 
An appropriate function J(v) has to be chosen to make 
the function f(m) fit the experimental data. With 
I(v)=[exp(1/%)—1 Jexp(— v/#) 
one has: 
Eexp(— 1/9) 
1—(1—E)exp(1—/s)' 





f(1)= B/exp(—1/), where B= 
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Fic. 4. Rates F(m) recorded in the various channels at a given 
depth vs the order m of the channel (neutron multiplicity spectra). 
The solid symbols represent experimental points. The open 
symbols represent points corrected for effects due to u-meson 
capture and (7, m) reactions. The dotted lines connect the experi- 
mental points. The solid lines are the functions calculated in 
Sec. IV, assuming that the true neutron multiplicity spectra are 
exponential with average multiplicity 7. 
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where T/7~1. 

The curve shown in Fig. 4 is the function f(m) ob- 
tined with >= 16.7, multiplied by a factor =37. The 
agreement is satisfactory. 

We therefore conclude that the frequency of the dis- 
integrations occurring in the 4” Pb absorber at 20 m 
water, is $=37 hr~', and that the average multiplicity 
of the neutrons released in them is ~17. The value of 
the average multiplicity 7 is determined with roughly 
the same precision as the efficiency E, i.e... ~+20 
percent. However, the condition that f(m) fit the ex- 
perimental data makes the value of the frequency 9 
practically independent of the value assumed for E. 
The uncertainty of our estimate of 9, about 10 percent, 
is mostly due to the statistical errors in the experi- 
mental data. 

Using the value of Ap, given above, one deduces 
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that the nuclear disintegrations are produced with a 


cross section 
o=1.7X10-** cm?/nucleon. 


This value of o would represent the cross section of the 

u-mesons for producing nuclear disintegrations, if the 

contribution to the disintegrations due to the second- 

aries of the u-mesons produced outside the absorber > 

and interacting in it were negligible. 

The effect of the secondary particles can be crudely 

estimated as follows: 

with: 

Ay Pb, the collision mean free path in Pb of u-mesons for produc- 
tion of nuclear disintegrations (in g/cm?), 

Ayw*Ay Pb, the meson MFP in water, 

Aw pp= 160 g/cm?, the collision MFP in Pb of the nucleons and 
=-mesons secondaries of the u-mesons, 

Lyw=120 g/cm*, the absorption length in 
secondaries, 

I,,(6)=the intensity of the u-meson component at 20 m water, 
in direction 86, 

Iy(@)=the intensity of the secondaries, in direction 8. 


water of these 


The frequency 9 of the disintegrations produced in 2 is: 
™/2 
$=35,+9n=29 f T,(0)S cos@(h/cos@)(1/Ay pp)sindd@ 
7/2 
+24 f. Iy(0)S cos6[1—exp(—h/Aw pp cosé) Jsinédé, 


where S and / are surface and thickness of 2. Assuming that the 
secondary particles have the same zenith angle dependence as the 
u-mesons, (/(@) =, cos?@), one has: 


2x [ I Inv » 
g ~7*si| e+ 0.72 J. 

3 Ay Pb AN Pb 
Owing to their short range, the secondaries are in equilibrium with 
the u-mesons, i.e. : 

I ye/dwoXn=Ix0/Lyw, 
where n is the average multiplicity of the secondaries produced 
by the u-mesons outside the absorber 2. This gives: 


2 hs Fee AO ee ge ” 
Sa * sil pe 4.0.72-2% Le | 28418 £140.67n] 
Au Pb 


3 Au Pb 3 


The multiplicity m is unknown, but is likely smaller than 2. 


Ayw AW Pt 


Hence we conclude that 9,/9n7~1, i.e., the contribution 
by the secondaries of the u-mesons is not negligible, 
but of the same order or magnitude as that of the p- 
mesons. Using this result, the cross section, o,, of the 
u-mesons for producing nuclear disintegrations is about 
4 of the o given above, hence close to 0.8X 10-*? cm’, 
nucleon. 


The data obtained with the Al-absorber can be analyzed 
following the same path. 


The number of negative u-mesons stopping in 2 is ~90 hr-. 
Assuming that the average number of neutrons produced in each 
capture is ~1, their contribution to channel ‘“m=1” is ~6 hr“, 
to channel “m=2,” ~0.1 hr. 

The number of neutrons caused by (y, m) reactions is 


Cy, n=A Xu, 7, nX?, 


where A, =5.2X10" cm™? hr. Using ¥=1 and oy, +, ,=0.8 
x 10-** cm*/nucleon," one has Cy, ,»=42 hr, which will produce 


“We thank Dr. Hayakawa for these estimates. 
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about 2 counts in channel “‘m=1.” The recorded rates, corrected 
for these two contributions (see the open triangle in Fig. 4), can be 
interpreted as due to the disintegrations induced in the Al- 
absorber by u-mesons and their secondaries. 

The function f(m) that fits the data is shown in Fig. 4. The 
multiplication factor, hence, the true frequency of the events 
recorded, is §=24 hr~, and the average neutron multiplicity is 
p~3. 

The cross section for production of these disintegrations is 


g 
o=—=4X10-* cm*/nucleon. 
Am 
The estimate of the contribution of the secondaries (using 
Aw a1 =80 g/cm*) gives 
2 | pe Sy 
—Sh—“[1+1.6n], hence —= 

‘ae = = ] In i, 

i.e., the disintegrations produced directly by the u-mesons in the 
Al-absorber are about $ of those produced by their secondaries. 


g= 


Therefore, the cross section o, for the u-mesons is 
found again to be close to 1X10-** cm?/nucleon. Of 
course, the large statistical errors and the size of the 
corrections introduced, make this result less reliable 
than that obtained from the data with lead. Anyway, 
within the accuracy of the results, the meson cross 
section per nucleon seems to be independent of the 
atomic number of the material in which the interaction 
occurs, as expected. For a definitive answer to this 
problem more accurate experiments are needed. 

Our estimates of the contribution by the secondaries 
of u-mesons, both for Pb- and Al-absorber, do not take 
into account the disintegrations induced by the photons 
in equilibrium with the u-mesons. However, as shown 
by Hayakawa, the equivalent cross section for this 
process is about 10 times smaller than the cross section 
obtained above, hence the (y, star) processes do not 
affect our results. 

We are, therefore, led to conclude that at a depth of 
20 m water (average energy of the mesons ~6 Bev) 
u-mesons produce nuclear disintegrations, by nuclear 
interaction, with a cross section o,=(1+0.5)x10-* 
cm?/nucleon. This result is in agreement with that of 
George and Evans. 


The data obtained at 60 m water for >> =4” Pb have 
also been analyzed. The experimental data are given 
in curve C, Fig. 4. The corrections in channel ‘““m=1” 
are: 


7 hr~ (for neutrons from y-capture) 
7 hr (for neutrons from (y, 2) reactions) 
in channel “m=2” are: 
0.6 hr (for neutrons from y-capture) 
0.3 hr- (for neutrons from (y, m) reactions). 


A function f(m) with >= 20 and 9= 10 fits the corrected 
data, which gives c= ~1.8X 10~*® cm*/nucleon hence, 


o,= ~0.9X 10-** cm?/nucleon. 


The ratio of the calculated frequencies of the dis- 
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integrations occurring in }> at 20 and 60 m water is 
37/10=3.7, close to the ratio between the u-meson 
intensities at the two levels, which is 4. 

The poor accuracy of our data does not allow us to 
draw conclusions about the variation of the cross sec- 
tion with the u-meson energy. In fact, according to the 
formula given by George and Evans, the cross section 
at 60 m water is expected to be higher than that at 
20 m water only by a factor 1.5. We can only say that 
the energy dependence of the meson cross section is 
within the expected range. 

According to that formula, the expected value of 
for u-mesons at sea level (~ 10° ev) would be ~2X 10-*° 
cm*/nucleon, close to the limit set by Amaldi and 
Fidecaro,''” 


V. ANALYSIS OF THE DATA TAKEN AT DEPTH “0” 


The data taken at depth “0” (260 m above sea 
level), corrected for background, are plotted in Fig. 5. 

As shown in Sec. III, at this level u-mesons cause 
only about 2 percent of the events observed, hence 
most of the disintegrations recorded are originated by 
the V-component. The corrections for neutrons arising 
from u-capture and (y, ) reactions are here practically 
negligible (~5 percent in channel “m=1”’). 

Figure 5 shows that the thicker the absorber >”, the 
flatter is the multiplicity spectrum of the neutrons 
recorded. This is in agreement with the results of a 


previous experiment,® and is caused by the increase, 
with increasing absorber thickness, of the number of 
secondary events in the nucleonic cascade which de- 
velops inside the absorber. In the quoted experiment, 
the requirement was made that at least one ionizing 
particle capable of emerging from the absorber and of 
penetrating at least 22 g/cm? of paraffin be produced 


along with the neutrons. This set a bias against low 
energy events, hence the disintegrations recorded in 
that experiment involved, on the average, higher en- 
ergies than those selected here. The differences in the 
relative slope of the three curves are therefore less 
marked here than there. With the same analysis as 
given in Sec. IV, one can describe the slopes of the 
curves in Fig. 5, for m23, with exponential spectra 
whose average multiplicities are 4.5, 7 and 17 respec- 
tively. For the same thicknesses of Pb-absorber, in the 
quoted experiment we obtained average multiplicities 
10, 17 and 50. 

It is interesting to compare the shape of the neutron 
spectra for > =4” Pb, obtained at depth “0” and at 
a depth of 20 m water. The distribution in the various 

2 Recently, measurements have been taken inside a salt mine 
ata depth of i570 m water (average energy of the mesons ~3 X 10" 
ev) with the same apparatus as used at depth “0.” With z=4" 
Pb, the rate of counts in channel “m=3” was 3/335 hr~, while 
with 2=0 the rate recorded in the same channel was "2/320 
hr. The background was too high to hope for any quantitative 
result. However, the rate 3/325 hr~ can be used to estimate an 
upper limit for the meson cross section. Assuming that the neutron 
spectrum is the same as found at 60 m water, one deduces: Furnax 
=12X10-* cm*. The expected value, using George and Evans’ 
formula, is close to 3X 10-** cm. 
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Fic. 5. Rates F(m), recorded in the various channels at depth 
“0,” for [=}” Pb, 2=1" Pb and 2=4” Pb. The dotted lines 
connect the experimental points. The solid line is the function 
calculated to describe the results with Z=}” Pb. 


channels of the neutrons recorded is practically the 
same at the two levels. After the corrections for y- 
meson capture and (y,) reactions have been intro- 
duced, the shapes of the spectra are radically different 
for low values of m (m=1 and 2), but the same within 
the statistical errors for m>3. The large number of 
events, leading to counts in channels m=1 and m=2 
at sea level, are easily accounted for by the disintegra- 
tions due to the low energy tail of the V-component 
present in the atmosphere. The fact that the events in 
which a large number of neutrons are produced show 
approximately the same neutron spectrum both for 
nucleon-initiated and y-meson-initiated events sup- 
ports George and Evans’s result that the heavy prong 
distribution of the stars observed at 60 m water does 
not differ much from that of the stars observed at 
mountain altitude. 

The data obtained with }>=}” Pb, can be utilized 
to make an estimate of the absolute intensity of the 
N-component. In fact, in such an absorber, equivalent 
to only ~1/20 of an interaction MFP of the .V- 
component, the effect of the nucleonic cascade is 
negligible, and the neutrons recorded are essentially 
those produced in the first interaction of the V-com- 
ponent with the Pb-nuclei. The solid line in Fig. 5 is 
the calculated curve which fits the data, with #=4.5; 
the multiplication factor, i.e., the frequency of the dis- 
integrations occurring in >>, is = 1800 hr“. 
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If Jy, is the vertical intensity of the V-component 
at the level considered, one has 


«i? 


j= f Ty, cos"@S cosé 
X[1—exp(—//Ay py cos) J2x sinddé 


2 Ty, 
= Sh 
n+1 


=73I ny. 


Ay Pb 


We have assumed here n=7 and Aw pp=160 g/cm’. 
Therefore /y,=6.86X10-* cm™ sec™ ster~', and the 
total intensity at 260 m a.s.l. is 


[=2n/(n+2)Iy,=4.75X 10 cm 


* sec 


Assuming the absorption length in air to be Ly air= 150 
g/cm’, the total intensity of the V-component at sea 
level is 


Ip>= ~4X 10 cm™ sec 


We attribute to this figure an uncertainty of about 10 
percent. 

As pointed out before, our figure refers to the .V- 
component capable of producing a nuclear disintegra- 
tion in which at least one neutron is released, i.e., to 
particles whose energy is larger than ~ 10 Mev. 

As the total u-meson component at sea level is 
~1.3X10- cm~ sec, the N-component is found to 
constitute about 30 percent of the u-meson component. 

Our result can be compared with estimates of Jo, 
based on other experimental data. Of course, the com- 
parison is necessarily crude, as each experiment sets a 
different bias against low energy particles. 

The frequency of stars with 3 or more prongs, 
observed in photographic plates is, at sea level: 
ns=5X10~* sec g“!." The discrepancies in the results 
of different authors give to this figure are uncertainty of 
about 20 percent. If the MFP for interactions in the 
emulsion is assumed to be Ay, -m= 120 g/cm’, one obtains 

‘8 E. P. George and A.C. Jason, Proc. Phys. Soc. (London) A6é2, 


243 (1949); Bernardini, Cortini, and Manfredini, Phys. Rev. 76, 
1792 (1949); N. Page, Proc. Phys. Soc. (London) A63, 250 (1950). 
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Ig = dn, em (N+1)/(n+2) = 5.3K 10-4 cm™ sec '=~4 
percent of the u-mesons. This value of Zo refers to par- 
ticles having energies higher than ~100 Mev. To com- 
pare with our result, one should include all the stars 
with 1 or 2 prongs, and also the events in which no 
ionizing particles but only neutrons are emitted. 
The extrapolation to stars of 1 or more prongs is 
very questionable, due to the correction needed for 
the inefficiency for the detection of small stars. Likely, 
the figure given above has to be multiplied by a factor 
larger than 2. Another factor of the same order or larger 
will probably arise from the addition of stars with no 
ionizing prongs, which must be very abundant. There- 
fore, though no agreement can be claimed, our result is 
not inconsistent with the estimate of the V-component 
intensity deduced from star frequency. 

Our estimate can be more directly compared with the 
results of the measurements of the neutrons in the free 
atmosphere. From Yuan’s'* data one deduces that the 
rate of production in air of neutrons at sea level is 
~1.0X10~ sec? g“. As the diffusion process of the 
neutrons in the atmosphere leads to practically no loss 
of particles, the above figure essentially represents the 
number of particles with energies of some Mev, pro- 
duced in nuclear disintegrations in 1 g of air. With the 
assumption that the interaction MFP of the V-com- 
ponent in air is Ay, air= 80 g/cm’, one has 


Iyp= ~7 X10 cm™ sec“, 


where ? is the average number of neutrons released in 
each interaction in air. Agreement with our estimate of 
I, is obtained for #=1.7, which is not unreasonable. 

The authors want to thank Prof. K. Greisen for help- 
ful discussions and to express their appreciation to 
the foreman of the Laboratory machine shop, Mr. 
C. F. Van Amber, and to the shop technicians for their 
work in connection with the construction of the water- 
tight box and with the assembly and anchoring of the 
rait. 


“LL. C. L. Yuan, Phys. Rev. $1, 175 (1951 
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Nuclear Interaction of y-Mesons Underground 
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The nuclear interactions of u-mesons and the genetic relations among their secondary particles are 
analyzed on the basis of the data obtained with photographic plates exposed underground by George and 
Evans. The results are used to analyze the experiment performed by Cocconi and Tongiorgi, in which the 
neutron showers produced in an absorber at different depths of water were studied. The contributions to 
the neutron showers from various components are compared. It is shown that the w-mesons directly pro- 
ducing neutron showers in the absorber and the nucleons produced by the u-mesons in the water above the 
apparatus and interacting in the absorber give the main contribution to the large neutron showers observed. 
The multiplicity spectrum of the neutrons is calculated by making use of a simplified model of the nucleon 
cascade and is shown to depend upon the selection bias of the detecting apparatus. The experimental 
results are consistently accounted for by assuming for the u-mesons a nuclear interaction cross section of 
~10 ub per nucleon. The experiments at great depths suggest the predominance of small momentum 
transfers by nuclear collisions. The large cross section and the small momentum transfer can be described 
in terms of the virtual photons associated with u-mesons. These virtual photons produce in nuclear collisions 
real or virtual x-mesons which can either escape or be absorbed in the nucleus 


I. INTRODUCTION 


HE interaction of u-mesons with matter has 

generally been considered as an _ exclusively 
electromagnetic process, the nuclear interaction being 
supposed to be extremely small. The behavior of cosmic 
rays underground has previously been analyzed on this 
basis.! However, recent experimental results obtained 
from photographic plates exposed underground by 
George and Evans’ have presented evidence for the 
nuclear interactions of u-mesons, which can be reason- 
ably interpreted in terms of mesonic interaction of their 
electromagnetic field. The result by Amaldi and 
Fidecaro® about the anomalous scattering of u-mesons 
can also be interpreted in this manner. 

Additional evidence for nuclear interactions of u- 
mesons, described in the preceding paper, has been 
obtained by Cocconi and Tongiorgi.‘ They recorded 
neutron showers with a system consisting of BF; counters 
surrounding a lead absorber which was sunk at different 
depths of water (down to 60m). It was found that 
below 10m of water the frequency of the neutron 
showers is proportional to the intensity of u-mesons. 

George and Evans’ and Cocconi and Tongiorgi’s 
experiments were carried out at nearly the same depths. 
They seem to give us a satisfactory qualitative infor- 
mation about the nuclear interactions of u-mesons of 
around 10 Bev. We shall first elaborate the analysis 
made by George and Evans and give a qualitative 
picture of the behavior of u-mesons at the depths 
under consideration. The results will then be applied 
to the experiment of Cocconi and Tongiorgi. The two 

* Now at Department of Physics, Osaka City University, 
Osaka, Japan. 


1S. Hayakawa and S. Tomonaga, Prog. Theor. Phys. 4, 287, 
496 (1949). 

2 E. P. George and J. Evans, Proc. Phys. Soc. (London) A63, 
1248 (1950) and private communication of George to Cocconi. 

* E. Amaldi and G. Fidecaro, Phys. Rev. 81, 339 (1950). 

4G. Cocconi and V. Cocconi Tongiorgi, Phys. Rev. 84, 29 
(1951). 


experiments are found to be quite consistent with one 
another, which substantially confirms the interpretation 
of George and Evans. 

Interesting information on the problem of u-meson 
interactions at high energies (~10" ev) was given by a 
series of GM-counter experiments at great depth 
(~1600 m water equivalent).*:° A preliminary analysis 
of the results has indicated the occurrence of pene- 
trating showers and the existence of an anomalous 
absorption of penetrating rays, which can be accounted 
for by nuclear interactions induced by u-mesons. 

On the basis of these experimental results, the nature 
of the nuclear interactions of u-mesons will be qualita- 
tively discussed. 

II. GENETIC RELATION AMONG VARIOUS 
COMPONENTS UNDERGROUND 

A yw-meson interacting with matter produces several 
kinds of secondaries which, because of their short 
ranges, can be considered to be in equilibrium with the 
parent u-meson. The important secondary components 
are electrons and photons, m-mesons, and nucleons. 
Their intensities can be expressed as fractions of the 
intensity of the u-mesons: 


IT .=ael y, [= arly, Ivn=ayl,. (1) 


We assume that most of the secondaries are produced 
directly by the u-mesons rather than through round- 
about processes involving transformations among the 
secondary components. Each coefficient is given ap- 
proximately by the ratio of the absorption mean free 
path of the component considered to the mean free 
path for the u-meson to produce it. These mean free 
paths, and accordingly the a’s, depend upon the energies 
of both the y-meson and its secondary ray and upon 
the material in which the interaction takes place. Since 

5L. M. Bollinger, Phys. Rev. 79, 207 (1950); Cornell Thesis 


(1951). 
* Greisen, Cocconi, and Bollinger, Phys. Rev. 82, 294 (1951). 
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the dependence upon the energies of yu-mesons is 
supposed to be small at the depths where the experi- 
ments with photographic plates and neutron counters 
were performed, we may assume a, and ay (for which 
we do not have reliable knowledge) independent of 
the energies of u-mesons, while we assume an empirical 
energy dependence, ~£}, for a, as will be seen later. 
Each of these components can give rise to nuclear 
interactions, hence the total intensity of the particles 
responsible for nuclear disintegrations is given by 


I= L,t1.+1.+In= (a,taet+tartay)I, 
=a, 


The frequency of the nuclear disintegrations occurring 
in an absorber of mass M is expressed by 


f=NMI,(Da:0;), (3) 


where o; is the cross section per nucleon for the process 
considered and N the Avogadro number. 

If the thickness of the absorber in which nuclear 
disintegrations occur is greater than the interaction 
mean free path of the particle under consideration, 
the relation (3) fails and coherence effects must be 
taken into consideration. This is the case for the elec- 
tronic component in a thick lead absorber and for the 
nucleon component, which undergoes the cascade 
development inside a nucleus. 

The electronic cascade can be treated using the 
method of electron tracks, owing to the fact that the 
transition effect from the surrounding matter to the 
lead absorber is almost complete. If the absorber is 
thin enough, as in the case of photographic plates, it 
will not destroy the equilibrium of the electronic 
component with the u-mesons existing in the surround- 
ing matter. 

For the nucleon component the interaction cross 
section is not large enough to create equilibrium even 
in the lead absorber. Let the energy of a nucleon 
initiating a cascade be e¢, disregarding whether the 
nucleon comes from outside the apparatus or is pro- 
duced inside a nucleus in the absorber by a y-meson. 
Suppose the nucleon produces J; particles of a certain 
kind after traversing a thickness of nuclear matter /. 
The number of particles, V;, is a function of € and ?: 


Ni=Ni(e,). (4) 


a,=1. (2) 


If this functional relation and the thickness traversed, 
i, are known, we can obtain the relation between V; 
and e. For the case of photographic plates, ¢ is limited 
to the size of a nucleus and the particles are the charged 
particles producing heavy tracks.’ For the case of lead 
absorbers, ¢ can be larger than the nuclear size and the 
particles are neutrons. Introducing the energy spectrum, 
F(e), of the nucleons which cause the nuclear disintegra- 
tions, the multiplicity spectra of the heavy tracks in the 


7 We use the terminologies adopted by R. H. Brown e¢ al, 
Phil. Mag. 40, 862 (1949). 
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photographic plates and of the neutrons produced in 
the lead absorbers are expressed by F(e(N,, ¢)) and 
F(e(N,, t)), respectively. Therefore, the two experi- 
ments are equivalent in principle. Unfortunately, how- 
ever, we have only poor knowledge about the relations 


(4) and F(e). 


The nucleon cascade process can be formulated under the 
following assumptions considering that most of the nucleons are 
of nonrelativistic energies in our case.® 

(1) Completely elastic scattering, since the inelastic scattering 
is less than one percent of the total scattering at 350-Mev incident 
energy, and is inferred to be less than $ between 1 and 2 Bev.® 

(2) Constant cross section and uniform energy distribution of 
the secondary nucleons,’ since the proton-proton scattering cross 
section is approximately constant and fairly isotropic in the 
center of mass system, and the variation of the proton-neutron 
scattering cross section and its angular anisotropy may be smeared 
out due both to the increase of the cross section at high energies 
and to the effect of nuclear binding at low energies. Thus we 
may adopt the simplified cross section: 


ao=40 mb, 


a(e, ede’ =aode'/e, 


where ¢ and ¢’ are the energies of the incident and scattered 
nucleons, respectively. This gives a collision mean free path 


Ao=2.9X 10-8 cm, 


which will be used as a unit of length. 

(3) One dimensional treatment and homogeneous nuclear 
matter, since the large angular divergence of secondary nucleons 
makes it almost impossible to take into account the geometrical 
effect of spherical nuclei. The zig-zagging of the nucleons is instead 
taken into account by increasing the path length by a factor of 
about v2. Hence the average path length inside a nucleus is taken 
as equal to the nuclear diameter. 

(4) Introduction of a critical energy ey~50 Mev under which 
nucleons do not further multiply, but consume their energies to 
heat up the nuclei, with subsequent production of nuclear evapo- 
rations. 

(5) Linear relation between the excitation energy and the 
number of evaporated particles, which is approximately expected 
from the evaporation theory." For the numbers of black prongs 
and neutrons, we shall use the expressions: 


N,=0.026U, N»=0.030U, 


where U is the energy supplied by the nucleons of energies below 
ey. The number of grey prongs is evaluated from the number of 
protons among the nucleons of energies above ey. 

The calculation was done by making use of the current methods 
of cascade theories. The result is compared with the data’ on 
the ratio of grey to black prongs and on the relation between 
total incident energy and number of heavy prongs. The rough 
agreement justifies our choice of the values for Xo and ey. 


Ill. ANALYSIS OF THE PHOTOGRAPHIC 
PLATE EXPERIMENT 


The essential features of the nuclear disintegrations 
underground have been analyzed by George and Evans? 
(quoted hereafter as GE). Here we shall give a little 
more quantitative analysis taking into account the 


8 Nucleon cascade theories at high energies are reviewed by 
H. Messel, Phys. Rev. 83, 21 (1951). 

*Y. Fujimoto and S. Hayakawa, Prog. Theor. Phys. 6, 96 
(1951). 

10 This assumption was adopted by S. Lindenbaum (private 
communication). 

1K. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950). 

2H. L. Bradt and M. F. Kaplon, Phys. Rev. 78, 680 (1950). 








NUCLEAR INTERACTION 
nucleon cascade process. In (a) the contribution of 
photons, i.e., the product a,.o,, is estimated. In (b) 
and (c), the cross sections for (u, +) and (4, V) processes 
will be given, using the experimental results of GE 
for the frequencies of stars produced by #~-mesons 
captured and by nucleons. 

(a) Recent experiments have indicated the occur- 
rence of nuclear disintegrations produced by photons of 
synchrotron energies.” This can be interpreted either 
with the reabsorption of photomesons in the nucleus 
or with some other mesonic interaction." The cross 
section for this process has been estimated to be of the 
order of 100 wb per nucleon.” Assuming a cross section 
constant above 250 Mev, which is indicated by the 
flat excitation curve for the production of photo- 
mesons, we can estimate the contribution of photons 
to the nuclear disintegrations. 

The intensity of photons in equilibrium with p- 
mesons can be evaluated with the method of reference 
(1) and is approximately given by 


a,.=8.0X 10-*(ax)° 4, (5) 


where a=2.2X10-* Bev per g cm™ is the energy loss 
of u-mesons in earth and x is the depth under consider- 
ation (ax is measured in Bev). At the depth of 60m 
water equivalent, we obtain 


a@eoe= 2.2 ub. (5) 


The photons coming from the round-about processes 
are estimated as negligibly small. 

(b) The cross section for the production of charged 
m-mesons can be derived from the number of r~-mesons 
stopping in the photographic emulsion, provided that 
the m-mesons coming from the round-about processes, 
i.e. from photons and nucleons, are subtracted. In 
other words, one has to evaluate: ¢yr= (Adz) tot— eFer 
—ayon,. The contribution from photons can be esti- 
mated in the same way as above. Taking the (vy, 7) 
cross section as 40 wb per nucleon, the product a-¢er is 
found to be about 1 ub. The contribution to m-mesons 
from nucleons, ayoy,, has been estimated and found 
smaller than that from photons. Thus the main contri- 
bution must be due to u-mesons, for which the cross 
section was found by GE to be ~5 ub. 

The number of z-mesons stopping in unit mass of 
emulsion, V,, should be equal to the number of those 
produced in the equivalent amount of matter. Some of 
the mesons produced, however, multiply and some are 
absorbed by nuclear collisions. Hence, the number of 
m-mesons produced in a nuclear collision of a u-meson 
corresponds to an effective multiplicity m,, which is 


8S. Kikuchi, Phys. Rev. 81, 1060 (1951); R. D. Miller, Phys. 
Rev. 82, 260 (1951). 

4 J. Levinger, Phys. Rev. 84, 43 (1951), tried to explain the 
photonuclear reaction at high energies by the photodisintegration 
of quasi-deuterons, but the result seems to give too small a cross 
section compared with the experimental results of reference 13. 
The high energy photonuclear reaction caused by the virtual 
photons of u-mesons is found to be smaller than 0.5 wb, making 
use of Levinger’s result. 
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Fic. 1. Integral energy spectra of nucleons produced by u- 
mesons. The open circles represent neutrons ood above the 
absorber and producing 0,-stars. The solid line represents the 
energy spectrum of the neutrons. The solid circles represent 
nucleons produced inside the nuclei, 1,-stars. The assumption 
is made that the scattering of a u-meson causes a nucleon to recoil. 


the total number of r-mesons produced on the average 
as a consequence of the initial collision. It follows that 


Our =N,/Ngl 


Using the figure of NV, given by GE and the known 
value of J,, we obtain 


MO ux = 1042 pb. (6) 


Direct evidence for the production of -mesons by 
u-mesons was obtained by GE and the cross section 
was found to be 

Our =S+1 pb. (7) 


This gives m, = 2.0+0.6, which is not inconsistent with 
the multiplicity observed directly by GE. 

(c) Most of the 0,-stars observed by GE are con- 
sidered to be due to the nucleons which are produced 
by u-mesons with a cross section of about 10 ub. The 
contribution to the 0,-stars from photons and 2-mesons 
has been evaluated and found to be less than 10 percent 
of that from nucleons. Hence we assume that the 
0,-stars are produced by neutrons and the 0,-stars by 
protons. 

Notwithstanding the poor statistics, one can see the 
tendency of the frequency-size distribution of emitted 
heavy prongs to be flatter, and of the number of 0,-stars 
to be relatively larger underground than in the stars at 
mountain altitude. The integral energy spectrum of the 
neutrons producing 0,-stars can be approximated by 
the inverse energy law, as shown in Fig. 1, if the energy 
of an incident neutron is estimated from the energy 
prong number relation deduced from the photographic 
plate data.” The relatively large number of protons 
(4 of the number of neutrons, in contrast to 4 in the 
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Fic. 2. Integral multiplicity spectrum of the neutrons produced 
in 4” lead. The open circles represent neutrons produced by 
0,-stars. The solid circles represent neutrons produced by 1),-stars. 
The solid line represents the sum of the two processes. The broken 
line represents the spectrum corrected for the ionization loss of 
fast protons. The experimental value of the average multiplicity 
is 17 


mountain experiments) also indicates a flat energy 
spectrum of nucleons. The inverse energy spectrum 
can be predicted from the nucleon cascade theory with 
a method similar to that of the electron tracks, since 
the nucleons are in equilibrium with the ancestor 
@-mesons. 

The total cross section for the production of nucleons 
is estimated in the same way as that for the production 
of w-mesons. For the neutrons with an energy of at 
least 100 Mev, which is required to produce stars of 
three or more prongs, the average energy is estimated 
as about 400 Mev and the average range is about 1.4 
times the collision mean free path. The number of 
0,-stars per gram of emulsion, N,, is expressed in 
terms of the cross section o,, and of the multiplicity 
m,,, by 


Nn=MrOunN(1.4r./Ap)I,; 


where A, and X, are the collision mean free paths in 
earth and in emulsion, respectively, which are likely of 
the same order of magnitude. From the data of GE 
for V,, one gets 


MnO un=8.5+1.1 ub. 


Including both neutrons and protons produced by 
u-mesons, and considering only the nucleons of energy 
greater than about 100 Mev, we have 


MyOyn = 1742 ub, (8) 


where my and o,ynv mean the multiplicity and cross 
section for both types of nucleons. 


This value of myo,n may be compared with the 
cross section deduced from the events observed to be 
produced directly by u-mesons in photographic plates, 


oyun = 1542 ub, (9) 


which leads us to a multiplicity of about one. 

The figure given in Eq. (9) is deduced from the 
frequency of stars with one or more thin secondary 
tracks. Among these stars, the 1,-stars are interpreted 
by GE to be the scattering of a o-meson by a nucleon 
with the recoil nucleon subsequently producing a 
nucleon cascade inside the nucleus. The average path 
length of this nucleon cascade is twice smaller than 
that for a nucleon initiated cascade, and is equal to 
2.2X» in AgBr nuclei. In such a short path only a small 
fraction of nucleons can fall into the slow region and, 
therefore, a small number of heavy tracks is predicted, 
namely about 4 for a recoil nucleon of 1 Bev. The 
energy distribution of the recoil nucleons is found to be 
very flat, as shown in Fig. 1. However, there is some 
ambiguity in this interpretation, as will be discussed in 
the later sections. 

Stars with two or more thin secondary tracks are 
hard to interpret, though it is sure that they are 
associated with the production of r-mesons. The mesons 
could be produced directly by a u-meson or indirectly 
by a recoil nucleon and its descendant nuclear inter- 
acting particles. The production of a number of thin 
tracks in a star may be either the genuine multiple 
production of m-mesons by a u-meson or the plural 
production by successively produced nuclear interacting 
particles. Because of such an ambiguity in the interpre- 
tation, we shall not discuss further these multi-thin 
track stars. 


IV. ANALYSIS OF NEUTRON SHOWER EXPERIMENT 


A similar analysis can be applied to the neutron 
shower experiment performed by Cocconiand Tongiorgi. 
For the production of neutrons one must take into 
account a number of phenomena which are not im- 
portant in photographic plate experiments, namely, 
(a) the (y,#) reactions and (b) the neutron production 
by u--meson capture. Other phenomena like (c) the 
capture of m~-mesons and (d) the nuclear disintegra- 
tions caused by nucleons and y-mesons in flight, are 
essentially the same as in the case of the photographic 
plate experiment. 

(a) The intensity of photons considered here is 
different by a large factor from that calculated in the 
previous section owing to the transition effect. The 
number of photons with energy W in the interval dW 
produced by a u-meson of energy E-Bev in lead is 
empirically given by 


aE "dw /W?, 
with a defined by 


a,/W,=3.0X10, W,=0.02 Bev. 
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The neutron yield due to the photons can be calculated 
following the method of Levinger:’® 


V (E)=(N/A)(a1/W.)QF°*=2.5X 10-°E**, 


where A is the atomic weight of lead and Q is the 
average cross section for the absorption of y-rays. 
Equation (10) gives the absorption cross section of 
photons, and the number of neutrons produced is 
obtained by multiplying it by the multiplicity of 
neutrons.'® The double absorption process produced by 
the photons accompanying a u-meson in the lead 
absorber is negligible for the u-mesons of energies 
around 10 Bev. The contribution from (y, m) reaction 
is then obtained in terms of a and a at 60 m water 


(10) 


ao(y, 2) =150 wb. (11) 


This gives a quite large contribution to small neutron 
multiplicities. 

(b) The neutrons produced by the capture of u-- 
mesons are discussed in the preceding paper and here 
we give the value in terms of ao at 60 m water for the 
convenience of comparison : 


ao(u--capture) = 130 ub. (12) 


(c) The same quantity for the capture of x~-mesons 
is estimated referring to the experiment of GE: 


(13) 


The capture of a ~-meson will give rise to about four 
neutrons. 

(d) For the nuclear disintegrations induced by 
nucleons and yu-mesons in flight, one has to take into 
account the change of the path lengths of nucleon 
cascades due to the selection bias set by the experiment 
under consideration. At least one neutron, i.e., at least 
one nuclear disintegration was required to occur inside 
the absorber. If \ is the nuclear interaction mean free 
path of nucleons in the absorber, whose effective thick- 
ness is D, taking into account the angular distribution 
of incident particles, the average interaction path length 
for an incident nucleon is given by 


(A+D) exp(— D/A)+D?/X. 
If we express the path lengths in Ao, as discussed in the 
previous sections, we obtain for the path lengths, ¢, for 
the nucleon cascade processes induced by nucleons and 
u-mesons for 4” and 1” of absorbers: 
ty=10.1X0, t4=7.3X0, for 4” lead, 
5.9Xo, “= 3.1Xo, 
Using these path lengths and applying our nucleon 
cascade theory, we can derive the multiplicity spectra 


of the neutrons produced in the absorbers considered, 
as shown in Figs. 2 and 3. Considering the ambiguity 


ao(r~-capture) = 4 ub. 


(14) 


ty= for 1” lead. 


16 J. Levinger, Nucleonics 6, No. 5, 64 (1950). 

16 The most probable multiplicity of neutrons for heavy nuclei 
is estimated as about 2, by J. Heidmann, Phys. Rev. 83, 237 
1951) and Cornell Thesis (1951), unpublished. 
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Fic. 3. Integral multiplicity spectrum of the neutrons produced 
in 1” lead. The open circles represent neutrons pond ae by 
0,-stars. The solid circles represent neutrons produced by 1>-stars. 
The solid line represents the sum of the two processes. The dot- 
dash line represents the spectrum deduced by assuming that in 
1,-stars two nucleons start the nucleon cascade receiving the 
recoil energy from u-mesons. 


in the mechanism of the nuclear interaction of wemesons 
and the simplified assumptions in the nucleon cascade 
theory, however, it should not be taken as more than 
an illustration. Nevertheless, our results can show the 
general trend of the multiplicity spectra, especially 
their dependence upon the thickness of the absorber; 
adding the contributions from nucleons and direct 
u-mesons, the resultant spectra are well approximated 
by exponential curves and their average multiplicities 
are 13 and 3 for 4” and 1” lead absorbers, respectively, 
while the experimental average multiplicity is 17 for 
4” lead. 

In order to see how our average multiplicities are 
affected by possible corrections and modification in the 
models assumed, the following calculations have been 
made. In the first place, the ionization loss of the 
protons which link two successive nuclear disintegra- 
tions was taken into account, by cutting off all these 
protons and leaving only neutrons as links between 
successive disintegrations. This effect is appreciable 
only for 4’’ lead and the corrected multiplicity spectrum 
is shown by the broken line in Fig. 2, which corresponds 
to an average multiplicity 11. In the second place, for 
the 1,-stars the following model was assumed: two 
nucleons start nucleon cascades, each of them having 
a half of the energy transferred by a u-meson. This 
mechanism corresponds to the reabsorption of a pro- 
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Taste I. Contributions from various processes to nuclear 
disintegrations in lead 60 m under water. 
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duced -meson by a quasi-deuteron inside the nucleus 
and makes a considerable increase in the path length of 
the nucleon cascades for the thin lead absorber. The re- 
sult for 1” lead absorber is illustrated in Fig. 3 by the 
dot-dash line, which corresponds to an average multi- 
plicity 5. 

In the foregoing analysis the contribution from the 
multi-thin track stars is ignored, though their frequency 
is about one half of that of 1,-stars. If this contribution 
were added to the two processes already considered, 
the multiplicity spectra would be flatter, giving higher 
average multiplicities than before. With our present 
knowlédge, however, the quantitative treatment of the 
effect of these stars seems to us impossible. 

As a summary of the foregoing results, the contribu- 
tion from each process in terms of a¢ is shown in Table I. 
This allows a comparison of the relative importance of 
each process for producing neutrons in lead under 60 m 
water. Needless to say, ao’s for the capture of ~- and 
u--mesons have no meaning of cross sections, but are 
only useful for comparison. 


V. RESULTS OBTAINED FROM THE EXPERIMENTS 
AT GREAT DEPTH 

There is only scanty experimental information about 
the nature of cosmic rays at great depths, but the 
following results can be obtained on the basis of the 
recent experiments of a Cornell group,®:* under about 
1600 m water equivalent (about 700 m of rock). 

The energy loss of u-mesons was shown by Bollinger® 
to be almost exclusively due to electromagnetic pro- 
cesses, and there may be only a small room for the 
energy loss due to nuclear interactions, although there 
are ambiguities in the theoretical value of the energy 
loss due to pair creation and in the experimental values 
of w-meson intensities.'? With such reservation, and 


17 However, see C. M. Galleri and G. Wataghin, Phys. Rev. 
79, 718 (1950). The energy loss due to the nuclear interactions of 
u-mesons adopted by these authors seems to be an overestimate: 
H. Fukuda, private communication. 
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with the assumption that the energy loss due to nuclear 
interactions is proportional to the energy of the incident 
particles, one can establish that the upper limit for the 
product Ko,y is 3 ub per nucleon, where K is the 
fraction of energy lost. 

The cross section for producing nuclear interacting 
particles was estimated from the anomalous absorption 
as a few tens of a microbarn.® This means, together with 
the energy loss discussed, that the nuclear interaction 
cross section may not rapidly increase with increasing 
energies of u-mesons. 

The fairly large number of parallel u-mesons ob- 
served, which are likely produced by a nuclear collision 
in the upper atmosphere, indicate that the scattering 
angles of these u-mesons are quite small. As a u-meson 
penetrating down to 700 m is expected to suffer a few 
scatterings, the average scattering angle per collision 
must be not greater than 10~ rad. 

The small scattering angle means a small momentum 
transfer, which is consistent with the small energy loss 
discussed above. Furthermore, the fact that the features 
of the nuclear interaction of y-mesons do scarcely 
change with energy indicates, together with the small- 
ness of the scattering angles, that the electric current 
and the magnetic moment of the struck system inter- 
acting with the electromagnetic field of a u-meson do 
not increase with increasing energies so much as to 
counterbalance the gentle interaction due to the 
coulomb field of the u-meson, which gives rise to the 
characteristic properties of the Rutherford scattering. 
This will give information about the interaction of 
photons with nucleons at high energies. 

Furthermore, the Rutherford-like scattering of p- 
mesons should give a small cross section for a large 
momentum transfer. If the momentum were transferred 
to a nucleon, the energy of the nucleon should not be 
high enough to produce stars with three or more prongs, 
as far as the cross section is required to be as large as 
10 ub. Therefore, there should be a more efficient energy 
transfer, namely, a large energy transfer compared with 
a small momentum transfer. This is the case for the 
production of -mesons, because their rest energy is 
consumed in nuclear disintegrations. This is also the 
case, if the -meson is not produced immediately, but 
the struck nucleon is excited receiving a small momen- 
tum and subsequently emits m-mesons or loses its 
excitation energy colliding with another nucleon in the 
same nucleus. In either case, if the m-mesons are not 
emitted from the nucleus, the phenomenon is observed 
as the scattering of a u-meson. Without such mesonic 
processes, the “scattering” of u-mesons seems hard to 
understand. 

We have so far considered only well known interac- 
tions of u-mesons; one could instead introduce an 
ad hoc nuclear interaction of u-mesons. Wenzel!® in- 
vented a u-pair theory, in which the “‘u-mesons” are 


18 G, Wenzel, Phys. Rev. 79, 710 (1950). 
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not necessarily the same as the u-mesons commonly 
observed in cosmic rays. If there were the “u-mesons” 
which constitute a-mesons, as suggested hy Wenzel, 
the production of the ‘‘u-mesons” in a high energy 
nucleon-nucleon collision (~10" ev) is estimated by 
the statistical theory of Fermi’® to be as large as that 
of wz-mesons. Such ‘‘u-mesons” should give a large 
contribution to the total intensity of cosmic rays at 
great depths and their intensity-depth relation would 
be considerably different from that of ordinary u- 


19 FE. Fermi, Prog. Theor. Phys. 5, 570 (1950). 
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mesons, since the effect of the decay process is quite 
important. The allowable fraction of undelayed particles 
at the depth under consideration is so small* that the 
existence of the hypothetical ‘‘u-mesons” may be ruled 
out. As far as the experimental evidences underground 
thus far obtained are concerned, the introduction of 
new particles and new interactions seems to be unneces- 
sary. 

It is my great pleasure to express my hearty thanks 
to Professors Cocconi and Greisen, and Drs. Bollinger 
and Cocconi Tongiorgi for the communication of their 
experimental results and their stimulating discussions 
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The High Energy Nuclear Photoeffect 
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The nuclear photoeffect for photons of energy greater than 150 Mev is calculated assuming the two- 
nucleon model used by Heidmann. The main features of the nuclear photoeffect are then quite similar to those 
of the deuteron photoeffect. The cross section for nuclear absorption of a high energy photon is about 1.6A 
times the cross section for the deuteron photoeffect. The deuteron photoeffect gives a very strongly forward 
angular distribution for protons of a given energy, observed in the laboratory system. The angular dis- 
tribution for protons from the nuclear photoeffect is almost as strongly forward: for 90-Mev protons in the 
laboratory system the ratio of the differential cross section at 60° to that at 90° is about 3. The proton 
energy spectrum decreases rapidly with proton energy, and becomes steeper for observations at large angles. 
The calculated angular distributions and proton energy spectra are in fair agreement with measurements 
by Walker. The absolute value of the differential cross section for 90-Mev protons from carbon at 30° 
(laboratory system) is about 0.2 wbarn/Mev steradian per Q, or about 20 wbarn/steradian per photon. This 
absolute value is about one-third the absolute value measured by Walker, and is somewhat larger than the 


absolute value measured by Levinthal and Silverman. 


I. INTRODUCTION 


ECENT experiments by Levinthal and Silverman,' 

Keck,? Walker,’ and Kikuchi‘ have shown the 
production of high energy protons from nuclei irradiated 
by high energy photons. Protons up to energies of at 
least 150 Mev were produced by the bremsstrahlung 
photon spectra of the 300-Mev Berkeley and Cornell 
synchrotrons. Nuclear cross sections are of the order of 
0.1 millibarn. The angular distribution of the emitted 
protons showed a marked forward asymmetry in the 
laboratory system, particularly for the higher energy 
protons. 

At low excitation energies the compound nucleus 
picture has been successful. The compound nucleus 
picture fails to explain these observations at high 
excitation energies in two respects: (1) it predicts that 
very few high energy nucleons will be emitted; (2) it 
predicts an isotropic angular distribution. In fact, the 

* Now at Louisiana State University, Baton Rouge, Louisiana. 

1C. Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951). 

2 J. Keck (private communication). 


3D. Walker, Phys. Rev. 81, 634 (1951). 
4S. Kikuchi, Phys. Rev. 80, 492 (1950). 


compound nucleus model fails to explain the ratio of 
cross sections for (y,p) and (y,m) processes,® and 
angular distributions for emitted protons,® at inter- 
mediate excitation energies (17.5 Mev). Courant? inter- 
prets the (y,p) processes at these intermediate energies 
as a direct photoelectric emission of protons. He uses 
two different models: (1) independent proton wave 
functions in a square well potential ; (2) an approximate 
alpha-particle model. Somewhat better agreement with 
experimental results is found with the second model. 

At extremely high excitation energies we might regard 
each nucleon in the nucleus as independent. High 
energy protons might be produced by independent 
Compton scattering by each proton in the nucleus. The 
cross section for this process is much smaller than that 
observed experimentally for the production of high 
energy protons. 

Another possible mechanism for the photoproduction 
of high energy protons is via the production of photo- 

5 O. Hirzel and H. Waffler, Helv. Phys. Acta 20, 373 (1947). 


° B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
TE. D. Courant, Phys. Rev. 82, 703 (1951). 
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mesons (either neutral or charged). The x-meson might 
subsequently be absorbed by another nucleon in the 
same nucleus, giving a star that might contain a high 
energy proton. This process would show a smaller 
foward asymmetry for proton production than was 
observed ; so it cannot be the major process for produc- 
tion of high energy protons. It might be significant at 
large angles, where the process discussed below gives 
a very small cross section. 

For the nuclear photoeffect by photons of energy 
greater than about 150 Mev we shall use a nuclear 
model intermediate between the compound nucleus 
model and the independent nucleon model: i.e., we 
assume the nuclear wave function to be the product 
of the wave function for two nucleons very close to- 
gether with a wave function for the remaining nucleons. 
This two-nucleon model has been used by Tamor* in 
calculating the production of high energy protons fol- 
lowing capture of +~ mesons. Tamor also used an 
alpha-particle model. Experimental results’ are in 
better agreement with Tamor’s calculations for the 
alpha-particle model. The two-nucleon model has been 
applied by Heidmann" to the pick-up reaction for high 
energy (90-Mev) neutrons. He finds reasonable agree- 
ment with York’s measurements" on the production of 
fast deuterons by 90-Mev neutrons. 

One might expect to use a similar model for the pro- 
duction of fast protons by w~ capture, for the pick-up 
reaction, and for the high energy nuclear photoeffect. 
In all three reactions the proton has a high momentum 
in the final state and, since it cannot gain much mo- 
mentum in the reactions considered, it must have had 
a high momentum in the ground state. A proton will 
have a high momentum (far above that for the most 
energetic proton in a Fermi gas of nuclear density) if it 
is acted on by strong forces due to being very near 
other nucleons. If the distance from the proton to its 
nearest neighbor is much smaller than the average 
spacing of nucleons in the nucleus (1.4 10" cm), then 
it is likely that no other nucleons will be similarly near 
to the two nucleons which are very close together. Since 
small nucleon distances correspond to high nucleon 
momenta, the two-nucleon model should become more 
valid for very high momentum components of the 
ground-state nuclear wave function: i.e., for high 
energies of the emitted proton.” 

Levinthal and Silverman! also reach the conclusion 

8S. Tamor, Phys. Rev. 77, 412 (1950). 

*W. B. Cheston and L. J. B. Goldfarb, Phys. Rev. 78, 683 
a ‘Heidmann, Phys. Rev. 80, 171 (1950). 

u H. F. York, Phys. Rev. 75, 1467 (1949). 

2 We are making an additional assumption that the potential 
between two nucleons increases rapidly with decreasing distances, 
for distances somewhat smaller than 1.4 10~ cm. This assump- 
tion is valid for an exponential or a Yukawa potential, but not for 
a gaussian or square-well potential. Neutron-proton scattering 
experiments are in agreement with the first two potentials, but 
not with the last two. For the last two, the high momentum com- 
ponents of the potential, and hence of the wave function, would 
he too small to explain the high energy photoeffect. 
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that high momentum components of the ground state 
wave function are responsible for the high energy 
photoeffect. (They use a mathematical argument to 
reach this conclusion, rather than the physical argu- 
ment made above.) Chew and Goldberger found an 
empirical momentum distribution to fit York’s measure- 
ments" on the neutron pick-up reaction. Levinthal and 
Silverman use this empirical momentum distribution to 
find the cross section for the high energy photoeffect, 
and find approximate agreement with their experi- 
mental data. In principle there is no essential difference 
between their approach and ours; the difference is only 
one of method. Because of the absence of a model, their 
calculation gives no information on the angular dis- 
tribution of the high energy protons. 

Since we are using a two-nucleon, or deuteron model, 
many of the features of the high energy photoeffect are 
determined by those for the high energy photodisin- 
tegration of the deuteron. Schiff,!* and Marshall and 
Guth,!® (called SMG below) have calculated the deu- 
teron photoeffect for photon energies from 20 to 140 
Mev. They find that the electric dipole term provides 
almost all of the total photoelectric cross section ; while 
interference between the electric dipole and the electric 
quadrupole interactions produces forward asymmetry 
for the proton angular distribution in the center-of-mass 
system. 

The remaining A—2 nucleons in the nucleus will 
affect our results in two ways: they constitute a poten- 
tial well in which the deuteron moves; and they may 
scatter the high energy nucleons. In this paper we shall 
be concerned with small nuclei (carbon) and as a first 
approximation neglect the effects of scattering by the 
other nucleons. 

In Sec. II we calculate the ratio of the cross section 
for the high energy nuclear photoeffect to that for the 
deuteron photoeffect. In Sec. III we compare the high 
energy photoeffect with the calculated nuclear cross 
section for photon absorption integrated over all 
photon energies.'® In Sec. IV we calculate the energy 
spectrum and the angular distribution (laboratory 
system) for protons and neutrons from photodisin- 
tegration of the deuteron. In Sec. V we find the energy 
spectrum and angular distribution for protons from the 
photodisintegration of carbon. In the last section we 
compare our calculations with recent experimental 
results. 


Il. THE DEUTERON MODEL 


Since a proton-proton system has no dipole moment, 
and the dipole term in the photoelectric effect is pre- 
dominant at the photon energies considered, we need 
consider only proton-neutron systems. The two-nucleon 
model becomes a deuteron model, for the high energy 


4 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
“ L, I. Schiff, Phys. Rev. 78, 733 (1950). 
6 J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 
'6 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950) 
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photoeffect. The nuclear deuterons can be in either a 
triplet S state (probability #) or a singlet S state 
(probability 4).!7 SMG’s results apply exactly only for 
the triplet S$ state, but since our calculation is rather 
approximate, we shall use their results for both cases. 
Also the quasi-deuterons in the nucleus do not have 
a binding energy of 2.2 Mev; on the contrary, the proton 
and neutron have a positive energy, due to motions of 
nucleons in the nucleus. However, as shown below, the 
wave function of the quasi-deuteron, for the neutron and 
proton very close together, is a multiple of the wave 
function of the deuteron; so that the photodisintegra- 
tion cross section for sufficiently high energies is that 
given by SMG for the deuteron, multiplied by a 
suitable factor. 

Following Heidmann’® we write the wave function 
for the ground state of the nucleus, with proton 1 very 
close to neutron 2, as 


W(1, 2, 3---A)=exp(ik’-r’)yi(r)e(3---A). (1) 


The term exp(ik’-r’) represents the motion of the 
center of mass of the quasi-deuteron. We shall assume 
that the wave function gy for the remaining A—2 
nucleons is the same for both initial and final states.* 
The cross section for the production of high energy 
protons will then depend only on the quasi-deuteron 
wave function ¥;(r), where r is the distance between the 
proton and neutron. This function can be written 


¥i(r) = (42) *[sin(kr+ 5)/sind— x ]/(a*+ R*)'r. (2) 


x is a function which is appreciable only inside the 
range of the nuclear forces and depends on the shape 
of the potential. Further, v is the volume of the nucleus, 
and k is the wave number for the relative motion of 
proton and neutron given by 


k=}|k,i—k,|. (3) 


k, and k, are wave numbers for proton and neutron 
when they are far from each other. From the theory of 
the effective range of nuclear forces'®.° the phase shift 
6 is given approximately by 


cots — a/k. (4) 


a~ is the scattering length. The wave function of Eq. 
(2) becomes the S term of a plane wave for r larger than 
the range of nuclear forces. The plane wave is normalized 
so that integration over r gives one proton per volume 
v surrounding the neutron. (We are assuming that the 
nuclear density is constant.) 

For the high energy photoeffect we are interested 
primarily in the behavior of ¥, at small r where kr<1. 


17 We are interested only in S states, because only for these 
states are the neutron and proton likely to be very close together. 

18 This assumption will in general overestimate the cross 
section, since the overla — for ¢ will be unity or less. 

19H. A. Bethe, Phys. Rev. 76, 38 (1949). 

2 H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950). 


Expanding Eq. (2), and using Eq. (4) we have 
va(r) = (417/0)*(a?+ k*) 47" — (a/R) sinkr+coskr — x ] 
S(44/0)¥( 02+ k*)-4-"(1—ar— x). (5) 
The wave function of the deuteron ground state is 


Wa(r) =[2a/(1 — are) Pr-(e~*"— x) 
S[2a/(I-an)W(l—ar-»), (6 


which follows from the theory of the effective range. 
(ro is the effective range.) In that theory it is shown 
that both the comparison function (asymptotic be- 
havior for large r, there'®° denoted by y, in our case 
exp(—ar)) and the actual wave function in the poten- 
tial (there called u, in our case e~*’— x) are very insen- 
sitive to the energy of the deuteron, as long as r is inside 
the range of nuclear forces. This is the reason why the 
wave functions given in Eq. (2) and Eq. (6) are propor- 
tional to each other in the relevant zegion of small r. 
For the photoelectric cross section of the quasi-deuteron 
we can then simply use the SMG result for the deuteron 
which must be multiplied by the ratio of the squares of 
the constant, or normalization factors in Eq. (5) and 
Eq. (6) giving 


Oqa/ oa= (We/Wa)? = 24 (1— aro) /a(a?+ k*)0. (7) 


Here o,g is the photodisintegration cross section for a 
quasi-deuteron in which the neutron and proton have 
wave number & for their relative motion; and aq is the 
SMG result for the deuteron. Since have Z choices for 
proton 1, and N choices for neutron 2 (V=A-—Z), the 
nuclear cross section is VZoqa. 

We must also average (a?+*)~ over all possible 
values of the wave number k. We assume Fermi dis- 
tributions for proton wave number &;, and neutron 
wave number 2, up to the same maximum wave 
number ky». 


P(ki)dk:=(3/km®)kvdk;, iS Rm. (8) 
We also assume an isotropic distribution for the angle 


between k, and ke. Using Eq. (3) for the value of k, we 
find 


[ (2+ k*)— w= Dh? — 24. chm? tan—"(Rm/ cx) 
— 602?hm~*+ (1807 km 4+ 604k *) 
XIn(i+kn2a-)=4.1kn*. (9) 
The numerical! result is found using a=0.23X 10" cm, 
and k»=1.0X 10" cm. 
Equation (9) is substituted in Eq. (7). We shall take 
the volume of the nucleus as »= (4/3)7A(1.4X10-*)*, 


and multiply by NZ as discussed above. The cross 
section for photodisintegration of the nucleus becomes 


o=6.4(NZ/A)o&1.6Aaz. (10) 
The second expression holds for V = Z= A/2. Our result 
should be valid for high photon energies, say, greater 


than 150 Mev, and is expected to overestimate the 
nuclear cross section for lower photon energies, 
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III. COMPARISON WITH INTEGRATED 
CROSS SECTIONS 


It is of interest to note that the proportionality to the 
quantity VZ/A (or approximately to A) which we have 
already found for the nuclear cross section for high 
energy photons, using the deuteron model, is just the 
same as the dependence of the dipole term in the nuclear 
absorption cross section integrated over photons of all 
energy.'® (W is photon energy.) 


@ 


f odW = (2x°e2h/Mc)(NZ/A)(1+0.8x) 
0 


~0.015A(1+0.8x) Mev barns. (i1) 
Here x is the fraction of attractive exchange force. The 
coefficient 0.8 depended somewhat on the nuclear 
model used; but except for this the result was com- 
pletely independent of the nuclear model.” 

We shall use the calculations by SMG for a Yukawa 
potential between neutron and proton. They assume 
exactly half ordinary and half exchange force (x=}4), so 
that there is no force in the P state which is reached by 
dipole transitions. (A larger fraction of ordinary force 
would lower the high energy photodisintegration cross 
section; a larger fraction of exchange force would 
increase it.) 

The dipole term o; for deuteron photodisintegration 
calculated by SMG can be written” 


o,=(1—9°(444+-y)* Poa/(1— arp). (12) 


Here o/(1— aro) is the Bethe-Peierls cross section, cor- 
rected using effective range theory,?° and y=photon 
energy/binding energy of deuteron. To compare the 
cross section for the high energy nuclear photoeffect, 
with that integrated over all energies, we integrate Eq. 
(12) over photon energies from 220 Mev (chosen arbi- 
trarily) to infinity, and use Eq. (10). We find that the 
integrated nuclear cross section is 


x 


f o,dW =0.0029A Mev barn. 


220 


(13) 


This is 14 percent of the cross section integrated over 
all photon energies found from Eq. (11), using the 
value x=}, to correspond to SMG’s calculations. Thus 
the high energy photoeffect is a small but not negligible 
part of the integrated photon absorption cross section. 
The “tail” caused by the high energy photoeffect has 
a much larger effect on the mean energy W for photon 
absorption. By integrating Eq. (12) we find that 


2 


f o,\WdW =0.68A Mev? barn. (14) 
220 


*1 However the theoretical result for the mean energy W is 
increased appreciably by the correlation involved in the use of 
the deuteron model for the high energy photoeffect. This can be 
seen from Eq. (27) of reference 16. 

See also J. S. Levinger, Phys. Rev. 76, 699 (1949), with 
B/a=6.7. 
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Defining AW as the increase in the mean absorption 
energy due to the high energy tail, we have 


am= f awaw / f o,dW =32 Mev. (15) 
220 0 


Since the high energy tail has such a large effect on the 
mean energy for photon absorption (assuming that the 
deuteron model calculation is correct) one cannot find 
reliable values of W from measurements at only 
moderate photon energies. Johns e/ al,¥ for example, 
have determined values of the integrated cross section 
and the mean energy W for certain photonuclear reac- 
tions. Since their measurements extend only up to 
photon energies of 26 Mev, the cross section integrated 
up to infinite photon energy is appreciable higher than 
their measured value, and the mean energy is very 
much higher than their measured value. 


IV. THE DEUTERON PHOTOEFFECT 


In this section we shall give the energy spectrum and 
angular distribution for protons, and neutrons, pro- 
duced by photodisintegration of the deuteron. In the 
following section we shall calculate how these dis- 
tributions are modified for protons and neutrons pro- 
duced from heavier nuclei. The work of this section 
consists principally of transformation of the SMG 
results for the center of mass system to distributions 
in the laboratory system. 

SMG calculate the deuteron photoeffect for a 
Yukawa potential between neutron and proton, half 
exchange and half ordinary in character, of effective 
range 1.74X10~—" cm. They have calculated the photo- 
electric dipole and quadrupole cross sections. SMG give 
their results only up to photon energies of 150 Mev, 
since they believe that mesonic effects, such as increased 
photomagnetic cross sections due to exchange currents, 
will have a marked effect at high photon energies.”4 
Also, higher electric multipoles start becoming appre- 
ciable at higher energies. Since our whole calculation is 
rather approximate, we shall use the formulas of SMG 
up to photon energies of 300 Mev. 

The high energy photodisintegration of the deuteron 
gives a strongly forward angular distribution for the 
emitted protons for three reasons, about equal in their 
effects. First, as discussed by SMG, interference 
between electric dipole and electric quadrupole matrix 
elements is constructive in the forward hemisphere 
(CM system) and destructive in the backwards hemi- 
sphere, for emitted protons. (For emitted neutrons the 
distribution will be backwards in the CM system.) 
Second, the forward motion of the CM system relative 
to the laboratory system, due to the photon momentum, 
shifts the angular distribution forward. Third, measure- 


% Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
1950). 


* Photomagnetic transitions will be especially important for 
observations at angles near 0° and near 180°, where the photo- 
electric cross sections vanish. 
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ments made for fixed proton energy (laboratory system) 
favor protons emitted forward, since these protons 
were produced by lower energy photons than were 
protons of the same energy that were emitted backward. 
Here we make use of the fact that the cross section for 
the photoeffect and the photon intensity (for the 
bremsstrahlung spectrum) both decrease with increasing 
photon energy. 

Given a proton (mass M) of energy T and momentum 
P, at an angle of @ with the photon direction (all in the 
laboratory system) the photon energy W is given by 


W =2T/[1—T/M+P cos6/M ] (16) 


(here we are neglecting the binding energy of the 
deuteron). 

For the transformation from the CM system to the 
laboratory system we shall also need the angle @ in 
the CM system in terms of the laboratory angle @; and 
we shall need the ratio y=v'/v'’=ratio of velocity of 
the CM system relative to the laboratory to proton 
velocity in the CM system. We can derive the relations 


siné.= (1—T/M+P cos6/M)' siné, (17) 
y= /o"=[(W/4M2)(14+3W/4M2) }. (18) 


The differential cross section for proton production 
in the CM system is given by SMG as 


da/dQ= (3/8r)o1(W) sin?6.[1+ (2002/01)! cos6, 


+5(¢2/01) cos?6,]. (19) 


For neutron production the interference term changes 
sign. 


do’ /dQ= (3/82)a,(W) sin?6.[1— (2002/c;)! cosé, 


+5(¢2/0;) cos*6,]. (20) 


In Eqs. (19) and (20), o; is the total cross section for the 
electric dipole term [see Eq. (12) ] and o¢ for the electric 
quadrupole term. SMG’s results can be represented 
within 10 percent accuracy, by the convenient relation 


(21) 


The transformation from CM system (@,) to labora- 
tory system (6) is made using Eq. (17) to rewrite all 
functions of 0, in terms of 6. We also use the factor for 
transformation of the solid angle*® 


(do/dQ) ra» = (da/dQ)cm(1+ 2 cos6.+ y?)!/(1+ + cosé.). 
(22) 


Since measurements are made for constant proton 
energy T we have the third factor discussed above giving 
a forward angular distribution. This factor is the 
product of the photon absorption cross section, o;(W), 
and the photon distribution in the incident beam. We 
take dW/W (an approximation to the bremsstrahlung 
spectrum) as the photon distribution, which corresponds 


o2/o,= 1.16". 


% See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), Sec. 18. 
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Fic. 1. Angular distribution of protons from deuteron 
photodisintegration. 


to a beam intensity of one “Q.”’ (The beam intensity in 
units of “Q”’ is defined as the ratio of the total energy 
in the beam to the energy of the most energetic photon.) 
Using Eq. (12) for o1, the third factor can be written 


o,dW/W =18.3[1—*(44+-y)* F(y—1)'y-*dW/W (23) 


where y= W/e. 

This gives us the cross section per differential photon 
energy dW. To convert to the cross section per differ- 
ential proton energy dT, we use 


da/dQdT = (da/dQdW) (dW /dT). 


The results for the deuteron photodisintegration, 
using Eqs. (16) through (24), are shown in Figs. 1, 2, 
and 3. Figure 1 shows the angular distributions in the 
laboratory system for protons of 40 Mev, 100 Mev, and 
170 Mev, expressed as ratios of the differential cross 
section to that at 90°. The angular distribution is 
markedly forward, even for proton energies as low as 
40 Mev; and is very strongly peaked forward for higher 
proton energies. Since we are including only photo- 
electric transitions, the cross section falls to zero for 0°, 
and also for 180°. 

The differential energy spectrum for emitted protons 
is drawn with a log-log scale in Fig. 2 for laboratory 
angles of 30°, 90°, and 120°.” The calculated results can 
be represented by a power law in the relevant energy 
range: do is proportional to T7—". For 6=30°, n=2.5; 
for 0=90°, n=4.4; for 6=120°, n=6.5. The energy 
spectrum becomes very steep for larger angles, since at 


(24) 


26 Note that a differential cross section for 100-Mev protons at 
30° of 0.015 microbarn/steradian Mev per Q corresponds to a 
much larger cross section per photon. A Q value of unity means 
that there are only 2/200= 1/100 photon in the range 200 to 202 
Mev, which corresponds to protons in the range 100 to 101 Mev 
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Fic. 2. Differential 
energy spectrum of 
protons from deuteron 
photodisintegration. 
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higher energies the angular distribution becomes ex- 
tremely strongly forward. 

Both Fig. 1 and Fig. 2 are drawn for a photon spec- 
trum dW/W with no upper limit on the photon energy. 
Calculations in this paper apply to upper limits of 200 
Mev, and 300 Mev, respectively. For the upper limit 
of 200 Mev, and for T= 100 Mev the angular distribu- 
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‘1G. 3. Angular distribution for protons and neutrons 
from deuteron_photodisintegration. 


tion of Fig. 1 should go to zero for a laboratory angle of 
80°, and there will be no protons at all of energy 170 
Mev. The cutoffs for the angular and energy distribu- 
tions are shown in Table I, which is based on Eq. (16). 

Figure 3 compares the differential cross sections for 
proton production and for neutron production, at 
energies of 100 Mev. (The cutoff shown in the second 
line of Table I applies to the angular distribution.) The 
neutron distribution is only moderately forward since 
the dipole-quadrupole interference term provide a 
backward asymmetry canceling much of the forward 
asymmetry due te motion of the CM system. The 
angular distributions of protons and neutrons are more 
alike for lower energies, and differ more widely than 
those of Fig. 3 for higher energies. 


Vv. THE NUCLEAR PHOTOEFFECT 


The general features of the angular distributions and 
energy spectrum of the deuteron photoeffect persist in 
the calculation of the nuclear photoeffect ; but they are 
shifted in energy, and somewhat smeared out, due to 
the influence of the remainder of the nucleus. 

First, the quasi-deuterons in the nucleus have a 


TABLE I. Cutoff due to upper limit on photon spectrum. 








Proton energy: for Wmas = 200 Mev 


for Wmax =300 Mev 
T=40 Mev 
T=100 Mev 
T=170 Mev 
Angle of observation : 
6=30° Tmax = 135 Mev Tmax™ 
6=90° Tmax= 90 Mev T max™ 
6=120 Timax= 72 Mev T max = 


all angles possible 
Prnax = 120° 
Pnax = 60° 


all angles possible 
Omax = 0° 


no angles possible 


210 Mev 
130 Mev 
max= 98 Mev 


positive energy, corresponding to the wave number &, 
of Eq. (3). While there is a spread from 0 to 40 Mev in 
the positive energy, the effects of this spread are much 
smaller than the smearing effects of motion of the 
quasi-deuteron discussed below, and shall be neglected. 
We take the average positive energy as 12 Mev. 

Correcting for this effect gives us the differential 
cross section for proton production, against proton angle 
and proton energy, for protons still in the nucleus. The 
proton energy in the laboratory is less than that inside 
the nucleus by the depth of the nuclear potential well, 
which is about 30 Mev for a typical nucleus.2”? The 
positive energy of the quasi-deuteron, and the nuclear 
potential shift the energy scale used in Fig. 2 for the 
deuteron photoeffect by 18 Mev. 

7 The nuclear potential well is a somewhat uncertain concept 
at high nuclear energies, as is indicated by recent work on scat- 
tering of high energy neutrons. [Fox, Leith, Wonters, and 
MacKenzie, Phys. Rev. 80, 23 (1950); and J. DeJuren, Phys. 
Rev. 80, 27 (1950)]. For example, it is not clear whether the 
potential well for a tighly bound nucleus, such as C®, is deeper 
than that for a more typical nucleus. We shall use the value of 30 
Mev. Our results are rather sensitive to the assumed depth of the 

tential well, since the proton energy spectrum is so steep. 

us a 10-Mev change in the assumed well depth, for proton 
energies of 100 Mev, causes about a 30 percent change in cal- 
culated differential cross section for 100-Mev protons. 
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The effects of the motion of the quasi-deuteron in the 
nucleus can be considered in terms of the components 
of its velocity : v, along the direction of observation, and 
vy perpendicular to the direction of observation, but in 
the plane formed by the photon direction and the 
direction of observation. v,=}(v:.+ 22) where v1, and 
Vez are velocity components for the two nucleons when 
far apart from each other. (The third component 2, is 
not important for our present work.) The component 2, 
changes the observed energy, while v, changes the ob- 
served angle. We shall make the approximation of 
considering that v, and vy have uncorrelated probability 
distributions. We shall make the further approximation 
that both 2, and 2, have the “triangular” probability 
distribution given in Eq. (25) and shown as the solid 
line in Fig. 4. (It would be more accurate to use the 
probability distribution for 7, given by the Fermi dis- 
tribution for a nuclear temperature of about 8 Mev. 
This is sketched as the dotted curve in Fig. 4.) We use 


1—|02/m|)/?m, 
rt alesehinage 


Here 2,, is the maximum velocity for a nucleon in a 
nucleus, which corresponds to a maximum kinetic 
energy of 20 Mev. 

Consider a proton which outside the nucleus has 
energy 7, and velocity 2. It could have been produced 
with velocity v’’ =1,;—?,, (and energy T”’) from a quasi- 
deuteron which had velocity component 2, towards the 
observer. The differential cross section for production 
of a proton of energy 7, is the differential cross section 
for production of protons of energy 7”, convoluted with 
the probability distribution for r,. 


da(T)= feocenar"/aryPredae, (26) 


The component of motion 2, affects the direction in 
which the proton is observed. A proton produced at 
angle 6’ = @— ¢ is observed at angle 6, where 
(27) 


The differential cross section, as a function of @, is multi- 
plied by the probability distribution for »,, and inte- 
grated over all angles. 


g=tan—(r,/r1) =1,/01. 


(28) 


da0)= f de) sins sind) PCy 


The correction factors for the cutoff of the photon 
spectrum, at energy Wmax, combined with the integrals 
of Eq. (26) and Eq. (28) for the motion of the quasi- 
deuteron, are expressed as a correction factor M, multi- 
plying the differential cross section for a deuteron at 
rest, with no cutoff on the photon spectrum. The 
motion of the quasi-deuteron tends to smooth out the 
angular distribution shown in Fig. 1 for a deuteron at rest 
since factor M is small for the peak of the angular dis- 
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Fic. 4. Probability Fermi Distribution 
distribution for motion T\ (8 Mev) 
of center of mass of . 
quasi-deuteron ont ow 








tribution and becomes larger for both large and small 
angles. The principal effect on the energy spectrum is 
that appreciable numbers of protons are observed at 
energies above the sharp cutoff which would be observed 
for a quasi-deuteron at rest. However, the energy 
spectrum decreases much more rapidly for energies 
above the cutoff than for energies below the cutoff. 

Using the factor 6.4 VZ/A of Eq. (10) for the carbon 
nucleus, together with the correction factor M dis- 
cussed above, and the differential energy spectrum for 
protons produced by deuteron photodisintegration 
(Fig. 2), we find the differential energy spectrum shown 
in Fig. 5 for laboratory angles of 30° and 90°. The solid 
curves are for a photon cutoff at 200 Mev photon 
energy; the dotted curves for 300 Mev maximum 
photon energy. While Fig. 2 shows a power law energy 
spectrum, Fig. 5 shows a spectrum similar to a power 
law for energies below the cutoff, but decreasing much 
more rapidly at higher photon energies. The arrows 
indicate the proton cutoff energies that would be ob- 
served if there were no motion of the quasi-deuteron. 
Expressed as cross sections per Q, the cross sections for 
200 and 300 Mev maximum photon energy are nearly 
the same for proton energies below the lower proton 
cutoff. 


VI. COMPARISON WITH EXPERIMENT 


Levinthal and Silverman! measured protons produced 
by photons from the 300-Mev Berkeley synchrotron. 
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Fic. 6. Integral energy spectrum protons from carbon. 


They used proportional counters to measure protons 
at the end of their range, thus obtaining a differential 
energy spectrum. Their experimental results for protons 
from carbon at 90°, in the laboratory system, are com- 
pared with our calculations in Fig. 5. The experimental 
points should be compared with the lower dotted curve. 
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Angular distribution protons from carbon. 


We observe that the absolute cross section calculated 
at 67 Mev is about twice that measured by Levinthal 
and Silverman. The calculated energy spectrum is a 
much more rapidly varying function of proton energy 
than is the experimental energy spectrum. These dis- 
crepancies are not unexpected, since our method of cal- 
culation (setting the overlap integral for @(3---A)=1 
will overestimate the cross section and the error would 
be worse at low photon energies, where the quasi- 
deuteron model becomes poor. 

Levinthal and Silverman! also measured the angular 
distribution for 40-Mev protons. They found that the 
differential cross sections at laboratory angles of 45°, 
90°, and 135° had the ratios 1.6, 1, and 0.6. Our calcu- 
lations do not extend to this low a proton energy. 
However their result is in qualitative agreement with 
the angular distribution of Fig. 2. 

They also measured proton production from elements 
from beryllium to lead, and found that the cross section 
was proportional to Z. 

Walker® has measured high energy protons from 
carbon by the Cornell synchrotron operating at 200 
Mev. He used a photographic emulsion technique, 
which gives him an integral energy spectrum. That is, 
he measured do/dQ for protons of energy greater than 
E,. To compare with his results, we have integrated the 
differential energy spectrum shown in Fig. 5, and other 
similar curves at other angles. Figure 6 compares 
Walker’s integral energy spectrum** with our calculated 
result for laboratory angles of 135°, 90°, 60°, and 30° 
To facilitate the comparison we have multiplied our 
theoretical cross sections by a factor of four. We find 
fair agreement in the shapes of the curves between 
theory and experiment over a wide range of energies 
and angles. The probable errors are only those for 
relative measurements. 

In Fig. 7 we compare the angular distribution for the 
differential energy spectrum, at proton energies of 70 
Mev and 90 Mev, with values found by Walker. Again 
we have multiplied the calculated cross sections by the 
factor of four to facilitate comparison. We find fair 
agreement between theory and experiment in the shape 
of the angular distribution. Apparently the cross section 
measured experimentally rises from 60° to 30°, while 
the calculated cross section falls slightly. Also the 
measured cross section does not fall quite so low as the 
calculated cross section at 135°. The probable errors of 
the measurements are not small enough to establish 
these discrepancies. We shall suggest below possible 
causes for these discrepancies. 

Keck? measured protons produced by the Cornell 
synchrotron operating at 300 Mev. He measured 
protons at the end of their range using scintillation 
counters. As his results are still preliminary, we shall 


28 Note that, because of the recalibration of the photon intensity 
at the Cornell synchrotron, by J. DeWire and J. Keck, Walker’s 
published results [Phys. Rev. 81, 634 (1951) ] have been divided 
by the factor 1.44. 
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quote only their general features, to compare with the 
calculations of this paper. Keck measured the differ- 
ential energy spectrum of protons from carbon, at 673° 
in the laboratory system, for proton energies from 70 
Mev to 240 Mev. The absolute cross section was about 
twice that calculated in this paper. Keck measured the 
angular distribution for angles from 15° to 120°, at 
proton energies of 95, 125, and 175 Mev. His measure- 
ments show the same discrepancies between calculations 
and experiment indicated by Walker’s angular dis- 
tribution, i.e., the calculations give too low a cross 
section both at very small angles, and at very large 
angles. 

Like Levinthal and Silverman, Keck found that the 
photoproton yield was proportional to Z. Our calcula- 
tions give a photoproton yield proportional to VZ/A, 
which is very close to proportional to A, and therefore 
increases somewhat more rapidly than Z. This more 
rapid increase with Z is counteracted by the probability 
of escape of the photoproton from the nucleus, which is 
a decreasing function of Z. 

The measurements on photoprotons from carbon by 
Levinthal and Silverman, Walker, and Keck overlap 
at a proton energy of 70 Mev and angle of 90°, Their 
absolute values for this differential cross section are 
compared with each other, and with our calculation, in 
Table II. (Keck’s measurement at 673° are divided by 
a factor 1.5, based on Walker’s angular distribution, to 
convert to a cross section at 90°.) The agreement among 
the experimental measurements of the absolute cross 
section is fair: ie., not very far outside the maximum 
likely errors of measurement. The agreement between 
our calculations and the experiments is within the 
estimated errors. 

Keck also used an organic scintillation counter to 
measure high energy photoneutrons from carbon. He 
found that their number agreed in order of magnitude 
with the number of high energy photoprotons. 

Keck has measured some coincidences between high 
energy neutrons and protons, and finds some correlation 
between their directions of emission. The coincidence 
rate was much smaller than the single counting rate 
for high energy nucleons. Presumably this is the result 
of “smearing effects’ such as motion of the quasi- 
deuteron, and scattering of the emitted neutron and 
proton. A detailed comparison between experiment and 
calculations from the deuteron model has not yet been 
made. Keck’s observation of neutron-proton coinci- 
dences appears to be the crucial experiment in estab- 
lishing the deuteron model for nuclear processes at very 
high excitation energy. 
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TaBLe II. Comparison of absolute cross sections. 








de/dQd4Ein Maximum 
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Mev per Q error 


Synchrotron 
energy 
Levinthal and Proportional 
Silverman counter 
D. Walker Photographic 
emulsion 
Scintillation 
Calculation 
Calculation 


Worker Method 





300 Mev 0.15 factor of 2 


55% 
30% 
factor of 3 
factor of 3 


0.95 
0.74 
0.25 
0.29 


200 Mev 
300 Mev 
200 Mev 
300 Mev 


J. Keck 
J. Levinger 
J. Levinger 


There is also some evidence for neutron proton coin- 
cidences from the cloud chamber pictures by Gaerttner 
and Yeater.”® They believe that the (y,pm) process is 
the predominant mode of disintegration for nitrogen by 
the photon beam from the 100-Mev G.E. betatron. 

The calculations of this paper have omitted various 
effects that might advantageously be considered in a 
more detailed treatment. We have taken no account of 
scattering of the high energy photoproton by other 
nucleons in the nucleus. This will tend to change the 
directions of some high energy protons, making for a 
more isotropic distribution in the laboratory system, 
and, particularly for large nuclei, will prevent the 
emission of some high energy protons. In correcting for 
the motion of the quasi-deuterons, one might use the 
Fermi distribution for 8 Mev sketched in Fig. 4, instead 
of the probability distribution used in this paper. 

The process of meson emission and reabsorption to 
produce high energy protons is negligible for measure- 
ments with 200-Mev maximum photon energy since the 
cross section for meson production is so small at these 
energies, but it might be appreciable for higher photon 
energies. This is another process tending to give an 
angular distribution more isotropic in the laboratory 
system. 

Finally, we have used an incomplete calculation of 
the deuteron photoeffect. If there are appreciable 
photomagnetic cross sections, this would give a sig- 
nificant increase in the cross section for small angles, in 
the laboratory system. 

The author is grateul to H. A. Bethe, E. Salpeter, 
and J. Heidmann for discussions of theoretical aspects 
of this problem; and to A. Silverman, S. Kikuchi, J. 
Keck, and D. Walker for communication and discussion 
of their experimental results. Part of this work was done 
while the author was employed under an ONR contract. 


2 Gaerttner and Yeater, Phys. Rev. 77, 714 (1950). 
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Radiochemical Studies on the Fission of Th®*? with Pile Neutrons* 
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The relative yields of more than twenty products in thorium fission have been determined radiochemi 
cally. Pile neutrons with an estimated effective average energy of 2.6 Mev were used. The data have been 
used to construct a complete fission yield curve for Th**. This is compared with the yield curves of other 
fissionable nuclei. Thorium fission is similar to the neutron fission of U™*, U**, Pu®®, and U™* in being 
highly asymmetric. With the neutrons used in this work the peak yields occur 110 times as frequently as 


symmetrical products 


I. INTRODUCTION 


HE nuclear fission processes that have been ob- 

served to date can be classified roughly into two 
categories : those which follow directly from the original 
excited compound nucleus, and those which involve the 
prior emission of one or more light particles (usually 
neutrons). In the former case the fragments, after 
division, may give off neutrons. For heavy nuclei (Z 
equal to or greater than 90), spontaneous fission and 
fission induced by photons or neutrons of energy less 
than roughly 8 Mev fall into the first category ; fission 
produced by photons or particles of higher energy as 
well as by charged particles falls into the second cate- 
gory. This paper reports on the study of the nuclear 
fission of Th** with moderate energy neutrons! as an 
example of fission of the first variety. 

One of the characteristics of a fission reaction is the 
large number of products formed. Those found in 
detectable yields cover a mass range of up to 90 units. 
The relative yields of these products are characteristic 
of the fissioning nuclide and the excitation energy. The 
most sensitive and detailed method of investigating the 
yield-mass curve resulting from fission is the radio- 
chemical technique. By this method the relative yields 
of 8-radioactive nuclear species with moderate or long 
lives can be determined; the yields of such species 
usually represent all of the yield for the particular mass 
number from fission of the first category. In the mass 
region of interest, almost every second mass number is 
represented by a suitable nuclide for radiochemical 
analysis so that the method can be much more detailed 
than most other methods. Although the errors can be 
quite large (up to ~30 percent) because of the uncer- 
tainties of 8-counting, these errors are independent of 
the absolute yield over the entire range of about 10°. 

Previous radiochemical studies on the products of the 
low energy fission of heavy nuclei have established 


* A preliminary report on this work was made at the American 
Physical Society Meeting, June, 1950, Mexico City [J. Niday and 
A. Turkevich, Phys. Rev. 80. 136(A) (1950) ]. 

1 A radiochemical study of the fission of Th* with 37.5-Mev 
alpha-particles has been made by A. S. Newton, Phys. Rev. 75, 17 
(1949). The original compound nucleus in this case is U™*, excited 
by such a large amount, however, that its break-up probably 
represents fission of the second variety. 
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rather completely the fission yield curves*-* of U™*, 
Pu™*®, and U™*, In all these cases it has been demon- 
strated that the most probable mode of fission is not 
into equal fragments, symmetrical fission being one of 
the least probable modes. The main difference in the 
yield-mass curves of these nuclides appears to be a shift 
in the light group to take care of the varying mass of the 
fissioning nuclide while the heavy group remains rela- 
tively fixed in position. 

The much less sensitive and detailed ionization 
chamber technique has been used to study the fission of 
many nuclides.’ In particular, the fission of Th? by 
fast neutrons has been investigated by this method by 
Jentschke*® and by Fowler and Rosen.’ Although these 
studies could not establish the detailed course of the 
yield curve, they indicated that the fission of Th” with 
neutrons of energy not too much above the threshold is 
similar to the slow-neutron examples in that symmetric 
and very asymmetric fission are quite improbable, and 
that the widths of the peaks of the yield-mass curves 
are comparable. 

The first radiochemical work on the fission of Th 
dates, of course, to pre-1939 days. Thorium, as well as 
uranium, when irradiated with neutrons, had been 
found to produce the complex set of radioactivities that 
were eventually clarified as arising from nuclear fission.'° 
Even in this early work it was recognized that the phe- 
nomenon in thorium required the use of more energetic 
neutrons than in uranium. 

Subsequent to the elucidation of the phenomenon of 


? The Plutonium Project, Revs. Modern Phys. 18, 513 (1946). 

3 Radiochemical Studies: The Fission Products (McGraw-Hill 
Book Company, Inc., New York, 1951), National Nuclear Energy 
Series, Div. IV, Vol. 9, Appendix B. 

*W. E. Grummit and G. Wilkinson, Nature 161, 520 (1948). 

5L. Yaffe and C. E. MacKintosh, Can. J. Research B25, 371 
(1947). 

® Steinberg, Seiler, Goldstein, and Dudley, talk before Am. 
Assoc. Advancement Sci., December, 1947; U. S. AEC declassified 
document, MDDC 1632 (January 6, 1948), unpublished. 

7 For example, D. C. Brunton and G. C. Hanna, Phys. Rev. 75, 
990 (1949). This note gives references to much of the other work 
of this type. 

®W. Jentschke, Z. Physik 120, 165 (1943). 

9 J. L. Fowler and L. Rosen, Phys. Rev. 72, 926 (1947). 

10 See L. A. Turner, Revs. Modern Phys. 12, 1 (1940), for a 
review of the radiochemical work on uranium and thorium 
leading to the discovery of nuclear fission. This article summarizes 
also the prewar work 
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nuclear fission, many individual fission products were 
isolated from neutron-irradiated thorium.'® In general, 
these appeared to be the same ones that were present in 
uranium fission. During the war, Sugarman and co- 
workers" on the Manhattan Project began a study of 
the fission products of thorium, but the work was inter- 
rupted after demonstrating that all of the radioactive 
nuclides formed in U™ fission that were looked for were 
also found in Th** fission. In fact, several fission products 
were found first in such isolated studies of thorium 
fission and later identified in U™® fission. 

The fundamental nuclear data pertaining to the 
neutron fission of Th* are rather meager. Thermal 
neutrons apparently cause no observable fission. The 
cross section reaches detectable values” at a neutron 
energy of 1.10+0.05 Mev. At 2.5 Mev it is reported” 
to be 10-*° cm? compared with 5 10~** cm? for U™*. 

In this paper we report the relative yields of twenty- 
three masses produced in the fission of thorium by 
neutrons in a uranium pile. The radiochemical tech- 
nique has been used. The results are sufficient to charac- 
terize the yield-mass curve rather completely and make 
possible a comparison of Th fission with other known 
examples of fission. 


Il. GENERAL EXPERIMENTAL PROCEDURE 
A. Irradiation Conditions 


The source of neutrons for this work was the Argonne 
heavy-water pile (CP-3, before reconstruction). The 
irradiations were performed in the “thimble” of this 
pile, i.e., close to the geometrical center of the lattice. 
Although the position in the thimble varied from one 
irradiation to another, the gross number of fissions per 
gram of thorium per kilowatt-hour of operation of the 
pile was constant within the errors of comparing bom- 
bardments (+10 percent), indicating that neither the 
variation in position nor the variation in size of the 
samples, nor the frequent presence of neighboring 
samples was affecting the irradiation conditions appre- 
ciably. 

The thorium was irradiated in the chemical form of 
Th(NO;)4-4H:O (“Baker’s Analyzed”). The samples 
varied in weight from 30 to 60 grams and were enclosed 
in corked quartz containers. These quartz containers 
were wrapped in cadmium foil to reduce the activation 
of thorium or impurities by the intense thermal- 
neutron flux of the pile, and the entire assemblage was 
then placed in standard aluminum containers (~1 in. 
diameter). 

In the average position of irradiation, the samples 
were a few inches away from four uranium rods; the 
space between was occupied by heavy water, aluminum, 

4 Ballou, Burgus, Dial, Glendenin, Finston, Ravely, Schloss, 
and Sugarman, see reference 3, paper 225. 

12 W. E. Shoupp and J. E. Hill, Westinghouse Research Labora 
tory, Scientific Paper 1390. Haxby, Shoupp, Stephens, and Wells, 
Phys. Rev. 57, 1088 (1940). 

13 Ladenburg, Kanner, Barschall, and Van Voorhis, Phys. Rev. 
56, 168 (1939), 
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and other small samples being irradiated simultaneously. 
In such a position, besides the intense flux of thermal 
neutrons, there are present large numbers of fast 
neutrons from the fissions occurring in the neighboring 
uranium rods. The distribution in energies of the neu- 
trons which actually effected fission in the thorium is 
not readily estimated. If it is assumed that these are the 
primary fission neutrons with energy above the thorium 
fission threshold (1.1 Mev), we calculate that half of the 
fissions are caused by neutrons of energy greater than 
2.7 Mev. 

The time of irradiation was adjusted to be con- 
venient for the particular nuclides being studied. It 
varied from 10 minutes to several days. In cases where 
the pile operation was not steady, it was assumed that 
during a given irradiation the fission rate varied directly 
with the power level. Most of the irradiations were per- 
formed with the power level varying by not more than 
25 percent. 

The fission yields to be reported were determined 
from seventeen different irradiations carried out over a 
period of several years. In about half of these, a sample 
of normal uranium was irradiated with thermal neu- 
trons at the same time as the thorium samples. These 
experiments (called “comparison experiments’’) gave the 
relative yields of several fission products in Wh* and 
U™* rather independently of counting efficiencies or of 
uncertainties in decay constants or irradiation con- 
ditions. 


B. General Radiochemical Procedure 


After irradiation, the samples were dissolved in hot 
water containing nitric acid, and aliquots of this solution 
were taken for separation of the various fission products. 
The determinations were usually made in duplicate in 
each experiment, and only infrequently was the same 
aliquot portion used for more than one fission product. 

The fission products were isolated by the standard 
radiochemical procedure of adding a known amount of 
inactive isotopic carrier, encouraging “exchange” 
between the carrier and the tracer quantities of the 
fission products, and then purifying the element in 
question from the matrix (uranium or thorium salts) 
and from other fission-product radioactivities. The car- 
rier element was finally precipitated in a form suitable 
for weighing and counting, and the fraction recovered 
was determined from the weight. 

In general, the chemical procedures followed were 
patterned on those developed in the Manhattan 
Project." The main modifications were those neces- 
sitated by starting with a thorium salt rather than a 
uranium salt and by having this material in rather large 
amounts. Particular changes in the analytical pro- 
cedures will be noted in the discussion of the different 
nuclides. 

The radioactivity of the purified fission products was 


4 See reference 3, Part VI. 
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measured usually with a glass-walled (~45 mg/cm?) 
Eck-and-Krebs-type Geiger tube. In a few cases the 
end-mica-window-type Geiger tube was used. The 
radiochemically pure precipitate, usually 5 to 25 mg, 
was filtered on a 1.5-cm? filter paper disk which was 
mounted on standard cardboard cards and covered with 
Cellophane. The behavior of the measuring tube was 
monitored by use of a beta-standard. 

The purity of the radioactivity isolated was checked 
by following its decay and by comparing the absorption 
properties in aluminum of the radiations with the known 
characteristics of the nuclide in question. In some cases 
the presence of other isotopic radioactive nuclides had 
to be taken into account. 

The low fission rate of thorium in the pile, corre- 
sponding to an “effective thermal fission cross section” 
of about 1 millibarn, and the low fission yields of some 
of the nuclides studied, made the thermal-neutron acti- 
vation of impurities particularly serious. In general, an 
attempt was made to look for those fission products 
that would not be interfered with by products of (m,y) 
processes on stable isotopes. Also, neutron irradiations 
of the thorium salt were performed in the thermal 
column of the pile, where fast neutrons are few, to 
prove that the uranium level was not high enough to 
affect the results. However, samarium and arsenic 
activities formed by neutron activation of impurities 
proved large compared with those formed in the fission 
process. It seemed impractical to remove the small 
amounts of samarium responsible, and analysis for this 
fission product was abandoned. In the case of arsenic, 
however, the product of the (n,y) reaction, As’, has 
sufficiently different radiation characteristics to be dis- 
tinguished from the fission product As”, and corrections 
could therefore be made in the fission-product analysis 
for arsenic. 

In the case of several other impurities it was demon- 
strated by more conventional analytical techniques that 
they were not present in interfering amounts. 


C. Treatment of Data 


Two types of experiments were performed in getting 
relative fission yields. In one type, samples of normal 
uranium were irradiated with slow neutrons in the pile 
simultaneously with the thorium samples. If two fission 
products (B and X) are isolated from both the uranium 
and thorium samples and counted at the same time and 
under comparable conditions, then their fission yield 
ratio in thorium relative to their yield ratio in uranium 
is independent of the duration of the irradiation, the 
decay time, the half-lives of the nuclides, and the 
detection efficiencies for the radiations. The two yield 
ratios are related to each other and to the observed 


activity of the two fission products by the equation: 
Vx A Y Th A pu 
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In this equation the letters Y and A designate fission 
yields and measured activities (corrected to the total 
sample); subscript letters differentiate the fission 
products in question; superscript symbols denote the 
fissioning nuclide, e.g., A”™=the activity of fission 
product B in the thorium sample measured at a standard 
time. 

The values assumed for the fission yields in uranium 
fission (Y 2", Yx") were taken from the literature data 
or from a smooth curve interpolation of experimental 
data,’ and are indicated in the table of results (Table I). 

In general one fission product, Sr*’, was isolated from 
each bombardment, and all thorium yields were ex- 
pressed relative to an arbitrary value for the yield of 
mass 89. The relative fission yields for Th” from these 
comparison experiments are, of course, no more accurate 
than the values for U** on which they are based. 

About half of the fission products studied were not 
isolated from simultaneously irradiated uranium. In 
these cases the measured radioactivity had to be cor- 
rected for growth during and decay subsequent to the 
irradiation, and for the genetic characteristics of the 
beta-decay chain. Besides this, the radioactivity also 
had to be corrected for differences in detection effi- 
ciencies for the radiations because of absorption in the 
sample covering, air, and counter walls, and scattering 
and self-absorption in the sample itself. 

The first corrections are straightforward. The half- 
lives and genetic relationships used in the calculations 
were usually those of the Table of Fission Products 
issued by the Plutonium Project.?® The corrections for 
absorption in the counter tube walls were made on the 
assumption that the beta-rays were being absorbed 
exponentially. The absorption coefficients used were 
obtained from aluminum absorption curves taken on 
end-window Geiger tubes, but were corrected empiri- 
cally to apply to the cylindrical geometry of the “Eck 
and Krebs” tubes. The wall thicknesses of the tubes 
were estimated from the counting rate of a uranium 
standard. The relation of this counting rate to wall 
thickness was established from tubes where the wall 
thickness was available. The estimated wall thicknesses 
ranged from 40 to 52 mg/cm’, and it was felt that they 
were known to +5 mg/cm?. The weight of Cellophane 
covering (~ 2.6 mg/cm?) and air (~ 1 mg/cm’) was also 
included in the absorption correction. 

In estimating the effects of self-absorption and self- 
scattering and back-scattering from the samples,'® no 
correction at all was applied if the sample weight, 
expressed as mg/cm?, was less than half the half-thick- 
ness of the radiations involved. If the sample weight 
was greater than this, a self-absorption correction was 


6 The Plutonium Project, J. Am. Chem. Soc. 68, 2411 (1946) ; 
see also reference 3, Appendices A and C. 

16 Engelkemeir, Seiler, Steinberg, and Winsberg, see reference 3, 
Paper 4. 
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applied according to the formula," 
K=(1—e~**)/ud. 


K is the fraction of the radiations with absorption coef- 
ficient » emerging from a sample of weight d mg/cm’. 


D. Evaluation of Errors 


The easily evaluated errors of timing, level of irra- 
diation, uncertainties in half-lives of the fission products, 
etc., are unfortunately small compared with others that 
are not easily estimated. It is well known that the radio- 
chemical method may not yield quantitative results if 
the element in question can exist in different forms in 
solution. For example, the different valence states of 
iodine in solution do not exchange readily.'* In this 
work an effort was made to minimize trouble from this 
source. Even so, the iodine and rhodium results scatter 
much more than the others. In the case of molybdenum, 
where exchange troubles were at first encountered, con- 
ditions of analysis were found which gave consistent 
results. 

Errors have been assigned to the reported fission 
yields which take into account the number of experi- 
ments performed, the agreement between duplicate 
determinations, the sensitivity of the relative yields to 
errors in beta-absorption corrections, and suspected 
chemical exchange troubles. These errors thus give the 
range within which we believe the true values lie. 


III. COMMENTS ON INDIVIDUAL DETERMINATIONS 


In general, the chemical procedures and analysis of 
the data were straightforward. There are given here the 
barest details except where warranted by specific 
circumstances. 


Zinc (49-hr Zn’*-+14.3-hr Ga’) 


The procedure used was almost identical with that of 
Siegel and Glendenin,!® which makes use of the pre- 
cipitation of ZnHg(SCN),, and scavenging operations. 
The original separation of zinc from the thorium, how- 
ever, was made by precipitation of ZnS from an am- 
monium carbonate solution of the thorium nitrate. 

Because of the low fission yield of this nuclide, quite 
low counting rates were obtained. The characteristic 
growth and decay of the chain, could not, however, be 
mistaken. 


Gallium (5-hr Ga’*) 


The procedure used was practically identical with 
that of Siegel and Glendenin,” which depends primarily 
on the ether extraction of gallium from 6M HCI. 
Besides scavenging operations, two precipitations of 

‘7 Henriques, Kistiakowsky, Margnetti, and Schneider, Ind. 
Eng. Chem., Anal. Ed. 18, 349 (1946). 

'8 See, for example, W. H. Burgus and T. H. Davies, reference 
3, Paper 19. 

19 J. M. Siegel and L. E. Glendenin, see reference 3, Paper 226. 

20 J. M. Siegel and L. E. Glendenin, see reference 3, Paper 227. 
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gallium ferrocyanide were made. Unfortunately, the 
product was contaminated, apparently with 67-hr Mo”. 


Germanium and Arsenic (Mass 77 Chain) 


The known characteristics" of the 8-decay chain with 
mass 77 are: 


59-sec Ge77 
40-hr As’*—stable Se”’. 
12-hr Ge"? / 


The yield of 12-hr Ge” in Th*? fission was measured 
in two experiments. The germanium was isolated from 
the solution of irradiated thorium nitrate by first pre- 
cipitating GeS2 from 6N H2SO, and then following the 
radiochemical procedure of Winsberg.** This depends 
primarily on two distillations of GeCl, from an HCl 
solution in a stream of chlorine. The latter keeps arsenic 
as the relatively nonvolatile AsCl;. The arsenic is dis- 
tilled later as AsCl,. 

As is well known” a part of the chain of mass 77 
decays through the 59-sec isomer of Ge’. The fraction 
of the total As”? that is formed by decay of the 59-sec 
isomer of Ge” is reported as 0.59 for U™® and 0.55 for 
U* fission. This fraction is determined by the yield of 
12-hr Ge?’ and the additional measurement of total 
40-hr As”? formed in fission. In our work,” the 38-hr As”” 
isolated from the irradiated thorium n‘trate showed 
radiochemical contamination from 26.8-hr As’* formed 
by (n,y) processes on minute arsenic impurities in the 
thorium nitrate. About half of the measured arsenic 
radioactivity was this unwanted As’*. Although the 
amount present could be estimated from the absorption 
characteristics of the radiations (38-hr As’? has a 
0.7-Mev 8~; the 26.8-hr. As’® has much more energetic 
beta-rays—up to 3 Mev), the resulting yield of As” 
is appreciably more uncertain than that of Ge’’. Two 
experiments in this work gave values of 0.53 and 0.65 
for the fraction of the As’? that does not come from 
12-hr Ge?’. Thus, it appears as if the branching in the 
chain of mass 77 is the same in Th™ fission as it is in 
the slow neutron fission of U** and U**. The total yield 
of mass 77 is calculated from the yield of 12-hr Ge” and 
a branching ratio of 0.57. 


Bromine (2.4-hr Br**) 


The procedure used was the same as that of Glen- 
denin, Edwards, and Gest® which involved the addition 
of BrO;~ carrier, reduction with H2S, and then repeated 
oxidation-reduction cycles with extractions of the Br» 
into CCl,. Several of these cycles were made under con- 


#1 L. Winsberg, see reference 3, Paper 228. 

2E. P. Steinberg and D. W. Engelkemeir, see reference 3, 
Paper 54. 

% J. Arnold and N. Sugarman, J. Chem. Phys. 15, 703 (1947). 

* Although As” is assigned a half-life of 40 hours in all standard 
compilations, the present study indicates that the proper half-life 
is closer to 38 hours, in accord with the work of N. Sugarman 
(reference 23, and private communication). 

% Glendenin, Edwards, and Gest, see reference 3, Paper 232. 
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ditions that decontaminated the bromine from fission 
iodine. The calculations were made assuming” that 
27/48 of the bromine came from 67-sec Se® and the 
rest from 25-min Se® as in U™* fission. 


Strontium (53-day Sr** and 9.7-hr Sr*') 
(Comparison Experiments) 


The procedure used for isolating strontium was essen- 
tially that of Glendenin,”* although minor modifications 
were made from time to time. This procedure utilizes 
the fairly specific separation of strontium and barium 
nitrates from cold fuming nitric acid, the removal of 
barium as the chromate from a buffered acetate solution 
(pH~5), and hydroxide scavengings. In the first four 
experiments the final precipitate was strontium oxalate ; 
in later experiments and in all the comparison experi- 
ments, SrCO; was used.?’ 


Strontium (25-yr Sr®—65-hr Y%) 


This chain was determined by isolating strontium 
radiochemically (see above) and then milking the 65-hr 
Y® daughter after it had grown in. Since rather large 
amounts of thorium had to be used to get enough of 
this activity, the thorium was first precipitated as the 
hydroxide, and the radiostrontium and its carrier were 
isolated from the supernate and washings. 

The removal of the yttrium from the SrCO; pre- 
cipitates consisted simply of solution in acid, several 
precipitations of the hydroxide (with strontium hold- 
back carrier), and final yttrium oxalate precipitation. 

The half-life of the long-lived member of this chain, 
Sr®°, is reported as 25 years in standard compilations, 
but is apparently based partly on expected yields in 
U™® and Pu™® fission.”* The recent observation” of actual 
decay of Sr®° indicates a half-life of 19.9+0.3 years. If 
this is the correct half-life, the value reported here for 
the fission yield of this chain in Th* fission should be 
lowered by 20 percent, and definite irregularities in the 
yield-mass curves of U**, Pu¥*, and Th” are indicated. 


Zirconium (17-hr Zr*’) (Comparison Experiments) 


The procedure for separating zirconium was essen- 
tially that of Hume,*° which consists of complexing the 
zirconium with F~, scavenging with LaFs, precipitating 
BaZrFs several times, and dissolving in H;BO3. The 
zirconium is finally mounted and counted as the oxide. 

In spite of the cadmium shielding around the 
thorium samples, very large amounts of Pa™* were 
formed from the Th* by neutron capture. Since the 
attempts to separate protactinium and zirconium were 
not too successful at the time, the counting was done 
through 136 mg/cm* aluminum, which greatly em- 
phasizes the Zr*’ radiations. 

6 L. E. Glendenin, see reference 3, Paper 236 

27 E. Hoagland, see reference 3, Page 237. 

%8 See reference 3, R. W. Nottorf, Paper 77; and L. E. Glendenin 
and C. D. Coryell, Paper 78. 

2° R. I. Powers and A. F. Voigt, Phys. Rev. 79, 175 (1950). 

* D. N. Hume, see reference 3, Paper 245. 
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Molybdenum (67-hr Mo*’) (Comparison 
Experiments) 


The chemical procedure was modified from that of 
Ballou® which consisted of specific precipitations of 
molybdenum with a-benzoinoxime and hydroxide 
scavengings after decomposition of the a-behzoinoxime 
precipitate in HNO;—HCIO,. It was found necessary 
to dissolve the irradiated Th(NOs3)4-4H2O in 6NV HNO; 
to avoid loss of tracer molybdenum and also desirable 
to have a large excess of NH,OH present during the 
hydroxide scavengings. 

A final precipitation of PbMoO, from a buffered 
solution was used, rather than AgeMoQ,. 


Ruthenium*® (42-day Ru’ and 1-yr Ru'*-—30-sec 
Rh'*) (Comparison Experiments) 


After ruthenium carrier was added to the matrix 
solutions, ruthenium metal was precipitated with zinc 
and magnesium. The metal was dissolved after KOH 
fusion, and the regular procedure of Glendenin based 
on RuO, distillations from perchloric acid was used.* 

Since both Ru'™ and Ru! and its daughter Rh’ are 
present in the isolated ruthenium, the relative con- 
tributions of the two chains to the radioactivity had to 
be estimated either from the absorption characteristics 
or from the decay curve. Both methods were used. 
Since in both methods Ru! is obtained by subtracting 
the contribution of chain 106, its yield carries a slightly 
higher estimate of error. 


Rhodium (36.5-hr Rh'*) (Comparison Experiments) 


In the case of rhodium, the use of procedures based 
on that of Ballou,® depending primarily on pyridine ex- 
tractions of the rhodium, did not give satisfactory 
results. The presence of 36.5-hr Rh’ in thorium fission 
was definitely established although the yields varied 
among experiments and sometimes in duplicate samples 
within an experiment. These fluctuations are attributed 
to incomplete exchange between the added rhodium 
carrier and radiorhodium. 


Palladium (13.4-hr Pd’ and 21-hr Pd'!?—3.2-hr 
Ag"?) (Comparison Experiments**) 


The chemical procedure was essentially that of 
Seiler.*”? The first step in isolating the palladium from 
the thorium solution was to add carrier and then pour 
the entire solution into strong NH,OH. This precipi- 
tated the thorium while keeping the palladium in 
solution. The main part of the procedure involved four 
dimethylglyoxime precipitations, interspersed with 
scavengings with ZrO(OH): and AgCl. 

a N. E. Ballou, see reference 3, Paper 257. 

* Editor’s note, Paper 209 of reference 3. 

% We are indebted to Mr. Salter for the help in the chemical 
analyses and calculations on this fission product. 

“TL. E. Glendenin, Paper 260 of reference 3. 

%N. E. Ballou, Paper 263 of reference 3. 

36 We are indebted to Mr. M. Kalkstein for help in these analyses. 

37 J. A. Seiler, Paper 264 of reference 3. 
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The yield of chain 112 was calculated from counting 
data taken through 355 mg/cm? of aluminum to absorb 
the radiation of Pd. The yield of chain 109 was ob- 
tained by least-squares analysis of the complex curve 
obtained with no added absorber, assuming the half- 
lives to be 13.4 hours for Pd!, 21 hours for Pd"™*, and 
3.2 hours for Ag™. 

The literature values*:® of the yields in U™® fission 
are somewhat conflicting. The values chosen and listed 
in Table I were the result of consultation with E. P. 
Steinberg.** 


Silver (7.5-day Ag") 


The procedure used was modified from that of 
Glendenin*® in which silver is precipitated as the 
chloride, scavenged in ammoniacal solutions and col- 
lected as AgoS. Use was made of the solubility of AgCl 
in strong HCl and of precipitation by dilution in the 
presence of palladium and cadmium holdback carriers. 
Small amounts of bromide and iodide carriers were also 
used during the ammoniacal scavengings. 


Cadmium (2.33-day Cd'*—+4.53-hr In''°™ and 
43-day Cd'!*™) 


The procedure used was essentially that of Metcalf,*° 
which is based on precipitations of CdS from dilute HCI 
solution and scavenging with basic ferric acetate and 
with PdS. The first step consisted of precipitation of 
CdS from a solution of thorium complexed with 
(NH4)2COs3. 


Iodine (8.0-day I'*' and 2.4-hr I'**) 


The chemical procedure used was similar to that of 
Glendenin and Metcalf." The thorium was complexed 
with (NH,4)2COs, the iodide carrier oxidized to periodate 
with NaClO, and after acidification reduced to I, with 
NH:,OH-HCI. The iodine was extracted into CCl, 
(BrO3;~ goes to Br~ and does not extract). The iodine 
was then extracted into water with NaHSOs, oxidized 
with NaNO, (which does not oxidize Br~), and re-ex- 
tracted with CCl. The final precipitate was AgCl. 


Caesium (33-yr Cs'*’ and 13.7-day Cs'**) 
(Comparison Experiment) 


One experiment was performed to get the yield of 
33-yr Cs’ in thorium fission and to get information on 
the yield of the shielded nuclide Cs* (13.7-day). The 
radiochemical purification, following the suggestions of 
Glendenin and Nelson,” was based on repeated silico- 
tungstate and perchlorate precipitations of the cesium 
interspersed with scavenging operations. In this experi- 
ment the samples were demonstrated to be radio- 
chemically pure by chemical recycling. 


3 E. P. Steinberg, Argonne National Laboratory, private com 
munication. 

%L. E. Glendenin, Paper 267 of reference 3 

*°R. P. Metcalf, Paper 268 of reference 3. 

‘| L. E. Glendenin and R. P. Metcalf, Paper 278 of reference 3. 

2, E. Glendenin and C. M, Nelson, Paper 283 of reference 3 
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The yield of the 33-yr Cs’ was determined from the 
activity after the 13.7-day Cs** had decayed away. 
There was markedly less of this 13.7-day component in 
the samples isolated from thorium than in those isolated 
from uranium. Unfortunately, there was not enough 
activity to emphasize this component by counting 
through absorber, so the gross decay curves were 
analyzed by least squares into 13.7-day and 33-yr 
components. 

The average of three samples gave, for the yield of 
the shielded isotope (Cs"**) relative to the yield of 33-yr 
Cs"7 in thorium fission, only one quarter of the corre- 
sponding quantity in uranium fission. The sensitivity 
of the experiment to possible short-lived impurities 
makes us place somewhat larger negative than positive 
limits of error on this quantity. 


Barium (12.8-day Ba'“—40.0-hr La'”) 


The barium separations were essentially a combina- 
tion of two methods by Glendenin utilizing the separa- 
tion of BaCl, by HCl-ether solution® and of barium and 
strontium nitrates by fuming HNOs, Fe(OH); scaveng- 
ings and BaCrO, precipitation.”* In the first experiment 
the nitrate separation was not used; in all the others 
both purifications were used and the BaCrO, fractional 
precipitation technique initiated by Hahn and Strass- 
man“ was used in the final separation to reduce the 
contamination of barium by the radium isotopes from 
the natural decay of the thorium. The yield of the chain 
140 was calculated from the counting rate of the barium 
extrapolated to the time of last La(OH); precipitation. 


Cerium (28-day Ce'*! and 275-day Ce'**) 


The procedure used was essentially that of Boldridge 
and Hume,** which is based on separation of cerium 
and lanthanum fluorides in the presence of zirconium 
holdback carrier, several precipitations of Ce(IOs;), 
after oxidation with BrO;~, solution of the precipitate 
by reduction to cerous ion with H2O:, scavengings with 
Zr(IO3)4, and finally precipitation as cerium oxalate. 
In two experiments, the first step consisted of the sepa- 
ration of cerium carbonate from the thorium complex 
in saturated (NH,)2COs; solution; in the third experi- 
ment, Th(IO;), was precipitated away from cerium 
reduced to the cerous state by H2Ob. 


IV. RESULTS 


As discussed above, this work determined only rela 
tive fission yields. Sr*® was isolated in each experiment, 
and the yield of each nuclide investigated was cal- 
culated, assuming a fission yield of 6.7 percent** for Sr**. 

* L. E. Glendenin, Paper 288 of reference 3. 

“0. Hahn and F. Strassman, Naturwiss. 27, 89 (1939); also 
N. Sugarman and co-workers, reference 11. 

“W. F. Boldridge and D. N. Hume, Paper 294 of reference 3 

© The value of 6.7 percent for the yield of Sr** was chosen in 
order to give an integral under the total smooth yield-mass curve 
of 200 percent, 
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ras e I. Fission yields from Th® and pile neutrons. 








4 5 
Yields 
from Th 
(pile 
neutron 
fission)» 
percent 


0.00033 
0.00045 
0.009 
0.020 


3 
Vields 
from U™6 
(slow) 
neutron 
fission)* 
percent 


0.000015 


0.00010 
0.0037 


Estimated 
reliability 
percent 


+0.00008 
+0.00022 
+0.002 
+0.007 
+0.45 
+0.7 
‘ +1.2 
5.0 3 +0.7 
4 6.1 Y +0.8 
67-hr Mo 6.2 +0.3 
42-day Ru 3.7 +0.07 
36.5-hr Rh 0.9 +0.02 
1-yr Ru->30-sec Rh 0.5 +0.006 
13 4 wo Pd 0.028 +0.010 
7.5-day Ag 0.018 +0.010 
21-hr P }—>3.2-hr Ag 0.011 +0.010 
2.33-day Cd—>4.53-hr 

In™ 0.011 
43-day Cd” 0.0008 0.003 
Totai chain 0.012 0.075 
8.0-day I 2.8 1.2 
77-hr Te—2.4-hr I 44 2.4 
3.7-day Cs 0.0062 0.0017* 
137 = 33-yr Cs (6.2 6.6* 
140 12.8-day Ba—40-hr La 6. 17 6.2 
141 28-day Ce 5.7 9.0 
144. 275-day Ce—17-min Pr 5.3 


Nuclides isolated 
and measured 
49-hr Zn—>14.3-hr Ga 

5-hr Ga 

12-hr Ge—>38-hr As 
Total 38-hr As 0.0091 
2.4-hr Br 0.48 
53-day Sr 4.6 
25-yr Sr->65-hr Y 





0: 058* 
0.053* 
0.052 
0.065* 
0.072 +0.014 
+0.0015 
+0.015 
+0.6 
+0.7 
{+-0.0009 
\—0.0017 
+1.0 
+2.0 
+3.0 
+1.0 


* with slow neutrons are taken from the compilation 
3 


h an asterisk were obtained in comparison-type experi- 
ted depend directly on the assumption that the cor- 

n the slow-neutron fission of U™ are correct. 
estimated from smooth fission yield curve (reference 


The fission yields thus calculated are presented in Table 
I. Opposite each mass number are listed the radioactive 
species isolated or measured. Column 3 lists the yields? 
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100 120 140 180 
MASS NUMBER 
1. Yield-mass curve for fission of Th with pile neutrons, 
normalized to 200 percent yield (assuming 2 neutrons given off). 
Solid circles represent experimental data, open circles represent 
the mirror points (231-A 
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in U™5 fission with slow neutrons. Column 4 presents 
our observed yields from the fission of Th with pile 
neutrons. Values accompanied by an asterisk were ob- 
tained in comparison experiments. These yields depend 
directly on the corresponding yields in U**. The last 
column gives our estimate of the limits of error in the 
thorium fission yields. In the case of the comparison 
experiments these errors do not contain the uncertainty 
arising from possible errors in the U* yield of this chain. 

Since more than half of the fission yields have been 
determined for nuclides with mass numbers lighter than 
116, a complete fission yield curve is best constructed 
by assuming that all fissions involve the formation of 
only two heavy particles,” and that a constant number 
of neutrons (we have arbitrarily assuméd 2.0) are 
emitted. On these assumptions the yields of masses A 
and 231-A are equal. The data treated in this way are 
presented in Fig. 1, with a solid point indicating an 
experimental determination and an open circle repre- 
senting the same yield for the mirror mass. Matching 
of the data is sensitive to the choice of the number of 
neutrons emitted only in the mass regions 97-105 and 
126-134. Although the estimated errors here are rather 
large, it appears that fission into fragments with masses 
in these regions cannot be associated on the average 
with the emission of more than 2.5 or less than 1.5 
neutrons, 

Within estimated errors, the points lie on a smooth 
curve of the familiar ‘‘double-humped” shape. The 
maxima are at masses 91 and 140, giving 140/91= 1.54 
for the most probable mass ratio. The widths of the 
peaks at half-height are 14 mass units. Products of 
symmetrical or nearly symmetrical fission occur 110 
times less frequently than the most probable products. 

The yield curve in the mass region near symmetrical 
fission is very flat compared with the corresponding 
curves for U**, U**, or Pu®*. Unfortunately, the experi- 
mental error in the yield of Cd" is large, and so it is 
impossible to say whether there is a real subsidiary 
maximum in the region of symmetrical fission. The 
rather sharp transition from the steep side of the peak 
to the rather flat trough appears real, however. 

The experimental data, of course, give only relative 
yields. The absolute values in Table I were obtained by 
requiring that the smooth curve through the points 
account for all of the fissions, i.e., that the integral 
under the yield-mass curve give 200 percent. The most 
probable yield (from the smooth curve) comes out to 
be 6.8 percent. 

V. DISCUSSION 


The mass ratio, 1.54, for the most probable mode of 
of Th* with pile neutrons, agrees with the 


@ The sre have been numerous attempts to detect nuclear fission 
into three or more heavy fragments by radiochemical and ioniza- 
tion chamber studies and by examination of fission tracks in 
photographic plates. It appears as if the frequency of such events 
in less than a few percent of all = See K. W. Allen and J. T. 
Dewan, Phys. Rev. 82, 527 (1951); L. Marshall, Phys. Rev. 75, 
1339 (1939) : 
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ionization chamber studies of thorium fission,*:? which 
gave 1.51 and 1.59 for the ratio of most probable 
energies. It has been shown’ that the widths of the 
peaks in the yield-mass curves are not directly com- 
parable to the widths of the energy peaks in ionization 
chamber studies because of the distribution in the 
energy of fission even for a fixed mass ratio. 

The characteristics of the yield curve for Th* are 
compared with those of the yield curves** for other 
neutron fissionable nuclides in Table II. The comparison 
between the lightest and heaviest members of this set 
(Th? and Pu”®) is presented also in Fig. 2, which 
shows the smooth yield curves for these two nuclides. 
The effect of varying the mass of the fissioning nucleus 
upon the yield-mass curve is illustrated in Table II and 
Fig. 2. Most of the change is a shift of the light group, 
the heavy group remaining fixed in position within a 
few mass units. The widths at half-height of the peaks 
of the yield-mass curves are all close to 15 mass units. 
There may be a trend to slightly wider peaks for the 
heavier nuclei. 

The observed ratios of most probable yields to 


Taste II. Characteristics of yield-mass curves of different heavy 
nuclides fissionable with neutrons.* 











1 2 3 4 5 6 
Most Most Ratio Mass Ratio of 

probable probable of most width peak to 
light eavy probable at half- trough 
mass mass masses height yields 


Nuclide 
Th 140 
Us \ 137 1.48 
Us 138 1.42 
U™s 140 1.43 
Pu? 138 1.39 


1.54 








® See reference 48. » Fast neutron fission. 
yields for symmetrical division are also listed in Table 
II. Except for Pu®® (where the depth of the trough is 
determined by only one experimental point,’ not neces- 
sarily at the minimum), the trough appears to be 
appreciably higher for U** and Th fission than for 
nuclides fissionable with thermal neutrons. This may 
be accounted for by the following argument: 

In the fission of U™> with slow neutrons, the decom- 
position of the excited compound nucleus U™* is rela- 
tively slow, as evidenced by appreciable competition 
from gamma-emission leading to the formation of U**® 
in its ground state.** At the effective threshold for Th” 
fission with neutrons (~ 1.1 Mev) the fission break-up 
of the excited Th nucleus must compete primarily 
with neutron emission and is therefore much faster than 
the break-up of the excited nucleus in the slow neutron 
fission of U**. In addition, the average energy of the 
neutrons causing fission in our experiments on Th* has 
been estimated as about 2.6 Mev; thus it is appreciably 


48 The data for U™ and Pu™® are from reference 3; for U™*, see 
subsequently in text; the data for U™ are from reference 6. 

*° Can. J. Research 29, 203 (1951) ; Ghiorso, Brittain, Manning, 
and Seaborg, Phys. Rev. 82, 558 (1951). 
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Fic. 2. Smooth yield-mass curve for fission of Th* (solid line) 
compared with the curve for Pu®* (dashed line). The plutonium 
curve is from reference 3. 


higher than the “threshold” energy. The U™* fission 
yields®® were obtained under similar conditions. An 
increase in the neutron energy causing fission is known 
to raise the yield of symmetrical products." Therefore, 
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Fic. 3. Yield-mass curve for fission of U** with pile neutrons 
constructed assuming binary fissions with two neutrons emitted 
(not normalized). Solid circles represent experimental data; open 
circles represent the mirror points (237-A). The experimental data 
are from reference 50. 


5° Engelkemeir, Seiler, Steinberg, and Winsberg, Paper 218, of 
reference 3. 

5! This effect of neutron energy on the ratio of peak to trough 
yields has been established for U** (R. W. Spence, Brookhaven 
Conference Report BNL-C-9, June 14, 15, 1949), for Pu®® 
(Engelkemeir, Freedman, Seiler, Steinberg, and Winsberg, Paper 
204, see reference 3), and for Th™ (A. Turkevich, talk before Am. 
Assoc. Advancement Sci. meeting, Chicago, December 1, 1947, 
U. S. AEC declassified document, MDDC 1568). 
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the higher troughs observed in the case of U™* and Th*? 
fission are reasonable in view of the energy of the neu- 
trons being used. Specifically, they are not inconsistent 
with a constant ratio of peak to trough in the fission of 
all heavy nuclei at excitations at which the rate of 
break-up of the compound nucleus into fission frag- 
ments is comparable. 

The radiochemical U™® fission yield data of Engel- 
kemeir, Seiler, Steinberg, and Winsberg®® is presented 
in Fig. 3 in a manner comparable to that used for our 
data in Fig. 1 (assuming binary fission with loss of two 
neutrons). The rather flat regions near symmetrical 
fissions in Figs. 1 and 3 suggest that perhaps the ob- 
served curves are superpositions of two yield curves, 
one the familiar “‘double-humped ’’curve, whose shape 
and absolute values are not very sensitive to neutron 
energy, the other a yield curve with a rather broad 
maximum at symmetrical fission. The peak in the latter 
curve would be much lower than those in the asymmetric 
type, but the absolute values here would increase with 
increasing neutron energy. 

The results reported in Table I also give a little 
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information on the charge distribution in Th™ fission 
as compared with U** or Pu*® fission. Because the 
neutron-to-proton ratio in Th* is higher than that in 
U** and Pu®®, slightly longer fission chains are expected 
in Th” fission. For this reason there should be no 
change in the relative yields of isomers close to the end 
of a beta-chain, since these would be formed primarily 
by beta-decay of a fission product with lower charge 
rather than directly in the fission process. Within experi- 
mental error, this is borne out in the cases of isomers in 
the chains of mass 77 and 115. 

On the other hand, because of the higher neutron to 
proton ratio in Th*? relative to U** and Pu™®, a lower 
yield of shielded isotopes is to be expected. In the one 
case investigated (Cs!*) this expectation was also 
realized : in Th” fission, the yield of Cs"** is apparently 
no greater than one quarter of that in U™® fission with 
slow neutrons. The theory of Glendenin® predicts for 
Cs®6 a yield in Th” fission about 20 times lower than 
in U™* fission. 


% 1. E. Glendenin, Ph.D. thesis, Massachusetts Institute of 
Technology (July 29, 1949), unpublished 
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Neutron-Capture Theory of Element Formation in an Expanding Universe*tt 
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The neutron-capture theory of element formation by non- 
equilibrium processes has been extended to include explicitly the 
effect of the expansion of the universe, and the resulting equations 
have been solved on an electronic digital computing machine. 
Inclusion of the universal expansion is found to require an increase 
by a factor of five of the density of matter chosen for the start 
of the element-forming process over that previously found neces- 
sary to represent the observed relative abundance distribution of 
elements in a static universe. The following physical conditions 
lead to agreement in the over-all trend of theoretical with observed 
abundances: the element-forming process is taken to start at 
~140 sec after the “beginning” of the universal expansion; at 
this time the temperature is ~1.3X10°K20.11 Mev, the 
neutron-proton ratio is 7.33:1, and the density of matter is 
~0.9X10-* g/cm*. This density value includes a correction 


I. INTRODUCTION 
HE work described in this paper serves to com- 
plete one aspect of the description of the origin 
and observed relative abundance distribution of the 


*This work was supported by the U. S. Navy Bureau of 
Ordnance. 

t Preliminary accounts of this work were presented at the New 
York meeting of the American Physical Society, February, 1951, 
Phys. Rev. 82, 296(A) (1951), and at the Washington meeting, 
April, 1951, Phys. Rev. 83, 236(T) (1951). 

t This paper includes an yo ge by Dr. T. H. Berlin, De- 
partment of Physics, The Johns Hopkins University, on the 
exact solution of equations describing element formation in a 
static universe according to the neutron-capture theory. 


made to account for the effect of groupiing together nuclear 
species in order to reduce the number of defferential equations 
required to describe the neutron-capture procss. 

The effect of the choice of an initial neutron-proton ratio on 
the other physical conditions involved in representing the observed 
relative abundance data is considered. A neutron-proton starting 
ratio of 1:4, recently found by Hayashi to result from the inter- 
actions between matter and radiation in the pre-element-ferming 
phase of the expanding universe, is shown to lead to some diffi- 
culties. 

In an Appendix, Dr. T. H. Berlin, of The Johns Hopkins 
University, shows that the differential equations describing the 
element-forming process can be solved in closed form for the 
static case by the use of laplace transforms. However, the inclus on 
of the universal expansion precludes solution in closed form. 


chemical elements according to a non-equilibrium 
neutron-capture theory. Calculations have been made 
of the dependence on atomic weight of the relative 
abundance distribution of nuclear species which results 
if the effect of the expansion of the universe is explicitly 
taken into account in the formation process. In previ- 
ously reported work! the process of element formation 
by successive neutron captures was examined for a 
static universe; and it was shown that the general 

1R. A, Alpher and R. C, Herman, Phys. Rev. 74, 1737 (1948). 


?R. A. Alpher and R. C. Herman, Revs. Modern Phys. 22, 
153 (1950) 
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trend of the observed relative abundance distribution 
in atomic weight, as given by Brown,’ was theoretically 
reproduced over the entire atomic weight range. As 
will be seen in this paper, a satisfactory representation 
of the relative abundance data can also be obtained 
with a neutron-capture theory in an expanding universe. 
In this, as in previously reported work, the detailed 
features of the abundance data are not reproduced, 
since the theory does not contain the specific nuclear 
properties and processes involved. The theory of the 
formation process is based on the radiative capture of 
fast neutrons by all nuclear species, and a smoothed-out 
representation is taken for the well-defined dependence 
of fast neutron capture cross sections on atomic weight. 
The capture cross section data involved are those 
determined principally by Hughes, Spatz, and Gold- 
stein,‘ and by Hughes and Sherman.* 

The expansion of the universe was not explicitly 
included in previously reported work by the authors on 
the origin of the elements because of the computational 
labor involved. Recently, the Computation Laboratory 
of the National Bureau of Standards was kind enough 
to afford the authors the opportunity of using its new 
electronic computing machine, the SEAC (Bureau of 
Standards Eastern Automatic Computer), for the 
solution of this problem. The detailed coding of the 
problem for SEAC solution, together with the actual 
SEAC operation, was performed by Dr. Joseph H. 
Levin of the Computation Laboratory, National Bureau 
of Standards. 


II. FORMULATION OF THE PROBLEM 


While a detailed statement of the neutron-capture 
process of element formation in an expanding universe 
has already been given,’ it seems worthwhile to describe 
briefly the proposed situation again here. The pres- 
ently observed relative abundance distribution of 
nuclear species is believed to be universal, and to have 
been established in all essential details quite early in 
the history of the expanding universe, prior to the 
formation of galaxies and stars. In the present form of 
the theory, it is supposed that very shortly after the 
“start” of the universal expansion, the material content 
of the universe was neutrons. At the low densities of 
matter involved, neutrons were able to undergo free 
radioactive decay. At first the temperature was too 
high to allow the existence of nuclei in appreciable 
amounts. However, as the universe expanded and 
cooled, nuclear reactions yielding the various nuclear 
species became predominant as compared with photo 
and thermal dissociation processes. The first of these 
building-up reactions involved the neutrons and the 
appreciable number of protons already present from 
neutron decay, and yielded deuterons by radiative 
capture of neutrons, Heavier nuclei were built up by 

*H. Brown, Revs. Modern Phys. 21, 625 (1949). 


‘ Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949). 
*D. J. Hughes and D. Sherman, Phys. Rev. 78, 632 (1950). 
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successive radiative capture of neutrons with inter- 
vening §-decay, the latter adjusting nuclear charge so 
that the resultant nuclei could continue to grow by 
neutron addition. Many simplifications are involved in 
the physical picture considered here. In particular, for 
species of atomic weight less than 15 or 20, reactions 
other than those of the (m,7) type undoubtedly played 
an important role. Certainly other reactions must be 
introduced to carry the chain of element-building 
reactions past the non-existent nuclei at atomic weights 
5 and 8. Moreover, the detailed abundances of heavier 
nuclei must have been influenced to some extent by 
the competition between (n,y) reactions and §-decay, 
by (7,2), (m,2m) and other reactions insofar as the 
“shielded elements” and the abundance peak in the 
vicinity of iron are concerned, and by nuclear fission 
acting to terminate the element-forming process at high 
atomic weights. However, it appears that under the 
assumed physical conditions, (m,y) reactions would 
generally be the most probable, and in predominating 
would determine the basic character of the relative 
abundance data. These and other detailed questions 
involved in the neutron-capture theory have been 
discussed elsewhere recently.* 

The cosmological model chosen for the early stages 
of the expanding universe is the general nonstatic 
model, composed of an ideal fluid, exhibiting homo- 
geneity and isotropy, and with no interconversion of 
matter and radiation. It can be shown that for the 
early times of interest in connection with the element- 
forming process, the physical state of the model can be 
described without recourse to any statement as to the 
nature of the radius of curvature of the universe at 
that time. Thus, it is not necessary to characterize the 
universe as being open, closed, or flat, questions which 
must be decided on the basis of information other than 
that gleaned from the theory of element formation. 

It was shown in earlier work on the neutron-capture 
theory in a static medium that the density of matter 
must have been considerably less than the density of 
radiation during the formation process. In this situa- 
tion, the radiation controls the expansion, and the 
field equations pertinent to the cosmological model 
described give the following time dependence for the 
density of matter,’ 


Pm= pol? g/cm’, (1) 


and for the density of radiation, 
pr= (32aG/3)-4"* = 4.48 X 105? g/cm’, (2) 


where G is the gravitational constant, and time ¢ is in 
seconds after the start of the expansion. The trace of 
matter is taken to be in thermal equilibrium with the 
radiation. If the universal expansion is supposed to 
involve the adiabatic expansion of black body radiation, 
then it follows from Eq. (2) that the temperature is 
given by 

T = (c2/a)tp, tm 1.52 10!%-*°K, (3) 
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where a is the Stefan-Boltzmann constant and ¢ the 
velocity of light. 

The equations describing the successive neutron- 
capture processes are derived in terms of finite volume 
elements, so that again the question of the radius or 
the total mass of the universe need not be considered. 
Let C,, Ci, and C; be the concentrations of neutrons, 
protons, and nuclei of atomic weight 7. Let Co be the 
concentration of nucleons at the time / defining the 
start of the element-forming process according to the 
simplified theoretical picture. Then one defines normal- 
ized concentrations as 

£,.=C, ‘Co, §;=C; /Co. (4) 
Although physically it does not appear correct to select 
a starting time, since formation of nuclei will build up 
over a finite time as competing processes die out, 
actually it appears to be a reasonable as well as a 
sufficient approximation to select a time when the 
temperature has fallen below the deuteron binding 
energy. Assuming that element building starts at this 
time, the following equations then describe the neutron- 
capture process: 


& = Ci/Co, 


J 
dé,/dt= —En— > Pytn€j— 3€n/ (27), 


?7=!1 
(5) 
dé, dr=§n— Prtnti— 3k (2r), 


and for the general case of species of atomic weight /, 
d§;/dr= Pj1nkj;-1— Pitntj— 3£;/ (27). 


In Egs. (5), one has 


r=NX, (5a) 


where A is the decay constant of the free neutron, 
P;=pCo/d, 


and the integration is started at a to=Afp. The quanti- 
ties p; are probabilities, per second, that a nucleus of 
atomic weight (7) will capture a neutron and become 
the species of atomic weight (j+1). Equations (5) 
state that the neutron concentration decreases because 
of neutron decay, and because of radiative capture by 
all other nuclear species; the proton concentration is 
increased by free neutron decay and decreased by the 
formation of deuterons; the concentration of nuclei of 
atomic weight (/) is increased through radiative capture 
of neutrons by nuclei of atomic weight (j—1) and is 
decreased through its own capture of neutrons, and, 
for all species the concentrations decrease as 3£/(2r), 
a term describing the dilution due to the expansion of 
the universe. 

Qualitatively, the quantities p; are the product of a 
capture cross section and a velocity. The cross sections 
actually used in calculations were, as already mentioned, 
values from a smoothed-out representation of the 
general-dependence of fast neutron capture cross sec- 


(5b) 
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tions on atomic weight. The velocity factor was so 
determined as to account for the fact that at the 
temperature and density associated with the element- 
forming process the collisions among nuclei and nucleons 
must have obeyed the maxwell distribution law in 
energy. With the several factors in p; so taken, the 
calculation of P; is quite straightforward.” 

An initial value of t=79=0.128 was chosen for 
integrating Eqs. (5). Because r=, the corresponding 
initial time in seconds, measured from the “beginning” 
of the expansion, as well as the corresponding tempera- 
ture, depend on the value used for the neutron decay 
constant. For a neutron half-life of 12.8 min,® the 
initial temperature and time are found to be ~1.28 
<10°°K (0.11 Mev) and ~142 seconds, respectively.’ 
One must further select the initial concentration of 
nucleons, as well as the composition in terms of neutrons 
and protons. Clearly, the introduction of an initial 
time implies that there are no nuclear species present 
other than neutrons and protons to begin with. Elec- 
trical neutrality of the mixture is assumed. If the 
normalized concentration of neutrons, £, is taken to 
be unity at 7=0, and if the only process that went on 
until r= 79> = 0.128 was the free decay of neutrons, then 
the initial concentrations of neutrons and protons for 
the formation process would have been £,(79) = 0.88 and 
£1(79)=0.12, respectively. These values, together with 
§;(7o)=0, were taken as initial conditions for the solu- 
tions of Eqs. (5). The effect of the particular choice of 
initial conditions is considered further in Sec. IV of 
this paper. 

To reduce the number of Eqs. (5) to be solved 
simultaneously to a practical quantity,” the coefficients 
P; were averaged for small groups of adjacent nuclear 
species, giving equivalent coefficients for each group as 
II;. Specifically, groups of five were taken for 5=j=94, 
while for higher 7 twenty-element groups were used. 
The first five equations, applying to neutrons and 
species with 7 ranging from one to four, were included 
without change as part of the resulting twenty-seven 
equations, except that the summation in the neutron 
equation was taken up to J =4, since it seems reasonable 
from the observed relative abundance data to suppose 
that only a small fraction of the available neutrons 
were used by the process in producing the quite small 
amounts of heavier elements. The scheme of grouping 
to reduce the number of equations does not seriously 
affect the value of the initial nucleon concentration, Co, 
which yields a satisfactory representation of the relative 
abundance data, nor does it alter the basic appearance 


® The value 12.8+-2.5 min for the half-life of the neutron was 
reported in an invited paper by Dr. J. M. Robson at the New 
York Meeting of the American Physical Society, February, 1951, 
Phys. Rev. 82, 306(T) (1951). 

7 These differ from previously reported values (see reference 2) 
of temperature and time corresponding to to=0.128 because of 
the use of a different decay constant in earlier work. When 
79=0.128 was first chosen, the value of the neutron decay constant 
was taken to be such as to yield 1 g/cm' for the radiation density 
at the start of the process. 
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of the theoretical abundance curve. The averaged or 
grouped values of neutron capture cross sections did 
not differ in essential features from the smoothed-out 
data on capture cross section versus atomic weight 
previously described?; and, therefore, it was expected 
that the former would again determine, without serious 
difference, the general relative abundance curve arising 
from the neutron-capture theory. 


Ill. RESULTS 


The grouping of nuclear species described earlier 
reduced Eqs. (5) to twenty-seven in number. These 
equations were set up for “single-precision” calculation 
on the SEAC. With this precision ‘it. was possible just 
to cover the spread in the observed relative abundance 
data with theoretical solutions.* The nature of the 
solutions obtained of Eqs. (5), plotted as the logarithm 
of relative abundance versus logr, is illustrated in Fig. 1. 
In this case the initial conditions are &,(ro)=0.88, 
£,(r9)=0.12, and 7»>=0.128, while the initial nucleon 
concentration was taken to be Co’=1.07X10" cm. 
As is clear from Fig. 1, after a sufficiently long 7 the 
relative abundances of all species other than neutrons 
decrease as 7~!. This means that the only further 
changes in abundance are those due to dilution in the 
continuing universal expansion. The relative abun- 
dances for large 7 are therefore to be compared with the 
observed universal abundance data. Since the capture 
reactions become unimportant by large 7, the few 
percent of residual neutrons which will eventually 
decay into protons are then added to the proton 
concentration. 

The nature of the growth curves depends quite 
strongly on the initial value chosen for Co. For a Co 
larger than that used with Fig. 1, ie., larger than 
Co’ = 1.07 X10"? cm-, the relative abundances rise more 
rapidly and go through a sharper maximum, whereas 
for a smaller Cy the growth curve peaks are broadened. 
If Co’ is the value yielding a good representation of the 
general trend of the observed abundance data, then for 
Co>Cp’ one finds too high a relative abundance of the 
heavier elements, while for Co<Co’ the only elements 
present in appreciable relative abundance are the 
lightest elements. These qualitative remarks, of course, 
imply the normalization of computed relative abun- 
dance values to the observed relative abundance of 
protons in all cases. 

The final relative abundance values for the various 
solutions examined, i.e., corresponding to different 
values of Co, are shown in Fig. 2, where all the solutions 
are joined to the data at 7=1. Of the solutions shown, 
the best representation of the observed data is given by 
the curve marked Cy’, which, as already mentioned, 

*A “double-precision” calculation would have yielded more 
accuracy for the higher atomic weights when the Co chosen was 
too small (i.e., when the theoretical solution yielded too low 
abundances of the heavier elements), but it was not deemed 
desirable because of the very considerable additional labor and 
machine running time required to accomplish this. 


LOGARITHM OF RELATIVE ABUNDANCE 


-04 
LOG Tf 


Fic. 1. Relative abundance as a function of time (r=) 
according to the neutron-capture theory for an expanding uni- 
verse. This is the case among those examined atin best repre- 
sents the observed data, namely, Co’=1.07K10" cm at ro 
(see Fig. 2). The curves are labeled to indicate atomic weight. 


corresponds to a nucleon concentration at ro of 1.07 
X10!" cm. The solutions’ shown cover a range 
2.13 10"* cm“ SCyS2.13X 108 cm~. The case 0.2C)’ 
runs out before reaching higher 7 values because the 
single-precision calculation did not permit greater 
accuracy. The dashed portion of the Cy’ curve reflects 
the fact that for 7 greater than about 80 or 90, the 
accuracy of solution became as low as one significant 
figure. All curves are dashed past j185, because by 
this 7 the general nature of the solutions permitted 
linear extrapolation to higher 7. The data shown in 
Fig. 2 are those tabulated by Brown® as universal 
relative abundances, with circles and crosses distin- 
guishing odd and even atomic weights, respectively. 
For j<16, Brown’s values of elemental abundance were 
reduced to isobaric abundances with the aid of the 
tables of relative isotopic abundances given by Seaborg 
and Perlman.'® For 7=16, isobaric abundances were 
computed directly from Brown’s tables." 

The initial nucleon concentration Co’ associated with 
the solution giving an adequate representation of the 
observed data in Fig. 2 is five times the Cy which was 


® The solution marked 20C,’ was a hand-computed solution. 

10 G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 
(1948). 

There are two misprints in Brown’s abundance tabulation, 
Table IV, in reference 3. Sb™ should read Sb™ and the abundance 
of Sn™® should be 0.149. 
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Fic. 2. Comparison of theoretical with observed relative 
abundances. The data are those of Brown (reference 3), while the 
curves are calculated according to Eqs. (5) with various values 
of Co to exhibit the effect of varying the initial nucleon concen 


tration 


previously reported as being required in the case of 
element formation in a static medium.” The neutron- 
capture theory is thus seen to adequately describe the 
observed relative abundance data when the universal 
expansion is explicitly taken into account. 

The effect of grouping nuclear species in order to 
reduce the number of Eqs. (5) was found to be small, 
as already mentioned. This was determined by inte- 
grating Eqs. (5) on the SEAC as in the grouped case, 
but with coefficients P; corresponding to the first 
twenty-seven nuclear species individually, rather than 
with the grouped II; covering the entire atomic weight 
range by means of twenty-seven equations. The cases 
studied, which had initial nucleon concentrations of 
1.4, 6, and 20 times the value C,’ already described as 
yielding an adequate solution with the grouped equa- 
tions, indicated that an adequate solution would result 
with the ungrouped equations, provided the Cp in the 
latter case was roughly five times the value in the case 
of grouping. Hence, a better estimate of the nucleon 
concentration to be assumed at 7=7 9 in order to 
represent the general trend of the observed relative 
abundance data is ~5.4X 10" cm~. This corresponds 
to a matter density of 8.9 10~? g/cm’ at 7)>=0.128, or 
po= 1.5X10~* g cm~ sec! in Eq. (1). 
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It may be noted that,” in the nonstatic homogeneous 
isotropic cosmological model used in these calculations, 
there exists a relationship throughout the expansion 
between the densities of matter, p», and of radiation, 
pr, namely, p,pm**=constant. Since 7=1.28X 10°°K 
at 79, one obtains p,(7»)= 22.2 g/cm*. If one takes the 
smeared-out density of matter in the universe at the 
present time to be 10-* g/cm* as suggested by Behr,” 
then according to the foregoing relationship, the present 
residual radiation density (not including that due to 
stellar radiation) is ~5.5X 10~*° g/cm* or T=28°K. 


IV. DISCUSSION 
A. The Initial Neutron-Proton Ratio 


As already mentioned, the neutron-capture theory in 
the approximation described does not include the 
variety of detailed processes and reactions which must 
have led in turn to the development of detailed features 
of the observed relative abundance data. In particular, 
a problem which merits more complete discussion here 
is the effect on the initial neutron-proton ratio of the 
physical conditions preceding the element-forming 
phase in the expansion. The choice of neutron and 
proton concentrations at r= 7» influences the value of 
the initial nucleon concentration, Co, and, therefore, 
of the density of matter which is required for the 
neutron-capture theory to represent the observed 
relative abundance data. 

It will be recalled that the calculations described in 
this paper were based on initial values £,(79)=0.88, 
£1(79) =0.12. These are the neutron and proton concen- 
trations which would result from the spontaneous 
decay of neutrons during the interval O=7=0.128 with 
£,(0)=1, and £,(0)=0, where r=0.128 is the process 
starting time selected for reasons described in Sec. II. 
Such a formulation is a simplification of the more 
complex phenomena which may have occurred during 
the period of high temperature and density preceding 
the starting time selected for the element-forming 
process. 

Hayashi" has recently examined in detail the many 
physical processes, including spontaneous neutron de- 
cay, which might have occurred during this period, 
the main purpose being to determine the effect of such 
processes on the neutron-proton ratio to be chosen as 
an initial condition for forming elements. Since the 
ratio obtained by Hayashi is quite different from that 
resulting from spontaneous neutron decay alone, it is 
desirable to discuss briefly his analysis and its effect on 
the neutron-capture theory. 

Hayashi employed the cosmological model described 
in Sec. II, namely, an expanding universe of radiation 
with a trace of matter, in which the temperature and 
density of matter vary with time according to Eqs. (1) 
and (2). His analysis was restricted to the period of 


2 A. Behr, Astron. Nachr. 279, 97 (1951). 
8 C, Hayashi, Prog. Theor. Phys. 5, 224 (1950). 
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time after the temperature of the universe had de- 
creased to a value less than that equivalent to the rest 
mass of the meson, viz., ~10"°K. This temperature 
corresponds to a time of ~2X10~ sec after the 
“beginning”’ of the universal expansion. 

The following reactions among protons, p, neutrons, 
n, electrons, e~, positrons, e*, neutrinos, v, anti- 
neutrinos, v*, and radiation, hv, were considered: 

n+et=p+vr*, 
n+v—pte-, 
n= p+e-+r*, (6) 
and 
et+e-=—hp. 
The reaction rates for the processes described by Eqs. 
(6) were examined and, with the exception of §-pro- 
cesses, found to be sufficiently high to maintain certain 
of the concentrations at equilibrium values, even 
though the universal temperature decreases rather 
rapidly during this period. 

The electron, positron, and photon concentrations 
were determined purely on classical statistical consider- 
ations, since the number of electrons and positrons 
involved in the lagging 8-possesses is small compared 
with the number involved in the pair production— 
annihilation processes. Nonlinear rate equations were 
written to describe the §-processes, with the rate 
coefficients being evaluated from the Fermi theory of 
B-decay. There are no problems of degeneracy at the 
temperatures and densities considered. The rate equa- 
tions were integrated numerically by Hayashi subject 
to the initial condition that, at T10"°K, all particles 
and photons were present in equilibrium concentrations. 
Consequently, the initial neutron-proton ratio for the 
period considered by Hayashi was taken as unity. The 
solutions show that during the first five seconds the 
induced 8-decay of the neutron is more important than 
spontaneous #-decay. Starting at unity, the neutron- 
proton ratio decreases to ~} by one second, to ~} by 
ten seconds, and is controlled by the relatively slow 
process of spontaneous neutron decay thereafter." 

Hayashi suggests that if nuclei beyond He* are 
ignored and if 8-processes for the light nuclei may be 
neglected, then He‘ is effectively formed as 2n+2p— 
He‘, regardless of the formation route. If one neglects 
neutron decay and takes a starting neutron-proton 
ratio of 1/4 for the element-forming period, the final 
helium-hydrogen abundance ratio according to these 
ideas would be 1/6. This result is compatible with ob- 
served values. However, such an approach would 
appear to be an oversimplification because at low 
matter densities 8-processes cannot be ignored in con- 
sidering the details of the light element reactions and 

“4 The neutron half-life used in Hayashi’s calculations was 30 
minutes, which is quite different from Robson’s latest value of 
12.8 minutes (see footnote 6). Since the neutron half-life is 
involved in almost all of the rate constants for Eqs. (6), a determi- 


nation of the effect of changing the neutron half-life on the neutron 
proton ratio would appear to require a new integration. 


because the competition of neutron decay and universal 
expansion appear to be important in the element- 
forming process. The exact effect of a neutron-proton 
ratio of 1/4 should be investigated by a re-examination 
of the light element reactions in the manner of Fermi 
and Turkevich.? 

The effect of Hayashi’s neutron-proton ratio of 1/4 on 
the solution of Eqs. (5) has been examined by means of 
numerical integration on the SEAC. For this ratio two 
cases were studied, namely, those for Co=2.13X 10'* 
cm~ and Cy=2.13X10'* cm~. In neither case did the 
neutron-capture process yield sufficient relative concen- 
trations of the heavier elements. Furthermore, the 
growth curves for individual species in the two cases 
indicated that lower or higher initial values of Cy 
would not improve the situation.’® It is, of course, 
possible that intermediate values of Cy might bring the 
theoretical curve closer to the observed data. However, 
it would appear to be necessary to increase the initial 
neutron-proton ratio to perhaps as much as unity in 
order to yield a fit. Unfortunately, it was not feasible 
to continue an examination of this problem in greater 
detail. 

Since the neutron-capture theory is in fact quite 
approximate for the lightest elements and since the 
above mentioned SEAC calculations are not definitive, 
the question as to whether or not a low initial neutron- 
proton ratio is compatible with a satisfactory fit to the 
observed abundances still requires study of the light 
element reactions in detail. 

‘6 In the low density case, the neutron-capture reaction rates 
are so low that effectively all of the neutrons decay into protons 
before they can be captured, and the heavier nuclei are formed 
in extremely low relative abundances. In the high density case 
neutron-capture reaction rates are so high that spontaneous 
neutron decay and the effect of the universal expansion can be 
neglected. The result of this situation is that the few neutrons 
present to start with are quickly used p in forming the very 
lightest species, and again the heavier elements are formed in 
very small relative amounts. It may be of interest to note that in 
this case where the neutron-proton ratio is low and Cp is very 
high, one may obtain an approximate analytical solution of Eqs. 
(5). Under these conditions the expansion terms —3£;/(27) and 
the decay terms &, may be ignored. In addition, one takes 
P;_:£n£;-1.>>Pjtnt; in the jth equation. Then the approximate 
solutions describing the growth curves may be written as follows: 

En=Qolro exp[goP1(r— 710) J—1}~, 
£:=rot, exp[goPi(r— To) ], 
and 


~ _ golroPs)'~# 
— 


1 1 ; 
- fi-1 : ; . 2 
‘ (j-1)! LH Pm z t) ( s ) expl—saoPi(r To) } j>I\, 


where 

Go= &:(70) — En( 70) 
and 

ro= &:(10)/En(T0). 
In the limit of long r, the foregoing equations reduce to the final 
relative abundances in this approximation, viz., 

i-1 

(E1)max=o, (En)max=O, and (£;)max=[go(roP:)!?/(j—1)!] I Pn 
mi 


Calculations for the case Co= 2.13 108 cm™, with the Hayashi 
initial neutron-proton ratio of 1/4, check very well with solutions 
of the full Eqs. (5) as determined on the SEAC. The expression 
given for (£;)max is also derived in the Appendix by a different 
procedure. 
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B. Gaps at Atomic Weights 5 and 8 


Hayashi has pointed out that a high proton concen- 
tration might be expected to aid materially in carrying 
the chain of element-forming processes across the 
missing nuclei at atomic weights 5 and 8.* In this 
connection, Turkevich'® has recently suggested a re- 
examination of the light element reactions taking into 
account the high energy nonthermalized reaction pro- 
ducts. In their previous calculations Fermi and Turke- 
vich? considered all particles to have energies corre- 
sponding to the universal temperature. Because of the 
rapid increase with increasing energy in reaction prob- 
abilities for charged particles, the higher energy parti- 
cles may be expected to provide a means of increasing 
the flux of nuclei crossing the gaps!’ at A=5 and 8. 


C. Remarks Concerning Equilibrium Theories 


The work described in this paper demonstrates that 
the general trend with atomic weight of the observed 
relative abundances of the elements can be represented 
satisfactorily by the neutron-capture theory in an 
expanding universe. In view of the low matter den- 
sity required and the rapidity of the decrease of 
temperature and density with the expansion of the 
universe, the implication of this result in connection 
with equilibrium theories of element formation should 
again be pointed out. In these theories'* nuclear species 
formed in statistical equilibrium in stellar interiors and 
are supposed to be distributed in space by subsequent 
stellar explosions. All of these stellar models contain 
high neutron concentrations and have high densities, 
p==10° g/cm*, and high temperatures, T1 Mev. 
Under these conditions (densities ~10'* times greater 
than those required in the non-equilibrium theory) one 
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modification of the original equilibrium distribution of 
the elements by neutron capture and other reactions. 
In order to obtain the presently observed relative 
abundances as the end result of such a stellar explosion, 
it would appear necessary to carry out a non-equi- 
librium calculation of the type described in this paper 
but with the following differences. The dynamics of 
the explosion, and the density and temperature varia- 
tion with time, as well as an initial distribution of 
relative abundances, would have to be known. This 
difficult problem amounts to finding what initial abun- 
dance distribution must be taken in order that it be 
modified to the observed universal distribution during 
the explosion. 


D. Analytic Solution of the Equations of the 
Neutron-Capture Theory 


The question has frequently been raised as to whether 
or not Eqs. (5) could be solved analytically. It had 
been suggested? that this could not be the case because 
the equations are nonlinear and because the neutron 
and proton rate equations contain terms of different 
orders. Recently, Dr. T. H. Berlin, of The Johns 
Hopkins University, has examined this problem and 
found that solutions could be obtained in closed form 
only if the expansion of the universe is ignored. A 
discussion of this solution is given in the Appendix. 

We should like to express our appreciation to the 
National Bureau of Standards for its kindness in 
extending to us the use of the SEAC, and to Dr. 
Joseph H. Levin for his complete cooperation in coding 
and running the SEAC solutions. The computational 
assistance of Miss K. E. Pace is acknowledged with 
thanks. Finally, we should like to thank Dr. T. H. 


would expect during an explosion a very considerable 4 Berlin for his continued interest in this work. 


APPENDIX 


The Neutron-Capture Equations of Element Formation 
in a Static Universe: An Exact Solution 


T. H. Berww 
Department of Physics, The Johns Hopkins University, Baltimore, Maryland 


HE equations describing element formation by 
successive neutron captures in a static universe 
are the set ? 


J 
dé, dr= —tn— Do Pit nkg;, 


j=1 


dé, dr=,— Préngs, 
dé, dr=P; 1Enbj—-1— PyEng;, 


(A1) 
oj=J. 


These equations are to be solved under the initial 


16 Private communication. 

17 Turkevich (private communication) has also suggested using 
the higher energy neutrons formed as reaction products among 
the light nuclei in (m,2m) reactions with heavier nuclei to form 
shielded isobars. 

18 See Sec. III of reference 2 for a discussion and bibliography. 


conditions: 


£;(7o) =0, dasfand ; £1(7o) =a; £,(70)=8B, 


where 7)=0 is obviously suitable for the static case. 
Equations (Al) are linearized by changing the 
independent variable from 7 to z so that 
dz/dr=é,. (A2) 
The equations become 
J 
dz/d§,= —1—)0 P§;= — F(z), 
i=l 
dé, dz=1— Pik, 


dt;/dz=P;_,t;1—P,t,, 2: 


j=. 
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Equations (A3) are conveniently solved by the use of 
the laplace transform.'® Setting 


a 


fio= f e~**t;(z)dz, 


0 


(A4) 


and using the initial conditions, we have from Eq. (A3) 


fi(x) = (k “14 @) (x+ P)), 
file) =(Pia/(e+ PD] file), 2S7SJ. 
Then, 


(A5) 


i 
f(x) = Pie" +) T] Pix + Pi), 15j7SJ. (A6) 
k=1 
Inverting Eq. (A4), we have 


xg tin 


£,(s)=(1 ari) [ e**f,(x)dx, (A7) 


where the line x= xo is to the right of the singularities 
of f;(x). 

If it is assumed that the P, yre all different and not 
equal to a™, f;(x) has simple poles at x=0, — Pi, — P2, 
--+, —P;. Therefore, we have 

,] 
£;(2)=P; "+ > A;e7?*, (A8) 
r=] 


where 
Aj,= lim («+P,)fj(). 
a — Ps 


On taking the limit, we obtain 


A;,=—P,(1—aP,)Rjr, 
where 
2 
R;-= II P,(—P,+P,)7; Ry,=1. 
pie 
We now see that F(z) is a known function of z. 
Hence, we have 


€,(z0) —&,(0) = -f F(z)dz. 


0 


(A10) 


This implies that 7(z) may be found from 


r= fas £,(s). 


0 


(A11) 


One is usually not interested in the £; at a particular 
time but in the limiting value of £;, that is, at r=. 
This means that there is no necessity to use Eq. (A11). 

From Eq. (A2), we see that (dz/dr),..=0, since all 
the neutrons are eventually captured or decay into 
protons, so that &, approaches 0. Since &,=0, z is a 
monotonically increasing function of 7 and approaches 
a limiting value z(r= © )=29. Then £,(z9)=0, and from 

19H. Bateman, Proc. Camb. Phil. Soc. 15, 423 (1910). Bateman 


has solved an almost identical set of equations. The principal 
differences are in the equations for £, and £). 
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Eq. (A10) we have, because £,(0)=8, 


B= f F(z)dz 
0 


as the determining equation for zo, which will have a 
unique solution for given a, 8. The limiting values of 
the &; are §;(z9) obtained from Eq. (A8). 

We may remark briefly on some aspects of the above 
solution of the problem. Let P,,, say, be zero. We then 
see from Eq. (A5) that f;(x)=0 for j=m-+1, so that 
£;=0 for j=m+1. In other words, if a species has zero 
(i.e., very small) capture cross section, then all heavier 
species will have effectively zero abundance. However, 
the formation chain would be expected to continue 
through isobars of more normal cross section.” 

To facilitate numerical work with the approximations 
to the Eq. (A1), Alpher and Herman assumed that P 
was constant for those elements with 7=100. This is 
an inconvenient assumption for the solution given. If 
some P’s are alike, we see from Eq. (A6) that fj(x) 
will have multiple poles. The exact inversion can easily 
be performed to give &; but high order derivatives of 
fioo(x) will be involved. The resulting expression for &; 
would be quite inconvenient for numerical work; and 
it would be very much simpler to assume that, instead 
of being constant, Po is a slowly increasing function of 
j for 7>100 in order to maintain all P; different. It 
appears from the cross-section data that this is as 
reasonable an assumption as taking the P; the same. 

The exact solution would be of increased interest if 
the dependence of the £; on the initial conditions a, 8 
and on density could be put into simple form. Since the 
P; are all proportional to density, we note that Rj, 
[Eq. (A9)] is independent of density and may be 
computed, given the effective neutron capture cross 
section only. 

If we set z= y/mo, then from Eq. (A8), we have 


(A12) 


j —P,y 
Pj§=1- ¥ Ri exp( -— 


No 


r=1 


j F, —P.y 
+noa >> (—)k,-ex(- - ). (A13) 
r=l \ No No 


The two sums over r are now density independent 
functions of y. 
From the definition of F(z), Eq. (A3), we find that 
Eq. (A12) may be written in the form 
n,(0)—,(0)G(yo) = (J +1) yo— H (yo), (Al14) 
where 
E;=n;/No; 


aor —P.y 
Gy)=>r > R,| 1-exp(- - “| 


j=1 r=1 No 


J i (mM —Py 
H(y)=>> > (=), 1-exp(- )} 
j=l r=1 No 


20> Vo/ No; 


tat. 
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and G(y), H(y) are density independent functions that 
can be computed given the capture cross sections. 

In Eq. (A14) we see that the initial neutron and 
proton densities are very simply exhibited. 

We can readily evaluate é; in the two limiting cases 
n,(0) very much greater and very much less than (0). 


Case: n,(0)Kn,(0): 
From the definitions of G and H, 


J 


ja F 


J 3 No 
> Rj and H(~)=>> > ( a. 
r=] P, 


1 r=l 7=1 


Therefore, as m,(0) becomes very large, we must have 


yo=n,(0)/(J+1). 


From Eq. (A13), we have P;§<1, so that n<&no/P;, 
which is finite. Thus, with increasing initial neutron 
density, the abundance distribution approaches the 
stationary distribution for which dé;/dr=0. 


Case: n,(0)Kn,(0}: 


In this case we can expect that the solution, yo/mo, 
of Eq. (A14) is small. Dealing with the leading terms 
only, then, we have 


J 5] Py P, 
nak £n(™2)-(2), 
?=1 r=l1 No No 


J i Py 
Ayo V Ri 9 )=2». 
j=l r=1 2no 


These results are obtained by noting that 


J 

> P;t;(0) = Pia, 

j=l 
since only £,(0)#0, and by using Eq. (A13). ’ 
Eq. (A14) becomes 


n»(O)—11(0)(P1/no) wo, 
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so that 


yo/ monn (0)/ no \/ Li (0)(P1/mo) +1] 


~[n,(0)/m(0) ]P:“, (A16) 


which is a small number for high density. 

Now we must consider £;(zo) for z9 small, since 
Z9= yo/no. This is conveniently done through Eqs. (A6) 
and (A7). We shall use 


a dé;(z) Zo? 
E(2)= DL | — ( ). 
pP=0o dz? _ p! 


However, we have 


(A17) 


aor =z 
2ri) f 
« 1x 


From Eq. (A6) we see that as cx, f;(x)—1/x’. Thus, 
for p<j—1, the integrand vanishes at infinity in the 
right half-plane faster than 1/x. Consequently, we have 


(A19) 


[d?é;/dz” ],.0= (1 K?f;(k)dx. (A18) 


[ dé, dz? |,.0=0 for p<j-1. 
The first nonvanishing derivative of £; at z=0 occurs 

; . kr ° . . 

for p=j—1. Transforming to the complex variable 


we have 


dzi")}9= (1 dri) f 
Ko x 


(0+ 


=(1 ami) f s7-If;(1/s)ds, (A20) 


d?—§; j-1 
| =a] Px. 


dz? a k=1 


azz 1/s, 
x 


Ke" (x)dk 


[ai¢; 


Finally, the leading term, p=j—1, for £;=m,/mp is 


n,(O) j-1 s P, | n,(0) No |’ 1 

nj=| — . 11 ( ) cso )| : 
(y—1)!5L k=1 \ no n(O)INP, J 

The author wishes to thank Dr. Herman and Dr. 

Alpher for their many pertinent suggestions and clari- 
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fying discussions. 
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Total Cross Sections of Light Nuclei for p, 7-Neutrons* 
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The total cross sections of Li, Be, B'®, B, C, and O were meas- 
ured for neutrons of energies between 1 and 3.3 Mev. Neutrons of 
about 20-kev energy spread were produced by bombarding a 
thin layer of Zr in which tritium had been absorbed with protons 
from the electrostatic generator. Resonances were observed in 


I. INTRODUCTION 


N examination of the recent compilation of the 

energy levels of nuclei! shows that even for the 
lightest nuclei there are still large gaps in the know- 
ledge of the position and character of their energy levels. 
In previous experiments carried out at this labora- 
tory, the total cross sections of light nuclei had been 
measured for neutrons from the Li(p,n) reaction up 
to energies of 1.4 Mev. The availability of tritium 
has made it possible to extend these measurements to 
higher energies because the threshold of the T(p,m) 
reaction is about 1 Mev lower than that of the Li(p,n) 
reaction. An additional advantage of the T(p,n)He* 
reaction is the absence of excited states of He*, while 
the excited state of Be’ at 430 kev results in the presence 
of a second group of neutrons from the Li’(p,n)Be? 
reaction at neutron energies above 650 kev. 


II. EXPERIMENTAL PROCEDURE 


According to the procedure described by Lillie and 
Connor,’ thin tritium targets were prepared by evapora- 
ting a thin layer of zirconium metal onto a disk of 
wolfram 10 mils thick. The disk was then transferred 
to a tritium handling system, where it was heated 
inductively to a temperature of about 900°C in tritium 
gas at a pressure of 2 cm Hg. Targets prepared in this 
manner contained about one atom of tritium per atom 
of Zr. 

The wolfram disk formed the end of the vacuum 
system of the electrostatic generator and was sealed 
to the system by means of an O-ring. As previously 
described,* heated air was blown against the target to 
reduce oil deposition, and the proton beam from the 
electrostatic generator was swept in a small circle on 
the target to prevent local heating. With these pre- 
cautions thin Zr-T targets showed no measurable loss 
of tritium after bombardment by 1 ya of protons for 
several hundred hours. 

The effective target thickness was measured by the 

*Work supported by the AEC and the Wisconsin Alumni 
Research Foundation. 

t AEC Predoctoral Fellow 

‘Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 

2 A. Lillie and J. Connor, Rev. Sci. Instr. 22, 210 (1951). 

Peterson, Barschall, and Bockelman, Phys. Rev. 79, 593 
(1950). 


all nuclei except Li. In addition to well-defined levels, evidence 
was found for slow variations of the cross sections with energy 
which might be explained by the presence of very wide levels in 
all these elements. 


rise method.‘ The target used for most of the present 
measurements caused an energy loss of 35 kev for 1-Mev 
protons. Because of the decrease of stopping power 
with increasing proton energy, the neutron energy 
spread resulting from the thickness of this target was 
only about 20 kev for most of the experiments. 

Neutrons were detected by observing proton recoils 
in a cylindrical ionization chamber. This chamber had 
an active volume 9.5 cm long and 2.5 cm in diameter 
and was filled with hydrogen to a pressure of 30 atmos. 
After the hydrogen had been purified by being circulated 
over magnesium turnings ut a temperature of 200°C, the 
counter gave a good signal-to-noise ratio with a collect- 
ing voltage of 2500. 

The center of the counter was placed at a distance 
of 36 cm from the tritium target, and the axis of the 
counter was aligned with the proton beam from the 
electrostatic generator. Total cross sections were meas- 
ured by observing the transmission through cylindrical 
samples, 4.45 cm in diameter, placed halfway between 
the target and the center of the detector. Since in this 
geometry the cross section for scattering through angles 
larger than 14° is observed, 1.5 percent of the neutrons 
would be scattered into the detector if the scattering 
were isotropic. A correction of 1.5 percent for scattering 
into the detector was applied to all the measured 
scattering cross sections, although this correction may 
be in error if there is an appreciable deviation from 
isotropic scattering. Samples of solid metal were used 
for the measurements on Li and Be, and graphite for 
the investigation of C. Samples of B and B"® consisted 
of metal powder. The cross section of O was obtained 
from a comparison of the transmission through a sample 
of BeO powder with that of Be metal. 

The background of neutrons which did not come 
directly from the target was determined by interposing 
a paraffin shadow cone, 10 in. long, between the target 
and the detector. Measured backgrounds amounted to 
about two percent of the intensity observed in the 
absence of the shadow cone. In view of the fact that at 
least some of the background counts were due to 
neutrons transmitted through the shadow cone, no 
background correction was applied to the data. 

In the geometry used in the present experiment, the 

‘R. F 
(1948). 
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spread in energy of the neutrons which is caused by the 
variation of neutron energy with the direction of emis- 
sion of the neutrons with respect to the incident protons 
amounts to only about 1 kev. This energy spread may, 
therefore, be neglected, compared with that resulting 
from the target thickness. 

III. RESULTS 

(A) Lithium 

Figure 1 shows the total cross section of lithium as 
a function of neutron energy. The solid curve reproduces 
data previously published,® while the points above 
1.3 Mev represent the present measurements. The 
lengths of the vertical lines show the standard statistical] 
errors. 

In the earlier report® the peak at 0.26 Mev was 
attributed to the interaction of p-neutrons with Li’ to 
form a compound state of spin 2, while the rise of the 
cross section above 0.8 Mev was explained as resulting 
from the interaction of s-neutrons with Li’ to form a 
state of spin 2 at a neutron energy of about 1.15 Mev. 
Some doubt is thrown upon this latter interpretation 
by the fact that the cross section continues to rise at 
higher neutron energies. The observed value of 2 barns 
for the cross section at 3 Mev is much higher than the 
theoretical maximum for an s-resonance at this energy. 
In view of the rather large negative coherent scattering 
length® of Li’, it seems possible that resonances occur 
for both spin states which can be formed by s-neutrons. 
On the other hand, even if both resonances occurred at 
the same energy, the observed cross section is still 
larger than the theoretical maximum. It is, therefore, 
necessary to assume that neutrons of higher angular 
momentum contribute to the rise. It does not appear 
possible that a single level of the compound nucleus 


5 R. K. Adair, Phys. Rev. 79, 1018 (1950) 
®C. Shull and E. Wollan, Phys. Rev. 81, 527 (1951) 
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formed by such neutrons could be several Mev wide. 
One is led to the conclusion, therefore, that the slow 
rise of the cross section of lithium at high energy must 
be due to the superposition of several broad resonances. 


(B) Beryllium 


In Fig. 2 the total cross section of beryllium is 
plotted as a function of neutron energy. The data at 
energies below 1.4 Mev are taken from. a previous 
publication,’ except that a small correction has been 
applied for the presence of the second group of neutrons 
from the Li(p,m) reaction. A peak in the cross section 
of beryllium at 2.7 Mev has been observed by Allen 
et al. and by Stafford,® but the absolute value of the 
cross section found by these authors is less than the 
results shown in Fig. 2. The shape of the peak at 2.73 
Mev indicates that it is due to the effect of more than 
one energy level. It may result from the superposition 
of a peak about 0.1 Mev wide at 2.73 Mev and a much 
broader peak with a maximum at about 2.85 Mev. 
Other very broad levels may be responsible for the rise 
of the cross section towards low energies extending 
from 2 Mev, where the cross section is 1.6 barns, to 
the epithermal region, where the cross section of 
beryllium is 6 barns.!° Such broad levels might help 
to explain the large coherent scattering length at 
thermal energies.® 

It appears very difficult to account for the magnitude 
of the peak at 2.8 Mev in terms of resonance theory by 
assuming that it is produced by a sharp level super- 
imposed on a single broad level. The broad peak would 
have to have a maximum of about 3.4 barns, which is 
1.8 barns higher than the cross section at 2 Mev. A 
resonance cross section of 1.8 barns at 2.8 Mev must be 
produced by neutrons of more than 3 units of orbital 
angular momentum. On the other hand, g-neutrons 
could not produce as wide a level as the experimental 
results indicate. 


(C) Boron 10 


For the interpretation of recent determinations" of 
the disintegration cross section of B'°, it appeared de- 
sirable to know also the total neutron cross section of 
this nucleus. Therefore, a sample enriched in B' was 
procured from the Atomic Energy Commission. Data 
below 0.9 Mev were taken with a BF; counter, and a 
Li target of such thickness that the neutron energy 
spread was about 20 kev. For measurements at higher 
energies the tritium target and recoil counter were 
employed. The cross sections, shown in Fig. 3, are 


about 15 percent greater than those found at Los 


7C. K. Bockelman, Phys. Rev. 80, 1011 (1950 

8 Allen, Burcham, and Wilkinson, Proc. Roy. Soc. (London 
A192, 114 (1947 
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°C. T. Hibdon and C. O. Muehlhause, Phys. Rev 
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“ Petree, Johnson, and Miller, Phys. Rev., to be published. 
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Alamos.” This difference may be caused in part by an 
error in the determination of the isotopic composition 
of the samples. 

Two broad maxima are shown in the present measure- 
ments, reaching their peak values at 1.8 and 2.8 Mev. 
There is possibly a third maximum at 0.2 Mev, but this 
is uncertain because the observed variation in cross 
section is comparable to the statistical errors. 

There are known to be at least four levels in B" with 
excitation energies between 8.5 and 9.5 Mev." Since 
the binding energy of a neutron to B" is about 11 Mev, 
it seems surprising that so few resonances are found in 
the present experiment. However, since B'® has a large 
spin, only compound states with rather large total 
angular momentum would be detected in the present 
work. Competition from the 1,a reaction also tends to 
reduce the variations expected. Because of these circum- 
stances, some resonances may have been missed. 

The interpretation of the variation observed near 
1.8 Mev is discussed in reference 11. Since the absorp- 
tion measurements do not extend through the range 
of the 2.8-Mev maximum, no analysis of this resonance 
is attempted. 


(D) Boron 


Previous measurements on boron’ are shown below 
0.9 Mev by the solid curve in Fig. 4. The data are 
corrected for the presence of the second energy group 
from the Li(p,z) reaction. Since this correction is 
rather large and uncertain around 1 Mev because of the 
second appearance of the 0.43-Mev peak, this region 


'2 Barschall, Battat, and Bright, Phys. Rev. 70, 458 (1946). 
3 Van Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 
(1951) 


was remeasured using T(p,z) neutrons. Measurements 
at higher neutron energies show four additional maxima 
at 1.28, 1.78, 2.45, and 2.58 Mev. A comparison of these 
results with the observations on B'° (Fig. 3) shows that 
these resonances are caused by levels in B”. Their 
heights can be fitted best by assuming for the spins 
of the compound states the following values: 3 for the 
1.28-Mev peak, 1 for the 1.78-Mev maximum, 2 for 
the 2.45-Mev peak, and 3 for the maximum at 2.58 
Mev. The observed shapes exclude the possibility that 
any of these peaks are formed by s-neutrons, and their 
widths make their formation by neutrons of more than 
two units of orbital angular momentum unlikely. It is 
concluded, therefore, that all the observed resonances 
are caused by p- or d-neutrons. The rise of the cross 
section at low energies, similar to that found in Be, 
might be explained in terms of a broad level which can 
be reached by s-neutrons. 

The values of the cross section of boron agree well 
with those reported from the Los Alamos Laboratory," 
but not with recent measurements carried out at 
Massachusetts Institute of Technology," although the 
Massachusetts Institute of Technology group found 
maxima in the cross section of boron at 1.245 Mev and 
1.771 Mev in agreement with the present results. 


(E) Carbon 


Figure 5 shows the total cross section of carbon as 
a function of neutron energy. Below 1.2 Mev the solid 
line gives the best fit for the data previously obtained 
at this laboratory” and for those of the Minnesota 

‘Willard, Preston, and Goodman, M. I. T. Tech 
1950), unpublished 
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group.'® The latter results extend to a neutron energy 
of 1.8 Mev and are in excellent agreement with the 
present measurernents. : 

Thomas" has pointed out that the variation of the 
cross section observed below 2 Mev may be interpreted 
in terms of the interaction of s-neutrons to form a 
broad level in C'. Since preliminary runs with the 
tritium target indicated the presence of a sharp peak 
at 2.08 Mev, an attempt to determine the shape of this 
resonance was made by using neutrons from a Li target 
of such thickness that the effective energy spread was 
about 10 kev. The measured width of the resonance 
was approximately equal to this energy spread, a fact 
which indicates that the peak was not fully resolved. 
Its measured height above the background of potential 


2.2 
MEV 


1.8 2.0 2.4 2.6 2.8 


Total cross section of boron 10 


scattering is 2.7 barns. This variation in cross section 
is about twice the theoretical maximum for a compound 
state of spin 3. Consequently, the level of the compound 
nucleus which produces this peak must have a spin of 
at least } and must be produced by neutrons of orbital 
angular momentum of 1 or higher. 

The structure around 3 Mev has a shape which shows 
the effect of strong interference of the scattering pro- 
duced by a resonance near 3-Mev neutron energy 
with potential scattering or with the scattering caused 
by another resonance. Only the phase shift associated 
with the potential scattering of s-neutrons is sufficiently 
large to produce the observed shape. On the other hand, 
the variation in the cross section near the peak is twice 
the theoretical maximum for s-neutrons of this energy, 
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and approximately what is expected for a compound 
state of spin 3. The most likely explanation is, there- 
fore, that the structure is caused by the interference 
of two adjacent levels of spin $, formed by neutrons of 
the same orbital angular momentum. The second level 
should lie above the energy range explored in this ex- 
periment and may be responsible for the maximum 
observed by the Minnesota group at 3.5 Mev and by 
Ricamo ef al, at 3.7 Mev.'™* 


(F) Oxygen 


The neutron cross section of oxygen has been meas- 
ured previously at this laboratory up to an energy of 
1.4 Mev’ and at Minnesota above 0.5 Mev.'® Both 
measurements agree in the common energy interval and 
are shown by the solid line below 1.2 Mev in Fig. 6. 
The Minnesota results do not show the peak at 1.66 
Mev found in the present measurements. This peak may 
have been missed because it is considerably narrower 


than the energy spread used in the Minnesota measure- 
ments. In an attempt to determine its shape, Li neutrons 
with a 7-kev energy spread were employed. The ob- 
served width was about equal to the energy spread, 
again indicating that the peak is not completely re- 
solved. It must be due to the interaction of neutrons 
of one or more units of angular momentum to form a 
compound state of spin 3 or more. The same statements 
about width and character which apply to the peak 
at 1.66 Mev can be made about the peak at 1.84 Mev. 
The maximum at 1.91 Mev, however, is considerably 
wider than the experimental energy spread and small 
enough to be caused by a compound state of spin 4. Its 
shape excludes its formation by s-neutrons. It is, there- 
fore, believed to be due to p-neutrons. At 2.37 Mev a 
minimum in the cross section appears which has the 
shape expected from interference between resonance 
scattering caused by a compound state of spin 4 and 
s-wave potential scattering of phase shift r/2. How- 
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TaBLE I. Summary of the characteristics of the observed narrow energy levels. 


ever, the residual cross section at the minimum is one- 
third as large as would be expected if the potential 
scattering were similar to hard-sphere scattering. The 
discrepancy may indicate that the hard sphere approxi- 
mation of potential scattering is not valid near this 
resonance 

At the upper end of the investigated energy range a 
broad rise occurs which had previously been observed 
by the Minnesota group'® and by Ricamo et a/.'* The 
increase in cross section is equal to the theoretical maxi- 
mum for a compound state of spin 3. This maximum 
should, therefore, be attributed to neutrons of an orbital 
angular momentum of one or two units. 


x10! =1.5{A! +(0.5)' 
x10 ¥2 

(Mev cm) 3h2/2Ma 
a=4.1X10-" cm 
1.8 0.11 
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3x 107" cm 


0.017 
0.43 


5X10°" cm 


0.90 0.043 0.036 
x 6.2 


0.033 
0.28 


0.035 
0.87 


0.012 0.012 
0.13 0.056 
L 1.6 


0.016 0.017 
0.11 0.053 
x 2 0.82 


0.16 0.0077 0.0082 
0.90 0.044 0.025 
40 2.0 7 0.26 


6X10°" cm 


0.015 
0.041 


0.014 
0.064 


5.0 10-8 cm 


0.040 0.034 


x 1.3 


0.60 0.036 0.033 
13 0.75 g. 0.26 


0.0090 
0.043 


0.16 0.0090 
1.43 0.081 


0.091 0.0053 0.0056 


0.18 0.010 0.013 


In addition to well-defined levels there appears to 
be a gradual decrease of the cross section to higher 
energies upon which the levels are superimposed. This 
decrease might suggest the presence of a very wide 
s-level at energy. Laubenstein’s'’ data on the 
scattering of protons from O'* indicate a similar effect 
for the mirror nucleus, F'’. If such a level exists, inter- 
ference would be expected between it and the relatively 
narrow state of spin } formed near 2.37 Mev. In this 
case, the shape of the 2.37-Mev minimum may be 
accounted for by an s-wave potential scattering phase 


low 
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shift considerably less than 2/2, and the residual cross 
section at the minimum may not be in disagreement 
with that expected from the hard-sphere approximation 


of potential scattering. 
IV. SUMMARY 


A summary of the information concerning the narrow 
energy levels discussed in Sec. III is given in Table I. 
For the sake of completeness, the resonances described 
in references 5 and 7 are included in this table. The 
first column lists the compound nuclei studied, together 
with the binding energy of the neutron, EZ». In the next 
four columns the resonance energies, E,, the excitation 
energies E,,, the observed widths I’, corrected for ex- 
perimental resolution, and the total angular momenta 
J are given. In the assignment of values of J it has been 
assumed that the resonances are entirely due to elastic 
scattering. Available experimental data indicate that 
for the nuclei listed in Table I, processes other than 
elastic scattering are probably negligible in the energy 
range under investigation. The unresolved resonances 
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are also tabulated together with the lower bounds of 
their total angular momenta and the upper limits of 
their widths. For these maxima, no correction for 
experimental resolution has been applied. 

The reduced widths,’® y*, of the levels listed in 
Table I have been computed for values of the orbital 
angular momentum, /, which have been shown to be 
reasonable in the previous section. Since the calculation 
of reduced widths is sensitive to the interaction radius, 
a, the computation has been performed for two values 
of a. The observed widths have been corrected for the 
variation of the level shift with energy.'” Also included 
in Table I is the ratio of the reduced widths to the sum- 
rule limit,'® 3h?/2Ma, where M is the reduced mass of 
the system. Values of / which result in reduced widths 
exceeding the sum rule limit for the interaction radii 
used are shown in parentheses and can probably be 
excluded. In addition, those values of / yielding reduced 
widths which are large fractions of 3h?/2Ma are not 
likely to be applicable. 

' 17, 99 (1949). 
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The kinetic energy released in the fission of U** by 


2.5-Mev and 14-Mev neutrons has been measured. 


The results show the familiar two-peak curve when intensity of a fragment with a given energy is plotted 


against energy 


However, the dip between the peaks apparently disappears with increasing energy of the 


neutrons and the distribution approaches a single symmetrical peak 


INTRODUCTION 
NEVERAL investigators have studied the kinetic 
energy released by the fission of U™® when induced 

by thermal neutrons.’ Their results showed the now 
familiar double peak curve when the intensity of fission 
fragments with a given energy is plotted against the 
kinetic energy of the fragments. Recently Jungerman 
and Wright® studied the energy released in the fission 
process when neutrons at 90 Mev and 45 Mev are used. 
Their 45-Mev data showed a large decrease in the size 
of the dip between the two peaks, whereas their 90- 
Mev data showed no dip whatsoever but a single peak 
curve. This paper reports on the results of measure- 
ments taken when fission is induced in U*® by 2.5 
Mev and 14-Mev neutrons. 

* Work done under the auspices of the AEC 

t Now at the University of Connecticut, Department of Physics, 
Storrs, Connecticut. 
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M. Deutsch, MDDC-945 (unpublished) 
‘J. L. Fowler and L. Rosen, Phys. Rev. 72, 926 (1947 
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EXPERIMENTAL METHOD 
Ihe method used in this experiment was essentially 
the same as that used by other investigators, that is, 
the ionization produced in an ionization chamber by 
the fission fragments was compared to the ionization 
produced by alpha-particles of a known energy. An 
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ionization chamber designed by Fowler and Rosen, 
and similar to the one described in their paper,‘ was 
used. The details of the construction may be found in 
their paper. The chamber, Fig. 1, was of the electron- 
collection type. The screen, which shields the collecting 
electrode from the positive ions, was one cm from the 


Paste I. Data on high and low energy fission products. 
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0.105 
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collecting electrode and 2.2 cm from the high voltage 
electrode. The high voltage electrode, upon which was 
deposited the fissionable material, was maintained at 
4000 volts while the grid was maintained at 1850 volts. 
The high field region between the grid and the collecting 
electrode was established to insure the “funnel effect’ 
for the electrons through the grid wires. The chamber 
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Fic. 4. Energy spectrum of U** fission fragments 
induced by 2.5-Mev neutrons. 


was filled to a total pressure of 162 cm of mercury of 
which 95 percent was argon and 5 percent was CO». 
This pressure was more than sufficient to stop the 
longest range fission fragments, as well as the calibrating 
alpha particles before they reached the grid. The CO 
was present to hasten the collection time of the ions. 
The gas was continuously purified by passing it over 
calcium metal which was heated to 180°C. 

The pulse obtained from the chamber was amplified 
with a Model 100 preamplifier before passing on to the 
amplifier.® 

A clipping circuit, consisting of a 3-usec delay line 
was used to place on the grid of the amplifier the original 
signal which had been inverted by reflection. The 
amplified signal was fed into a 10-channel pulse ampli- 
tude analyzer,® which had been adjusted to have each 
channel accept pulses over equal ranges. For the 
amplification used the channel widths were set either 
at 0.8 Mev or 2.0 Mev. By shifting the bias on the 
analyzer, it was possible to cover the entire range of the 
fission pulses, taking nine points at a time. Because of 
the tendency of the 10-channel analyzer to drift, it was 
calibrated before and after each run. 

The neutren source was the 
Cockroft-Walton For the 14-Mev 
H*(H?, 2)He‘ reaction was used, while for the 2.5-Mev 
neutrons the H?(H?, 2)He’ reaction was used. 

The fission foil was made by John Povelites and 


used Los Alamos 


set. neutrons the 
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had a foil thickness of 0.14 mg/cm? and a total weight 
of 5.42 mg. 

To check the apparatus and the techniques required 
for the experiment, a thermal source of neutrons was 
obtained by placing a Po-Be source in a graphite pile 
and the distribution of the energy of the fission frag- 
ments was obtained. The results are shown in Fig. 2 
and are compared to the results of Fowler and Rosen* 
in Table I. 

The distribution of the energy of ionization pro- 
duced by the alpha-particles of U* is shown in Fig. 3. 
The width at half maximum serves as a measure of the 
resolution of the ionization chamber and is approxi- 
mately 0.2 Mev. 
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RESULTS 


Figures 4 and 5 show the energy distribution of the 
fission fragments for U™® when induced by neutrons 
of 2.5 Mev and 14 Mev, respectively. Table I compares 
these with results obtained with thermal neutrons. 

The data obtained is in agreement with those of 
Jungerman and Wright. The dip between the peaks 
apparently disappears with increasing energy and the 
distribution approaches a single symmetrical peak. 

Acknowledgments are due Mr. R. W. Davis for 
operating the Cockroft-Walton set and Drs. J. H. 
Coon, J. L. Fowler, E. R. Graves and L. Rosen for 
many discussions, 
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Absorption Length and Collision Length of Hard-Shower-Producing Radiation 


Davip Pomeroy* 
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By combining techniques of coincidence counter circuits and nuclear photographic emulsions, values are 
obtained for the absorption length in air of 104-6 (p.e.) g/cm, and for the collision length in paraffin of 
61+6 (p.e.) g/cm? for hard-shower-producing radiation. The method also provides evidence of a cascade 


mechanism by which the hard showers are produced. 


WO experiments have been conducted in order to 
obtain the values of the absorption length in air, 
and of the collision length in paraffin, for the hard- 
shower-producing component of cosmic radiation. The 
results provide evidence on how the hard showers are 
produced. Both experiments were performed at two 
elevations, namely, at 5200 feet (University of New 
Mexico) and at 10,700 feet (Sandia Crest, New Mexico), 
referred to as “roof” and “crest” in the sequence, respec- 
tively. The first experiment made use of photographic 
emulsions, while the second experiment utilized the 
techniques of counter tube circuits. 


FIRST EXPERIMENT 


Two dozen Ilford G5 plates (200u emulsion thickness) 
were exposed to cosmic radiation at each of the two 
elevations. In each case one dozen plates were placed 
vertically under a hemisphere of paraffin of radius 38 
cm, with the other dozen near by without shielding. 
After 10 to 14 days exposure, the plates were processed 
by the method reported by Dilworth, Occhialini, and 
Payne.' The plates were then subjected to microscopic 
examination for the detection of hard showers. 

Since the showers always formed part of stars, counts 
were also made of stars with 5 or more prongs whether 
they were accompanied by hard showers or not. Radio- 
active contamination stars were eliminated by the 

* Now at the University of Florida, Gainesville, Florida 


! Dilworth, Occhialini, and Payne, Nature 162, 102 (1948) 


criterion that at least one of the prongs of the 5 prong 
stars had to exceed 55y in length. 

Preliminary examination was made under low mag- 
nification (10X objective). In order to check on the 
accuracy of this procedure, tests were made on the 
number of stars found at different scanning rates, using 
an old Ilford C2 plate which had been in a drawer for 
several months, so that the star density was relatively 
high. The results are shown in Table I. 

The final results are based on a 9 hour scanning time 
per plate under low power. Every star accepted was 
later examined under oil immersion (95X objective) 
for hard showers. 

A listing of the number of stars and hard showers 
found at the two different altitudes with and without 
absorber is given in Tables II and III. From the data 
given in those tables we calculate the standard devia- 
tions listed in Table IV. 

From Tables II and IV we obtain the altitude de- 
pendence and calculate the absorption length Lyra, in 
air of the star-producing radiation from the relative 


TABLE I. Effect of scanning rate on accuracy. 


No. of 5 prong stars 


Scanning hours Objective 


10X 33 
10X 42 
10X 46 
44x 51 
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ILE II 
Building, University of 


Cm? 
plate 


Days before 
processing 


Days 


Crest exposed 


With absorber 14 107 
Without absorber 14 
R 
With al Di 
Without al 


1 
3 


10 
11 


j 


fore processing at the rate of 1.21/cm!' day 
1 date of manufacture: Plates used on crest: 17 days. Plate 
mputed from the observation of 7 stars >5 prongs 


intensities found at the two different altitudes without 
absorber, the relationship J=IJoe~*/". The 
atmospheric depth of the crest (el. 10,700 ft) is 700 
g/cm*, and on the University roof (el. 5200 ft) it is 
860 g/cm*. (See Rossi’s table.”) This gives the equiva- 
lent layer X to be 160 g/cm’. Since /; 
cm® day, and J (roof)=1.21/cm’ day, we have Letar 
¥/In(1o/7)=180 g/cm? in air. From the standard 
deviations in Table IV we calculate the standard error 
L be +80 g/cm’, or the probable error to be 
+53 g/cm*. Therefore our result is: absorption length 
in air for star-producing radiation = (180+53) g/cm’. 
Following the same procedure for the hard shower 
data, we obtain: Absorption length in air for hard- 
shower-producing radiation=(100+33) g/cm*. If we 
length equal to the 
geometric nuclear length,*~ we get the following values: 
fee $5.5 g/cm? in paraffin; Lays=2Le0n=91 g/cm? 
in paraffin. The density of the paraffin wax used was 
0.82 ; therefore 38 cm paraffin are equivalent to 
31 The expected absorption factor is thus 


e 


using 


(crest) = 2.95 


In 


assume an absorption twice 


g/cm 
g/cm 
t=().71 

The data given in Tables II and III are summarized 

in Tables V and VI. The probable errors have been 

computed from Table IV. The number of stars and hard 


rase IIT. Analysis of data for hard showers containing two or more particles obtained 


and on the roof, Uni 


Days before 
processing 


Days 
éapoud 


\ 
Without 
R 


With abso 
Without « 


th 
itt 


14 
14 


1 
3 


absorber 


absorber 


eT 
rocessing at the rate of 0.22/cm' da 


ifacture: Plates used ¢ 
m the observation otf 1 


n date of ma 


mputed fr 
? B. Rossi, Revs. Modern Phys. 20, 537 (1948 
G. ¢ and V. C. Tongiorgi, Phys. Rev. 75, 1058 (1949 
P and A. C. Jason, Cosmic Radiation (Interscience 
Cosmic Radiation (Interscience Publishers 
rkins, Nature 160, 707 (1947 
G. Cortini, Nature 163, 991 (1949) 


Pla 
>2 particle 


n crest 


shower 


cconl 
George 
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Analysis of data for stars of five or more prongs obtained on Sandia Crest (el. 10,700 ft) and on the 
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roof of Administration 
New Mexico (el. 5200 ft) 


Stars >5 prongs 
With Stars per cm 
corr. (a) per day with 
and (b) corr. (a) and (b) 


Cm? 
plate 
3.39 


2.95 


101.5 
97.8 


? 
? 


4 
40) 


1.50 
1.60 


19.7 
21.3 


s used on roof 


13 days 
in 24 cn 0.48 cr 


cm! itrol plates in 14 days 


showers per cm* day expected from the data with no 
paraffin and the expected absorption, are compared 
with the number actually obtained under 31 g/cm? of 
paraffin. We see from the tables that at 10,700 feet, for 
which we have better statistics than at the 5200-foot 
level, the transition effect exceeds the statistical error. 
We have, in fact, in the case of stars, the ratio 3.39/2.09 
= 1.62, with a probable error of +0.21. 

When the results of the experiment are compared 
with those of Perkins® and Cortini,’ it will be noted that 
the transition effects for stars at sea level and at 5200 
feet, although positive, are within the probable errors. 
The relatively large positive result obtained by Cortini 
under Pb at 3500 m for stars of less than 5 prongs, as 
compared with disappearance of this effect at sea level 
as obtained by Perkins, suggests the possibility that if 
Perkins’ experiment had been conducted above 10,000 
feet altitude the transition effect under paraffin would 
have been larger. Indeed, this is borne out by our own 
experiment, for at 10,700 feet the effect is three times as 
large as the probable error, when the effect due to ab- 
sorption is included. It would be interesting in a future 
experiment to obtain data above 10,000 feet for smaller 


amounts of paraffin absorber. 


on Sandia Crest 


versity of New Mexico 


Hard showers 

per cm’ day 

vith corr. (a) 
and (b) 


n 24< on 


Publishers, In¢ 


Inc New y TR 
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In the case of hard showers we have a transition 
effect at 10,700 feet equal to 1.65+-0.30 under paraffin. 

The indication of a transition effect under paraffin 
both for stars and hard showers suggests that the 
mechanisms for their formation is of a cascade rather 
than a multiple type, although a combination of the 
two processes is not excluded from consideration. Thus 
a transition effect can occur if some of the hard shower 
particles produce, in turn, hard showers. Such an effect 
is impossible if the energy of the primary is non- 
catastrophically absorbed in direct, successive, hard- 
shower-producing collisions. In the latter event we 
should clearly get a reduction in the number of stars 
and hard showers observed under absorber. 

After the data had been examined the possibility 
occurred to us that some 5 prong stars resulting from 
m~ meson capture might have contributed to the transi- 
tion effect in the case of stars. Of the 142 stars obtained 
on the crest under the absorber and the 149 stars with- 
out absorber, the numbers of 5 prong stars were 33 and 
23, respectively. Similarly, of the 40 stars on the roof 
under absorber and the 43 without absorber, the 
numbers of 5 prong stars were 15 and 9. To verify that 


Standard deviations for star and hard shower values 
listed in Tables II and ILI 


TABLE IV 


Showers 
per cm? 
per day 


Stars 
per cm? 


per day Showers 


Crest 


0.23 
0.21 


0.45 
0.42 


With absorber 7 
Without absorber 7 
Roof 


With absorber 
Without absorber 


0.20 
0.17 


0.52 


0.45 


the relative increase under the absorber was really 
attributable to 7~ stars would have entailed re-scanning 
all the plates. This task was rendered impossible in any 
case by the peeling of the emulsions in the dry New 
Mexico climate. However, if we subtract the 5 prong 
stars we get the results given in Table VII. From this 
table we see that the transition effect for stars under 
38-cm paraffin is no longer present at 5200 feet when we 
do not include the 5 prong stars, and is considerably 
reduced at 10,700 feet. This strengthens the assumption 
that the transition effect, as far as stars are concerned, 
can possibly be attributed to the local production of 
mesons which would preferably lead to the formation 
of additional small stars. 

If, as we have suggested, the transition effect under 
parafhin in the case of hard showers has its origin in a 
cascade process, the question arises as to how this is 
brought about. Do some of the hard shower particles 
give rise to further showers of w-mesons, protons or 
neutrons? At relativistic energies it would be difficult 
to distinguish between charged -mesons and protons 
while neutrons could not, of course, be observed. 
Recent experiments indicate, however, that about 80 
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Taste V. Assumed absorption and actual transition effect under 
paraffin for stars 25 prongs per cm? day. 


Number expected 
as a result of 
absorption alone 
without transi 
tion effect 


2.09+0.20 
0.86+0.21 


Actual observa 
tion under 31 


Without J 
g/cm? paraffin 


absorber 


Altitude 


3.39+0.30 


10,700 ft 
1.31+0.35 


5200 ft 


percent of the shower particles are x-mesons.* We must 
not exclude the possibility, however, that the com- 
position of the shower particles may be materially 
affected when the plates are under paraffin and the 
percentage of w-mesons increased as in the case of stars, 
although for hard showers the x-mesons would be fast. 
We occasionally saw in the plates a double star accom- 
panied by penetrating particles connected by an ionizing 
link which may have been a a-meson. Although an 
analysis was not undertaken, close pairs and close 
triplets also occurred with a frequency well above what 
might have been expected from a random distribution 
and some of these were conceivably connected by a 
non-ionizing link. It would be fair to say in general that 
a transition effect for hard showers under paraffin 
at 10,700 feet can possibly be attributed to fast x- 
mesons, neutrons, and protons produced in the absorber. 


SECOND EXPERIMENT 


The counter tube experiment was designed to measure 
the collision length in paraffin of the neutral radiation 
which produces hard showers. The counter tubes used 
were of the cosmic-ray type designed by Regener’; 
they were 2” in diameter and up to 36” long. 

The arrangement is illustrated in Fig. 1. Hard showers 
produced in the paraffin layer (b) were detected by an 
arrangement of crossed counter tubes in threefold 
coincidence (B,C;) and twofold coincidence (B2C2) 
respectively, as explained in Table VIII. The electronic 
circuits were designed to record only those events in 
which a threefold coincidence (B,C;) occurs simul- 
taneously with a twofold coincidence (B2C2). Such an 
event we call a fivefold coincidence (B,C,B2C2) and 
it is recorded in one or both of the two mechanical 
recorders in a manner shortly to be explained. By 
crossing the (B,C,) and (B2C.) arrangements, the solid 
angle subtended by the counter tubes is controlled on 
r'aBLe VI. Assumed absorption and actual transition effect under 


paraffin for hard showers 22 particles per cm’ day. 
Number expected 
as a result of 
absorption alone 
without transi- 
tion effect 


Actual observa 
tion under 31 
g/cm? paraffin 


Without 
titude absorber 
1.27+0.15 
0.27+0.13 


0.77+0.10 
0.16+0.08 


1.08+0.14 
0.22+0.11 


10,700 ft 
5200 ft 


8’ P. H. Fowler, Phil. Mag. 41, 169 (1950) 
*V. H. Regener, Rev. Sci. Instr. 18, 267 (1947 
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TaB_e VII. Data for stars > 6 prongs inchading assumed absorption and actual transition effect. 


Days before Cm? 
Drocessing plate 


Days 
exposed 


With 38-cm paraffin 
absorber 14 
Without absorber 14 
Roof 
With 38-cm 
absorber 


Without absorber 


107 
120 


paraffin 


Corrections 
(a) Delay 
b) Delay fr 


This correct 


before processing at rate of 1.05/cm! day. 
m n date of manufacture: see footnote to Table II 
mputed from the observation of 5 stars >6 prongs in 


all sides in such a way as to give complete coverage by 
layers of paraffin placed above A as shown in Fig. 1 

As explained in Table VIII most of the coincidence 
counter tubes in trays B, and C, participate in more 
than one threefold arrangement. Two twofold ar- 
rangements in the trays Bz and C2 serve to limit the 
solid angle subtended by the counter tubes in trays B, 
and C, in their axial direction. The fivefold coincidence 
method adopted here has the additional advantage of 
minimizing the possibility of chance coincidences. The 
radiation which gives rise to all coincidence counts must 
penetrate layer C of 10 cm of lead. This removes the 
possibility of a count produced by a cascade-type event 
of the soft component. 

The counter tubes in the battery A, which is suf- 
ficiently long and wide to cover the solid angle sub- 
tended at A by the fivefold arrangements (B,C,B.C2) 
are used for the purpose of detecting ionizing radiation 
which may have entered the block of paraffin (6) simul- 
with a “hard shower” fivefold coincidence 

B,C, B2C2) and for preventing such an event from being 
recorded in recorder (A) (see Fig. 2). Recorder (A) is 
thus driven by a fivefold coincidence but is not acti- 
vated when such a coincidence is accompanied by the 
arrival of a pulse from the counter tubes in the anti- 
coincidence battery A. Such an event will be called an 
anticoincidence (B,C,;BxC.—A) and may be ascribed 
to a hard shower produced in the paraffin (b) by a 
neutral primary. 

It would have been desirable, 
hard produced by both 


taneously 


to record 
and non- 


of course, 


showers ionizing 


Tas_e VIII. Selected arrangements for twofold and 
threefold coincidence circuits. 


View Selected coincidence (by counter tube number 


1 is in threefold colacidence with 1’ and 2’ 

2 is in threefold coincidence 1’ and 2’ and with 2’ and 3’ 

threefold coincidence with 3’ and 4’ and with 4’ 
and 5’ 

4 is in threefold coincidence with 4’ and 5’ 

5 and 6 (in parallel) are in twofold coincidence with 6’, 
7’ and 8’ (in parallel) 

7 and 8 (in parallel) are in twofold coincidence with 9’, 
10’ and 11’ (in in penal) 


Front 


3 is in 


Number expected 
from absorption 
effect alone 


With 
Total corr. (a 
stars and (b 


Per cm! 
per day 


69.7 
87.9 


109 
126 


m? control plates in 14 day 125/168 per cm* per day 

ionizing primaries but we would then have had to cope 
with the problem of a high background due to extensive 
air showers from the soft cosmic-ray component which 
are incident from all directions and which would thus 
nearly always have hit counter tubes This is in- 
herent in the procedure adopted in this experiment, 
which follows the experiment of Rossi and Regener on 
the production of mesons by penetrating non-ionizing 
rays.” 

We wish to measure the collision length of the non- 
ionizing radiation which produces hard showers in the 
block of paraffin (6); as explained above, the presence 
of these showers is revealed by the registration of anti- 
coincidence counts (B\C,B:,C,—A). If we place an 
additional layer of paraffin (@) above the anticoin- 
cidence trays A, a neutral primary which might other- 
wise have produced a hard shower in (0) now has the 
possibility of producing “prematurely” a hard shower 
in (a). As a consequence, the anticoincidence count 
(B,C BC 2—A) should decrease exponentially with the 
thickness of (a). This assumes that none of the showers 
produced (a) suffers complete absorption in (a), 
which seems a reasonable assumption. 

A preliminary check on the correct design of the 
experimental details was made by placing the bank of 
counter (Bo) If everything was in 


tubes above A. 


Fic. 1. Block diagram for counter tube circuit. 


‘0B. Rossi and V. H. Regener, Phys. Rev. 58, 837 (1940). 
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Fic. 2. Counter tube arrangement 


working order we should then have expected to obtain 
fivefold counts (B,B:C;C.2) but not anticoincidence 
counts (B,B:C,;C,—A) since, in the latter case, a 
charged particle would have to pass from (Bz) to (B,) 
without discharging the intercepting anticoincidence 
counter bank A. The only way in which counter tubes 
in (B,) and (Bz) would be fired without affecting A 
would be in the event of a side shower, but even in that 
case it would still be very unlikely for an anticoin- 
cidence counts (B,B2C;C2 A) to be registered. From the 
results of this preliminary experiment (see Table IX) 
it is apparent that few if any such side showers occurred. 
The counts recorded for different arrangements in the 
experiment proper are summarized in Table X. 

As a basis for our calculations we first assume a back- 
ground obtained by removing the paraffin layer (6) 
from below the anticoincidence trays A and placing 
the paraffin layer (a) of 42-cm paraffin above A. This 
gives us arrangement C of Table X. We then have the 


counting rates 
Io=A—C=24.5+1.2 (crest), 5.26+0.58 (roof). 
I= D—C=13.8+1.1 (crest), 3.310.69 (roof). 


From these values we obtain L.ou=(61+6) g/cm? in 
paraffin. In an analogous manner, we calculate Zoi; in 
paraffin for the counts on the roof to be (7519) g/cm”. 
From the ratio A minus C counts for the roof and crest 
data we get the absorption length in air of the neutral 
component which produces hard showers. The results 
are summarized in Table XI where, for comparison, we 
have also included the results from the nuclear plate 
experiment. 

It might be argued that in order to obtain the ab- 
sorption length we should compare the ratios of A 
minus B or D minus C counts at two altitudes, in order 
that the amount of absorber above the counter tubes 
A be the same. We have done this and get Lay.(A — B) 
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IX. Data for preliminary experiment 
absence of side showers 


to test for 


1743 581 

and 3° with 4° (see Table VIII 
91+18) g/cm?*; Lans(D—C)= (112412 

results are sufficiently close to the value (104-46) g/cm? 


g/cm?. These 


as not to affect our discussion. 

The value of (61+6) g/cm? for the collision length in 
is equivalent to (61+6)(14.4/7.2)'=(77+8) 
We thus have for hard showers 


paraffin 

g/cm* in air 
| Re f in air= (104+6)/(77+8)=1.35+0.16. 
Chere is one important feature in our experiment 

which is also present in the Rossi and Regener experi 


Summary of counts for different arrangements of 
he + values are the standard deviations. The sub 
superscripts in the first column of the table refer to 

cm of paraffin below (in layer 6 
ce trays (in layer a), respectively 


and above the 


Anticoincidence counts/hr 
Root Crest 


16.80+0.37 
13.6+1.6 
11.54+0.57 


14.85+0.39 


6.3+1.0 

7+1.1 

79+0.68 

.56+0.89 

72+0.86 213.643.0 


wwnr rs 


-_~oe s 


ment In their investigation of the production of 


mesons by penetrating neutral radiation, increasing 
thicknesses of lead placed above their anticoincidence 
layers A, corresponding to our arrangements D and EF 
of Table X, resulted in an asymptotic background which 
y 1} times the background counts obtained 


was roughl; 
in the absence of the detecting layer corresponding to 
our arrangement C. In a review article by Rossi,’ a col- 
lision length value in lead based on the asymptotic 


background gave a result which is much smaller than a 


rasBLe XI. Summary of results 


Result and 
probable error 


gth in paraffin in g/cm? of neutral 
roducing component as obtained 
the counter tube experiment (a) at 5200 


at 10,700 ft on basis of (4 C) counts 


pt length in air in g/cm? of neutral 

roducing component as obtained 
yunter tube experiment on basis of 
nit 


ength in air in g/cm? of total con 
roducing (a) hard showers (b 
ed from the altitude dependence of 


Star 


ear experiment 
¢ 
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collision length value based on the geometric cross 

the lead Had the calculation been 
the lower background value the result would 
have been more reasonable. We cite this as an argument 


section of nuclei. 


based on 
in favor of adopting arrangement C for our background 
This stil 
backgrounds as well as the size of these backgrounds 


leaves unexplained, however, the differing 


such problems were incidental to the purpose of Rossi's 
experiment 

In the first place, we would have expected the addi 
tional layer of paraffin (a) in arrangement & to have 
given lower anticoincidence counts than those actually 


obtained. Even allowing for poor geometry to give us 


XII. Values rey 
bsorption length of hard-shower-producing 


PABLE yorted by different observers tor collisiot 
length anda 


for various absorbers 


*300 
*310 
100-15 
100-410 
"200 
135415 
*1404 20 
*120 
100-45 
Si-+S5 

50-3250 

0--9000 


effectively about 60 cm of paraffin in layer (a) instead 


of 72 cm (compare Fig. 1), the counts obtained are 
still too close to the number registered in arrangement 
D where there are only 42 cm of paraffin in (a). As in 
the Rossi experiment it seems that the piling up of 
absorber above (a) does not succeed in eliminating the 
hard-shower-producing effects of the penetrating neutral 
radiation. This raises the question as to whether we have 
disregarded a mechanism which would artificially 
increase the collision length of the neutral hard-shower 
producing radiation as the paraffin thickness (a) is 
increased. A possible explanation is that a fast proton 
may produce a star in (a) which is accompanied by one 
two hard neutral particles. One of these neutral par 
ticles could then proceed without being detected in A 


The likelihood of 


such an event would be expected to increase with (a) 


and produce a hard shower in (6). 


for the thicknesses used 
The difference between the counts in the B and C 
as the 
a mystery in view of the known 


howers (see ‘Table LX) 


introduced are 


arrangements as well size of the background 


remain somewhat of 
absence of side The systematic 
errors thereby possibly much greater 
than the statistical errors as far as the collision length 
results are concerned 

com 


It is nece sary to proceed with great care in 


paring our results with those previously reported, A 
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lack of correspondence can often be attributed to the 1.4 to 2.0 and increases with the atomic number of the 
loose manner in which the term “mean free path” is absorber. 
employed, and the disposition of the apparatus is often The existence of a cascade type of hard shower is 
such that a distinction between collision length and shown by the transition effect in our nuclear plate 
absorption length is hard to make. Results obtained by experiment which also eliminated the possibility of a 
other workers are recorded in Table XII."'~'7 In general pure multiple process. The question as to whether this 
it may be stated that the ratio Lay.s/Leou varies from is a pure cascade process or whether it is mixed with a 
>) lala P i multiple process cannot be decided at present. 
2 Walker, Walker’ end Gressen, Phys. Rev. 80, $46 (1950) The experiments were the subject-of a. PhD. thems 
8 J. H. Tinlot, Phys. Rev. 74, 1197 (1948). under the expert guidance of V. H. Regener. I wish 
«J. H. Tinlot and B. P. Gregory, Phys. Rev. 75, 519 (1949 also to express my appreciation to Dr. Darol Froman, 
et Genet hd 8% ~ ph any Assistant Director of Los Alamos Laboratories, for 
17 R. H. Rediker and H. S. Bridge, Phys. Rev. 79, 206 (1950 the kindness and encouragement he bestowed on me. 
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The Penetration of Particles Associated with Cosmic-Ray Stars. II*} 


J. A. Norturopt 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received June 22, 1951) 


A second series of measurements has been made at Climax, Colorado (elevation 3510 meters), of the 
particles associated with nuclear explosions, or stars, in a thin-walled ionization chamber. The associated 
particles were detected by observing coincidences between the ion chamber and appropriately placed trays 
of Geiger counters. The experiment was planned in such a way as to distinguish between those particles 
which are products of nuclear disintegrations which emerge from the ion chamber and those particles which 
are incident in the atmosphere in association with the particles producing the stars. Absorption measure 
ments were made of both the low energy and penetrating product particles. There was no conclusive evi- 
dence indicating the presence of electrons or photons among the disintegration products. The absorption 
mean free path in lead was not exponential but increased to 190+40 g/cm? at the maximum of eight inches 
of lead. Absorption measurements of the associated particles which are not disintegration products of the 
stars indicate that they are parts of local penetrating showers having mean free paths greater than 500 
g/cm*. Absorber placed over the ion chamber produced bursts of electrons in the chamber whose number 
greatly exceeded that of extensive air showers. These bursts have been tentatively identified with narrow 


air showers 


I. INTRODUCTION percent of the cases of bursts in the chamber produced 
by stars were there at least two associated particles 
striking the counter tray directly beneath the chamber, 
and in only 0.02 percent of the cases were the particles 
capable of penetrating 8 inches of lead. 

Because the rate of occurrence of star bursts in the 
chamber having associated particles was so low, the 
absorption curves obtained were not very accurate 
However, absorption measurements showed the pres- 


RELIMINARY measurements of the particles as- 

sociated with cosmic-ray stars, or nuclear dis- 
integrations, taking place in a thin-walled ionization 
chamber at 3510 meters altitude have been reported 
previously.! Although cloud-chamber photographs? 
show stars being produced along with many penetrating 
particles and electron showers, the counter arrays used 
to trigger the chamber select high energy events. It is 
to be assumed that low energy nuclear events would be File: Sei React 
much more common. The initial measurements, in ae AX ; SS 
which trays of Geiger counters were operated in co- { ' SO KN's 
incidence with an ionization chamber, indicated that = = : pam... BO 
this was, indeed, the case. It was found that in only 2 f i 
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Predoctoral Fellowship from Yale University. 

1 Montgomery, Montgomery, and Northrop, Phys. Rev. 79, Fic. 1. Scale diagram of apparatus. The ionization chamber is 
293 (1950). I and A, B, C, and S represent the active areas of trays of counters 

2W. B. Fretter, Phys. Rev. 76, 511 (1949); M. B. Gottlieb, The S counters and the lead above and between them and the 
Phys. Rev. 82, 349 (1951). chamber are not shown in the side view 
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ence of both a penetrating component and, possibly, a 
soft electron component of these associated particles. 
There was also evidence that some of these particles 
were disintegration products of the stars with enough 
energy to escape through the walls of the ion chamber, 
while others were incident in the atmosphere with the 
star-producing radiation. The present paper reports 
an extension of these measurements, using a similar 
geometrical arrangement of ion chamber, counters, and 
absorber, but modified in several ways to improve the 
rates of occurrence of coincidences between the chamber 
and the counter trays. 


Il. ARRANGEMENT OF APPARATUS 


Figure 1 is a scale diagram of the apparatus. Stars 
were produced and detected in the brass ionization 
chamber, designated by J in the following sections. It 
was a 14-inch cylinder with a 4-inch diameter and a 
30-mil wall, and was filled with commercial tank argon*® 
to 140 lb/in.? gauge pressure, or 10.2 atmospheres 
absolute at Climax altitude. The }-inch diameter brass 
center electrode was supported at the ends by Kovar- 
glass seals (Stupakoff Ceramic and Manufacturing Com- 
pany parts 95.2013 and 95.2042) using the guard ring 
system described by Tongiorgi.‘ Satisfactory operation 
using electron collection was obtained with 1800 volts 
collection potential on the center electrode, which was 
adequate to produce saturation of the pulses from an 
artificial polonium-alpha source near the grounded 
outer cylinder. Potential changes induced on the center 
electrode by bursts of ionization in the gas of the 
chamber were amplified first by a preamplifier (similar 
to the Los Alamos Model 500) attached directly to the 
chamber and then by a linear amplifier similar to the 
Atomic Instrument Company Model 204-B. With the 
amplifier set on 0.8 microsecond rise time, the rise time 
of the pulses was observed to be seven microseconds, 
which is a characteristic of the electron collection time 
in the chamber. The amplifier was followed by a four- 
channel amplitude discriminator of the conventional 
Schmitt trigger circuit type, each channel accepting all 
bursts in the chamber greater than a given size. The one 
selected the smallest bursts provided a master pulse 
used in coincidence with the various counters. 

The arrangement of the counter trays was intended to 
follow as closely as possible that of the original appara- 
tus, with several additions. A tray of six counters A, 
each 16 inches long and one inch in diameter, was 
placed 2? inches above the chamber axis. Lead up to 
four inches in thickness could be placed on top of these 
counters. Tray B, placed 3.3 inches below the chamber 
axis, contained 5 counters identical with those in tray 
A. Small thicknesses of absorber (up to 1 inch of lead 
or 14 inch of iron), could be inserted between the 

> Supplied by the Matheson Company. A purified type from 
the Cleveland Wire Works of the General Electric Company 
was also tested. The slightly smaller saturation voltage of this 


highly purified gas did not seem to warrant its added cost 
‘Vanna Tongiorgi, Phys. Rev. 75, 1532 (1949). 


chamber and the B counters. Another tray of 5 counters 
C, each 40 inches long, two inches in diameter, and 
separated from each other by } inch, was placed 14.8 
inches below the chamber axis. Lead blocks up to a 
thickness of 8 inches and supported on a }-inch iron 
plate could be placed between the B and C trays. Side 
shielding for the C counters was provided as shown in 
the diagram. The designation “zero inches C lead” in 
the data means that only the iron plate above and the 
lead blocks to the side were present. During some of the 
measurements an additional set of counters, S, were 
present, level with the axis of J and always shielded 
from it by 4 inches of lead. Each of these 10 counters 
was 3.2 cm in diameter and had an active area of 60 
cm’. Lead up to 8 inches in thickness could be placed 
above each of the two S trays. Finally, there were 4 
shower counters D, each 2 inches in diameter and 40 
inches long, arranged at the corners of a rectangle 
46 inches by 67 inches and centered approximately 
30 inches to the side of the ionization chamber. 

Direct calibration of the sizes of bursts produced in 
the chamber was obtained by a Po—a source on the 
end of an iron rod which could be slid into or out of the 
active area of the chamber by a magnet. Calibration 
was checked every 12 hours. The discriminators were 
set at various levels between } and 8 Po—a burst size 
during the different runs. However, the data obtained 
were so nearly the same for all energy ranges that they 
have been consolidated into three groups in the data 
tables. On the assumption that a shower ray produces 
80 ion pairs per cm in argon at atmospheric pressure,® 
one finds that a 5.3-Mev burst, equivalent toa Po—a 
particle, is produced by 32.6 electrons passing through 
the chamber. Bursts of }Po—a size or larger produced 
in the chamber under large thicknesses of absorber at 
sea level are almost entirely due to radioactive con- 
tamination of the chamber walls. The burst rates at 
mountain altitude have been corrected for this con- 
tamination. 

Coincidences between the master pulse from the ion- 
chamber discriminator and the individual counters of 
the A, B, C and S trays were recorded on an Esterline- 
Angus 20-pen Operations Recorder. To reduce the acci- 
dental coincidence rate each counter was followed by 
an amplifier, an RC differentiation circuit, and a uni- 
vibrator adjusted to give 15-microsecond gates. This 
short resolving time made the accidental coincidence 
rate negligible compared to the observed true rate. 
The univibrators were followed by diode coincidence 
circuits recording twofold coincidences between the 
chamber and individual counters, and finally by the 
driver circuit for the pen recorder. Pulses from the four 
shower counters, D, were added in a circuit which gave 
an output signal only when there were at least three 
simultaneous counter discharges. This signal was put 
in coincidence with the master pulse from the chamber. 

5C. G. Montgomery and D. D. Montgomery, Phys. Rev. 76, 
1482 (1949 
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Of the 20 pens available on the chart recorder, 16 re- 
corded coincidences between the individual counters in 
A, B, and C trays and the master. Another pen re- 
corded coincidences between the shower pulse and the 
master. The remaining three were for the three highest 
settings of the four-channel discriminator on the ion 
chamber. The rates of all four discriminators were ob- 
tained independently of the chart on mechanical re- 
corders. The bursts of smallest size in the chamber un- 
accompanied by a counter discharge were not recorded 
on the chart. Counters S symmetrically placed on each 
side of the chamber were connected in parallel to make 
five pairs. When these counters were in operation, they 
utilized the circuits and recorder pens of either the A 
or C trays. Thus only three of the four trays A, B, C 
and S could be operated at the same time. 


III. OBSERVATIONS WITH THE B COUNTERS 


The bursts in ion chambers at mountain altitude 
have been analyzed by several observers.*:* Bursts of 
size greater than that corresponding to about }Po—a 
in the present chamber are found to be produced by 
three things: (1) radioactive contamination in the walls 
and the gas of the chamber, (2) nuclear disintegrations 
in the walls or the gas, and (3) extensive air showers. 
Corrections were made for the contamination as de- 
scribed previously. Extensive air showers were identified 
by a coincidence between the D counters and the 
chamber. It was thus possible to identify star bursts. 
The 20-pen recorder allowed observation of coin- 
cidences 7B between the ion chamber 7 and individual 
B counters, as well as threefold coincidences 7BD in 
which there was a simultaneous discharge of the shower 
counters D. Events /B—J BD were separated first into 
four groups according to the energy range of the burst 
in J and second by the number (between one and five) 
of B counters which were simultaneously discharged. 
Shower-accompanied events /D were separated only by 
energy ranges. 7B was defined as the number of events 
in J having one or more B counters discharged. Pre- 
liminary analysis of the data was made using other 
criteria for an 7B coincidence, such as requiring at 
least two counters to be discharged or by considering 
the total number of counters discharged in coincidence 
with J rather than the number of events. However, the 
absorption curves obtained by these various methods 
did not differ significantly, so the original definition was 
finally used. The fraction of the stars accompanied by 
the discharge of one or more B counters, ({B—JBD)/ 
(I—ID—a), is the quantity calculated. This corre- 
sponds closely to the quantity AB—ABD/A observed 
in the preliminary experiment.' The numerator is the 
number of coincidences between the chamber and the 
B counters corrected for extensive air showers. The 
denominator is the number of bursts caused by stars, 
which is the total number of bursts corrected for ex- 
tensive showers and alpha-particle contamination. 


~ 6 Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 1083 (1948) 
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TABLE I. Rates of occurrence of coincidences of the ion 
chamber J with the counter tray B. 








Absorber 
thickness o” - 
over B 
Burst 
size 


4 ~ (a) (B=IBD)/(I-ID—a) Lead absorber _ 
0.110 0.098 0.094 0.081 0.071 
+0.003 +0.004 +0.003 +0.002 +0.002 


4-lha 


0.185 0.178 0.158 0.137 
+0.016 +0.008 +0.008 +0.008 


0.220 
+0.010 


> Ilha 


0.137 0.134 0.095 0.099 0.083 
+0.016 +0.016 +0.018 +0.014 +0.012 

(b) (2B —IBD)/(1 —I1D —a) 
0.058 0.047 
+0.004 +0.003 


>3a 


Iron absorber 
0.054 0.041 
+0.004 +0.003 


0.036 
+0.003 


k-lha 


0.121 
+0.012 


0.223 
+0.019 
(1B —IBD) 


0.161 0.171 
+0.015 +0.017 
—(I1BS —IBDS) 
(c) — T-IS-ID+IDS—a Lead absorber 
0.197 0.219 0.181 0.174 0.151 
+0.006 +0.007 +0.006 +0.006 +0.005 


0.090 
+0.010 


> Ilha 


k-lha 


0.184 
+0.015 


0.254 
+0.014 


0.230 
+0.017 


0.215 
+0.015 


0.193 
+0.015 


> lha 


0.159 
+0.023 


0.253 0.239 0.198 
+0.030 +0.030 +0.027 


>3a 


Absorption runs were made using lead up to one inch 
and iron up to 1} inches between the chamber and the B 
counters. The S counters and the shielding lead between 
them and the ion chamber were not present. The data 
for all the thicknesses of lead over the C counters have 
been combined. No systematic variation of JB rate 
with C lead was observed, indicating that there was a 
negligible number of particles produced in this lead 
traveling upward into the B tray. Tables I(a) and I(b) 
are the summary of these data in one differential and 
two integral energy ranges. The statistical errors shown 
are the standard deviations of the total number of 
coincidences at each point. Figure 2 shows a plot of the 
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II. Rates of occurrence of coincidences of the ior 
chamber J with the C counters 


BC —IBCD)/(IB—IBD) Lead absorbe 
0.31 0.20 
+0.01 +0.01 


0.125 
+0.010 


0.59 


+0.03 


0.36 0.23 0.120 
+0).02 +0.019 


0.54 
04 $0.03 


0.31 
£0.08 


0.39 
+0.08 


0.56 0.40 
+-0).07 +0.07 
IBCDS 
IBDSs 
0.300 
+0.012 


IBCD IBCS 


B—IBD IBS 


Lead absorb 


0.097 
+0.008 


0.181 
+0.010 


0.562 
+(0).022 


0.15 
+ 0.02 


0.23 


0.49 0.36 
5 +0.03 


05 +-0.04 


().2? 


+£0.05 


0.15 
t0.05 


50 0.36 


+-0.09 +007 


data of Table I(a). The ordinate is the fraction of stars 
in the chamber having at least one particle capable of 
penetrating the corresponding thickness of lead over the 
B counters. There seems to be little evidence for the 
presence of electrons, either accompanying the star 
producing radiation or which are themselves products 
of such nuclear disintegrations. There is a range of 
densities over which there is a reasonable probability 
of such electrons’ striking the B counters and missing 
the D counters, although an accompanying nuclear 
disintegration would be required to produce the large 
chamber. These results are at variance 
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with many cloud-chamber pictures, a recent example 
being that of Hartzler,’? in which electrons are fre- 
quently observed with penetrating showers and nuclear 


disintegrations. Counter experiments on penetrating 
showers® have also indicated the presence of electrons. 

It was not possible from these measurements to know 
whether the particles observed by the B tray are 
products of nuclear disintegrations in the ion chamber 
or whether they arrived accompanying the star-pro- 
ducing radiation. The S counters were added in an 
attempt to clarify this problem. Nuclear emulsion 
data indicate that the penetrating component of nuclear 
disintegrations is usually collimated about the direction 
of the incident particle, while the low energy evapora- 
tion particles are nearly isotropically distributed. Thus, 
since the star-producing radiation is predominantly in 
the vertical direction, any penetrating products should 
also continue nearly vertically, with only low energy 
particles being projected at right angles. The 116 g/cm? 
in the four inches of shielding lead between the ion 
chamber and the S counters is sufficient to stop 320- 
Mev protons. Thus there should be no product particles 
of the star capable of reaching the S counters. The 
data for these absorption measurements with lead over 
the B tray are listed in Table I(c). Any burst in the 
chamber in which there was a coincident discharge of 
any of the S counters was rejected. The quantity (7B 

I BD—IBS+IBDS)/(I—ITS—ID+IDS—a) is the 
fraction of the stars not accompanied by a particle 
through the S tray which have at least one particle 
capable of penetrating the lead over the B tray. About 
ten percent of the (‘B—JBD) events were rejected 
because of a coincident discharge of the S tray. This 
number was much smaller than expected. Although only 
short runs were made with this arrangement, the re- 
jection of such a small number of events would not be 
expected to change the shape of the absorption curve 
noticeably. Note that the rates in Table I(c) are 
slightly higher, even after correcting for S events, than 
those in Table I(a). This is probably due to disintegra- 
tions taking place in the lead between S and J which 
produce heavily ionizing particles passing through the 
chamber and others striking the B counters. 


IV. OBSERVATIONS WITH THE C COUNTERS 


The penetrating particles of stars produced in the 
ion chamber were detected by the counters of the C 
tray, over which lead bricks up to a total thickness of 
eight inches could be placed. The data are analyzed in 
much the same way as those of the B tray. The co- 
incidence 7 BC is defined as the simultaneous discharge 
of the ion chamber and at least one counter each in the 
B and C trays, while 7BCD includes the discharge of at 
least three of the four shower counters. Because of the 
low rates obtained, it was necessary to average each 


point on the C absorption curve over all the small 


1951 
Rev. 80, 535 


\. J. Hartzler, Phys. Rev. 82, 359 


8 Greisen, Walker, and Walker, Phys 1950). 
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III(a). Rates of occurrence of coincidences between 
the ion chamber and the S counters 


TABLE 


(IS —1SD)/(I-ID—a 


Lead absorber 
Absorber 
thickness 0” fr ” 1” ad y” 8 


‘ 
Bursts 0.024 0.027 0.019 0.021 0.025 0.020 0.021 
}—Iha +0.001 +-0.004 +0.003 +0.002 +0.003 +0.002 +0.002 


Bursts 0.029 0.021 0.026 0.029 0.031 0.029 0.016 
>I ha +0.003 +0.007 +0.008 +0.006 +0.007 + 0.006 +0.005 


thicknesses of B lead. The effect of the B lead is mini- 
mized by calculating the quantity (JBC—JBCD) 

(1B—IBD), the fraction of the stars in the chamber 
having at least one particle striking the B tray and at 
least one able to penetrate the lead over the C tray. 
This corresponds to the quantity (ABC—ABCD)/AB 
observed in the preliminary experiment. Table II(a) 
gives the data obtained by adding lead over the C 
counters and Fig. 3 is the semilogarithmic plot of the 
data in the three energy ranges. At least four runs were 
made at each point and were self-consistent. The sta- 
tistical errors are the standard deviations of the total 
data for each point. 

Table II(b) lists the data obtained from runs made 
after the addition of the S counters and the shielding 
lead between them and the chamber. The rejection of 
all coincidences in which an S counter was discharged 
should eliminate any contribution from particles not 
actually disintegration products of the star. The data 
listed represent the quantity (JBC—IBCD—IBCS 
+IBCDS)/(IB—IBD—IBS+IBDS). Elimination of 
the S-accompanied events changes the data only 
slightly. 

If one assumes that the particles of this penetrating 
component undergo catastrophic collisions in the lead 
over the C counters, the absorption mean free path 
may be obtained from the above data. The data of 
Table II(a) in the 3-1}a@ energy range correspond to a 
mean free path of 91+10 g/cm? at small thicknesses of 
lead and 250+80 g/cm’ at the maximum thickness. 
The corresponding values for Table II(b) are 92+11 
g/cm* and 190+40 g/cm’, respectively. The curves on 
a semilogarithmic plot for the intermediate energy 
range, > 14a, are linear within the statistical errors and 
correspond to mean free paths of 154+20 g/cm? and 
191+40 g/cm’ for II(a) and II(b), respectively. The 
data are so few for the highest energy range that any 
such calculations would be meaningless. It should be 
noted that the average number of penetrating particles 
per star is approximately the same in all three energy 
ranges. It must be concluded that large bursts in the 
chamber do not necessarily correspond to high energy 
nuclear events since these latter would be expected to 
have larger numbers of penetrating particles. 


V. ABSORPTION OF THE ASSOCIATED PARTICLES 


It was mentioned previously that approximately 
ten percent of the stars in the chamber having B 
counters discharged also had at least one S counter 
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Fase III(b) 
with the ion chamber as a function of distance between 
counter. and chamber axis 


Number of S counter discharges in coincidence 
the 


Lateral distance between 
S counter and chamber 74" 


411 


8” Oy” 
382 


104 
Counts 281 225 
discharged. Absorption measurements were made of 
these ‘‘accompanying”’ particles using lead on top of 
the two S§ trays. Table III(a) is a summary of the re 
sults. The errors are, again, standard deviations. The 
quantity calculated is (JS—ISD)/(I—ID—a), which 
is the fraction of the stars in the chamber having at 
least one associated particle which strikes the S counters 
as a function of the thickness of lead directly above the 
two S trays. The shielding lead between the chamber 
and the S counters was present at all times in these 
runs. 

Although the small number of events makes the 
accuracy of the points very poor, especially in the higher 
energy range, we still have some idea of the absorption 
characteristics. There is no significant indication of 
absorption or production at small thicknesses, eliminat- 
ing the possibility that any appreciable fraction of these 
particles are electrons or low energy protons or mesons. 
There is hardly a statistically significant decrease in 
rate even up to the maximum of eight inches of lead. 
The lower limit for the mean free path for absorption 
in both energy ranges is 500 g/cm’. This result might 
well be misleading for either of two reasons. In the 
first place, the above conclusion that the particles are 
very little absorbed would suggest that perhaps these 
bursts in the chamber are produced by particles arriving 
in nearly the horizontal direction, striking the S tray, 
and producing a burst in the chamber. Particles moving 
in such a direction would have to discharge several 
counters in the § tray. The number of events in which 
1,---5 pairs of counters in the S tray were discharged 
were 909, 331, 144, 90, 80, respectively. There is thus 
no indication of a predominant number of particles 
arriving in a horizontal plane and thus missing the S 
lead. 

There is a second, more probable, interpretation of 
such a very long mean free path. Showers of penetrating 
particles, produced by the “N-component”’ of cosmi 
rays, have been measured by many observers.*:? They 
are thought to be mostly nucleons and mesons formed 
in some sort of a nuclear cascade process. Care must 
be taken in designing an experiment to measure the 
absorption of these particles since there is simultaneous 
production of particles along with the absorption. Such 
processes can give data indicating very long mean free 
paths.’ The very high penetration of the particles 
triggering the S counters in the present experiment 


indicates that some such nuclear cascade process is 


»J. Ise, Jr., and W. B. Fretter, Phys 76, 933 
K. Site, Phys. Rev. 78, 714 (1950 


°Q. Piccioni, Phys. Rev. 77, 6 (1950) 
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Transition effect obtained with lead over the A-tray. 


TABLE IV 





Absorber 
thickness - i g” 2 4” 
Burst 

size 


'SU-Lntib—)  . 
0.226 0.336 0.363 
+0.009 +0.010 +0.010 


0.299 
+0.009 


0.209 


lha 0.167 
+0.011 


+0.008 


0.321 
+0.033 


0.432 
+0.026 


0.307 0.363 0.524 
+0.028 +0.028 +0.030 
b) (1B—IBD)/(I —1D—a) 
0.119 0.230 0.253 
+0.006 +0.008 +0.008 


0.256 


+0).026 


0.120 
+0.008 


0.193 
+0.007 


0.053 
+0.004 


0.294 
+0,.032 


0.231 0.393 0.498 0.375 

+0.024 +0.032 +0.029 +0.024 
Average number of counters per event in A-tray 
1,24 1.96 2.61 2.83 2.64 
+0.02 $0.05 +0.05 +0.04 +0.05 


0.199 


+0.022 


2.30 
+0.08 


1.92 3.28 4.02 3.26 3.23 
+0.08 +014 +011 2014 +021 
mber bursts per hour corrected for contamination 
298 418 382 306 236 
+12 +14 +13 +12 +11 


1.43 


81 116 12: 101 80 
+7 +7 +6 


45 41 


= 
56 62 
— +4 


+4 
30 35 23 
+3 +3 +3 


taking place. One of the particles of such a shower 
could cause a burst in the ion chamber. The grouping 
of the ten S$ counters into five pairs makes it possible 
to obtain decoherence data for the accompanying 
particles that give an idea of their lateral spread. The 
number of times given pairs of S counters were dis- 
charged is listed in Table III(b). 


VI. OBSERVATIONS WITH LEAD OVER THE A TRAY 


Earlier work by the Montgomerys’ indicated that a 
{-inch lead shield placed on top of an ion chamber pro- 
duced multiplication of the electrons in extensive air 
showers by the factor 1.7. The star rate, after correc- 
tion for extensive showers, was hardly increased beyond 
the error of measurement. It was thought feasible to 
make absorption measurement using, above the cham- 
ber, a tray of counters covered with small thicknesses 
of lead. Discharges of these A counters in coincidence 
with the chamber would be caused either by the in- 
cident primary particle which produces the star or some 
other particle accompanying it, or by a disintegration 
product of the star being projected in the backwards 
direction. Neither high energy ionizing particles nor 
neutral particles would be absorbed in a measurable 
amount in the small thicknesses of lead originally in- 
tended to be used above the A counters. In the pre- 
liminary experiment,! the B-tray data indicated the 
possible presence of electrons accompanying the in- 
cident particle producing the star. If such electrons 


exist, the lead should produce a transition effect in the 
A and B counter trays. A very large transition effect 
of this kind was observed. The measured quantity for 
the A tray is ([A—JAD)/(I—ID—a), the fraction of 
the bursts in the chamber accompanied by the dis- 
charge of at least one counter in the A tray, after cor- 
rection for extensive air showers. The same effect is 
found in the B tray, where the quantity (/B—JBD) 
(I—ID—a) as a function of lead over the A tray is 
measured. The data for these runs are listed in Tables 
IV(a) and IV(b). The data charts were also analyzed 
in such a way as to know the number of counters dis- 
charged in each tray in each chamber event, so that 
the average number of counters per coincidence event 
could be calculated. The transition effect in this quan- 
tity for the A tray is shown by the data in Table IV(c). 
Much the same data are obtained from the B tray and 
are not listed. 

The very large transition with a maximum at about 
one inch of lead indicates that the particles discharging 
the counters are electrons. Observations were also made 
when the S counters were present. The curves are quite 
similar to those obtained without the S counters and 
shielding lead, both before and after correcting the 
data for those events in which at least one S counter 
was triggered. These electrons cannot be coming from 
the star since the A lead is on the opposite side of the 
A tray from the chamber. A second alternative, that 
the electrons accompany a particle producing the burst 
in the chamber, is not possible since an equivalent 
transition effect in the B tray would be observed with 
the addition of B lead. If the particles had a lateral 
distribution of at least a foot, the same transition should 
have been observed for lead placed over the S trays. 
It was concluded that this large number of coincidences 
came from additional bursts in the chamber caused by 
electron cascades produced in the lead above. 

To test this hypothesis careful measurements were 
made during short runs to obtain the variation in 
chamber burst rate alone as a function of lead thickness 
above. The results are listed in Table IV(d) giving the 
rate per hour of occurrence of bursts greater than a 
given size. Integral corrections for radioactive con- 
tamination of 125 bursts per hour at one-half alpha size 
and 30 per hour at one alpha size have been applied. 
There is a marked transition effect in all burst ranges. 
Approximately 16 electrons, traveling an average path 
length of 37D through the chamber in the vertical 
direction, would be necessary to produce a burst one- 
half the size of an alpha-particle. It is instructive to 
make some approximate calculations on the rates of 
occurrence of low density extensive air showers. The 
maximum of the chamber transition curve for the 
smallest energy range is estimated to be at 2 inch of 
lead, equivalent to 3.1 radiation lengths. Curves given 


by Montgomery" may be used to estimate the multi- 


uD). J. X. Montgomery, Cosmic Ray Physics (Princeton Uni 
versity Press, Princeton, 1949), p. 71. 





ISOTROPY 


plication factor. Assuming that the average energy of 
an electron incident on top of the lead is 100 Mev, the 
critical energy for air, and that all electrons under the 
lead having energies greater than 1 Mev will pass 
through the chamber wall and be detected, then the 
curves show that the peak multiplication factor at that 
point is seven. Thus, on the average, 2.3 air-shower 
electrons incident on top of the A lead in an area equal 
to that of the ion chamber will produce a burst of 16 
electrons in the chamber. Since the area of the chamber 
is 356 cm’, showers of density greater than 65 electrons 
per square meter will be detected. Cocconi” has found 
the number of showers per second with densities greater 
than D electrons per square meter at Echo Lake to be 
1.68D~'4®, This rate will be increased by the factor 
1.25 at Climax because of the difference in altitude. 
This gives 17 showers per hour that should be detected 
at the maximum of the transition. The JD rate, the ex- 
tensive showers detected by the chamber and the 
shower counters, is about two per hour with no A lead 
and twelve per hour at the maximum, which is in fair 
agreement with the rough calculations above. The 
shower counters are 96 percent efficient for the density 
of 65 particles per square meter. 

It is thus evident that the observed chamber transi- 


12 G. Cocconi and V. Tongiorgi, Phys. Rev. 75, 1058 (1949). 
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tion of an additional 200 bursts per hour cannot be due 
to low density extensive air showers. Wei" has obtained 
rates of occurrence of narrow air showers and their 
absorption properties, concluding that they are mix- 
tures of electrons and a hard component, very likely 
mesons. He finds'* 160 narrow showers per hour of two 
particles and 87 per hour of three particles. These rates 
are comparable to the observed increase in ion chamber 
rate of about 200 per hour. Thus it is possible we were 
detecting the electron component of narrow air showers. 
The average energy of such electrons, and thus the 
transition effect to be expected, is not known. 

The author wishes to express his indebtedness to 
Professor C. G. Montgomery who suggested this work 
and directed it through most of its stages. D. D. Mont- 
gomery has been very helpful in directing the final 
parts of the data analysis. The experiments at Climax, 
Colorado, were made possible through the hospitality 
of Professor Marcel Schein and Mr. Thomas Stinchcomb 
of the University of Chicago, Professor J. C. Street of 
Harvard University, the members of the High Altitude 
Observatory of Harvard University and the University 
of Colorado, and Mr. C. J. Abrams of the Climax 
Molybdenum Company. 


13 J. P. N. Wei, Phys. Rev. 79, 670 (1950) 
4 J. P. N. Wei, thesis, Yale University, 1950 
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A Note on Isotropy in Nuclear Gamma-Radiation* 


G. B. ArrKxen, L. C. BrepENHARN, AND M. E. ROosE 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received June 22, 1951) 


The question of the possibility of competing radiations exhibiting different angular distributions (in 
the sense that one radiation is isotropic and another anisotropic) is investigated. Except for the singular 
cases }—>$ and 5—4 by quadrupole emission, our conclusion is as follows: if one radiation of multipole 
order 24 is observed to be isotropic, all competing gamma-radiation will be isotropic if L>j—4, where j is 
the angular momentum of the emitting state. The possibility of occurrence of singular cases, for which 
the conclusion would not apply, has been investigated for all radiations for which L<3. In the case j-3, 
_==2 the radiation is isotropic and the applicability of this to the problem of the excited state of Li’ is 
briefly discussed. 

I, INTRODUCTION isotropic angular distributions? Conversely, under what 
circumstances may the competing radiations exhibit an 
anisotropic distribution with respect to the incident 
beam or some other physically defined direction? It is 
understood, of course, that the transmutation leading 
to the y-emitting state involves p (or higher angular 
momentum) waves for the relative motion of incident 
particles and target nucleus. This problem arises, for 
example, in the proton bombardment of B" with the 
subsequent emission of an isotropic (within experi- 
mental error) 16-Mev y-ray to the C” ground state 
presumably competing with a double cascade of 12- 
and 4-Mev radiations.' 


1 Kern, Moak, Good, and Robinson, Phys. Rev. 83, 211(A) 
(1951); G. B. Arfken and L, C. Biedenharn, ibid., 238(A). 


E consider a compound nuclear state formed by 
capture of some particle by a target nucleus and 
the subsequent decay of the state by two (or more) 
competing processes. In what follows we restrict our 
attention to the case in which the competing radiations 
are y-rays. It will be clear that our conclusions apply 
equally well for the emission of a-particles (or, in 
general, spinless particles). The problem to be con- 
sidered may be stated as follows: if one of the gamma- 
radiations is observed to be isotropic, under what 
conditions must the competing radiations also exhibit 
* This paper is based on work performed for the AEC at the 
Oak Ridge National Laboratory. 
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It is obvious that from a compound state of angular 
momentum j with all 2j+1 degenerate substates equally 
populated and randomly phased (e.g., capture of 
unpolarized s-particles), all radiation must be isotropic. 
If the converse were valid, i.e., if isotropy of one 
radiation implied equal populations and random phases 
for the emitting state, it would follow that all other 
radiation would have to be isotropic. However, while 
this would be a sufficient condition for isotropy, it is 
not a necessary one, since isotropy follows even with 
unequal populations. Thus, gamma-radiation, observed 
with polarization insensitive detectors, would have the 
same angular distribution for emission from the sub- 
states +m. Then, if the population of the substate m 
is @», a Sufficient condition for isotropy is 


) 


2a9=a,+a_,=+-+-=a;+a_; (j integer), (1) 


or, generally, @m+a_m independent of m. Of course, 
uniform population is a special case. As is shown below, 
Eq. (1) is a necessary condition for isotropy except in 
a very few special cases which are explicitly exhibited 
in the following. Therefore, the question in hand is to 
determine whether the observation of a single isotropic 
2” pole radiation implies Eq. (1). 
ll. ISOTROPY THEOREM 

Following Falkoff and Uhlenbeck? we write the 
angular distribution of pure 2” pole gamma-radiation 
from the state j, m with population a,, to a state j’, m’ 
in the form, 


T(3)~S mo Om(Cma?”” PF (8). (2) 


Here C,,.’”"" is the vector addition coefficient, and M 
is the magnetic quantum number of the radiation. The 
F,™“(3) are the classical angular distribution functions 
for 2” pole electromagnetic radiation and for our 
purposes it is most convenient to represent them in the 
form 
Fy ™ (3) => Pp aif Dye (O00) r, (3) 
where the Dyp™ are the elements of the irreducible 
rotation matrix of order L. It will be noted that, by 
the assumption of random phases, we have eliminated 
cross terms in Eq. (2). If the state 7 is excited by a 
process that defines only a single direction in space, 
this assumption is always justified. 
Using the properties of the rotation matrices D™’, 
we can transform F, “ as follows :3 


I Md M+ 'y" p Dye L (030) D- M—P L (O80) 


MHS’ > Ce_p!’*Cu_ a” Doo” (090 


P r=0 


( 167 ) 
2L+1 


l 


f +s ( 1 eC apo!“ Vo,°(cosd), (4) 


ind G. E. Uhlenbeck, Phys. Rev. 79, 323 (1950 
G. Goertzel, Phys. Rev. 70, 897 (1946 
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since C,_,;4“47+C_,,"4" vanishes when 2L—r is odd. 
We now introduce a notation for the sum over M in 
Eq. (2), 

f133°" => (Cua? PF (9), (5) 


which is the quantum-mechanical angular distribution 
function for radiation emitted from the substate m. 
From the definition it is clear that the functions f are 
even in m, since F;™ is even in M. We utilize this 
symmetry by summing in Eq. (2) over non-negative m 
only and, after introducing the new populations 3,, 
defined by 

bn=Am+d_m, m0, (6) 

bo= do, 


where the second of Eq. (6) applies only for j integer, 
Eq. (2) takes the form, 


I(3)~ : Om 155°" (9). (7) 
m >O 

By hypothesis /(#) is independent of & for one pair 
of values of L, 7’. If the f,;;"" are a linearly independent 
set of functions in m for each L, j, 7’, it would follow 
that all radiation from 7 is isotropic. This is because a 
known solution of Eq. (7) is 6, a constant independent 
of m(b,,=2bo). If the f; are linearly independent, 
the solution for the b,, is unique. Therefore, we investi- 
gate the conditions under which the f”-functions form 
a linearly independent set. Substituting Eq. (4) into 

Eq. (5), we obtain 


loz 
m(a)=(—)( ) 
2L+1 


x oe PiCe yh C1 eC ygo2"“V o,°. (8) 
v=0 M 


Using the Racah coefficients,* the summation over M 
can be performed. The relation required is 
Cro ™*C yw" 4 =>) (2L+1 )8(27,+1 \3 

X Com? 1C sem" W (L277; £71). (9) 
From the properties of the vector addition coefficients 
we have 
D M(Cms?”"’)PC a9?" ” = (27’ +1) (2L+1)1(2j7+1)- 

X Com?”4W (L2vj"7; Lj). (10) 

Then the final form for f,;;-"() is4 


F1yy"™(0 = { ™(167)3(27’4 1) 


X dS Cm—mi?"Cy_12"(4v+-1) 
XW (L2y77; Lj)¥2,%(cosd). (11) 


We now establish a necessary condition for the linear 
independence of the f” set. The Racah coefficients in 


*G. Racah, Phys. Rev. 62, 438 (1942); Phys. Rev. 63. 367 
(1943 : 
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Eq. (11) vanish unless the ‘‘triangular conditions” are 
simultaneously satisfied for all three sets (LL2v), (Lj'7), 
and (jj2v). That is, it must be possible to form a 
triangle from each of these sets of three numbers. This 
condition is just the angular momentum conservation 
for (Lj’j). For the other pair we deduce that the maxi- 
mum value of v is the lesser of the two numbers 7 and 
L, if j is an integer, or the lesser of j—} and L if jisa 
half-integer. Since the VY," are linearly independent, 
it is necessary that 


L>j (12) 


for the fz ;;" to be linearly independent. This covers 
both cases: 7 integer or half-integer. 

If the condition expressed by Eq. (12) is fulfilled, 
the linear independence of the /” is assured, provided 
that the determinant 


dm” | = | Cn—m???"C 12" W (L2y7'7; Lj)| 40. (13) 


Since the factors depending only on »y factor out of the 
determinant, we must investigate (a) the possibility of 
detC »—m”” vanishing, (b) the possibility of roots of 
C,_,""", and (c) the possible roots of W(L2»j’7; Lj). 

(a) We cannot immediately conclude _ that 
detC »—m?”’~0 from the unitary property of the vector 
addition coefficients, since we have restricted m to 
non-negative values and also because 2y is always an 
even integer. This reduces the determinant in question to 
dimension j+1 (j integer) or j+} (j half-integer). 
Nevertheless, we can show that detC,_»’”’¥0 by 
defining a matrix B,,” whose rows are Cm—m’”*” except 
for m=0, and for m=0 we set By’=2-'C oo". Then, 
we have 


(BB),,=>, By, B= HC 


— 


up #0 


Therefore detB,,’#¥0 and detC,— »??’0. 
(b) The vector addition coefficient Cy_, 
expressed in terms of Coo”/" by using 


LL2y can be 


Vp."V,-“=3(2L+1)2 


L 
x pe (4v+1) IC yp E2"C ay yee? r.. 


Using the properties of the spherical harmonics, we 
obtain 


EY = Cop! p(2v +1) — L(L+1) V L(L+1). 


(15) 


IN NUCLEAR G 


AMMA-RADIATION 91 
Since Coo”“*”0 for any L, v, the roots in question are 
those of the square bracket in Eq. (15). With 221 the 
lowest root is L=14, v=10; and, although our isotropy 
theorem does not hold in this case, 2" pole radiation is 
hardly of physical interest. (For spinless particles the 
only change in Eq. (11) is the replacement of C,,4"” 
by Coo”™”’.) 

(c) Investigation of the Racah 
W(L2vj'7; Lj) shows that (with the triangular condi- 
tions satisfied) this coefficient vanishes for 


coefficient 


(16a) 
and for 


(16b) 


We have investigated all cases for L=1, 2, and 3. 
Thus, while there may be similar anomalous cases for 
radiation higher than octupole (the investigation of 
which would be exceedingly laborious), it is felt that 
from a practical point of view these cases would not be 
of great interest. 

We therefore conclude that for the emission of octupole 
or lower multipole radiation a necessary and sufficient 
condition for the impossibility of isotropic and aniso- 
tropic radiations originating from the same level is 
L2>j—}3, where L refers to the isotropic radiation, and 
that neither Eq. (16a) nor Eq. (16b) applies. 

In the B"(p,7)C™ reaction preliminary results' show 
isotropy for the cross-over and definite anisotropy for 
the 12-Mev radiation which is known to precede the 
4-Mev y-ray. The condition (12) is fulfilled. Therefore, 
accepting the experimental evidence at face value, we 
that the 16- and 12-Mev 
originate from different levels. 


must conclude radiations 


For the quadrupole emission from j= % to j’= 3 the 
angular distribution of the radiation will be isotropic.® 
This result has a possible application to the interpreta- 
tion of the Li’(p,p)Li7*(y)Li? and B'(n,a)Li7*(y)Li? 
reactions. The observation of isotropic y’s in these 
4 for 
the relevant state of Li’*. As a logical possibility j=? 
should be considered. However, other evidence may be 
cited which makes the interpretation 7= 3 somewhat 
difficult.6 Nevertheless, it may be of interest in con- 
nection with other reactions that isotropic radiation 
emitted from odd mass nuclei does not necessarily 
imply j=} for the emitting state. 


cases does not compel one to conclude that j= 


° This conclusion is implicitly contained in the results of S 
Devons, Proc. Phys. Soc. (London) 62A, 580 (1949) and also in 
the results of reference 2. For Eq. (16b) only the coefficient of 
Y,° is absent and the angular distribution is not isotropic 

®D. R. Inglis, Phys. Rev. 82, 181 (1951); L. G. Elliott and 
R. E. Bell, Phys. Rev. 76, 178 (1949) 
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Point-to-Plane Corona in Dry Air* 
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\ survey study has been made of point-to-plane corona in dried air for a range of pressures and point sizes. 
It has been found that negative points can be satisfactorily triggered by ultraviolet illumination and that the 


lifficulties encountered in past attempts have probabl 
the presence of dust on the points. Under some cond 
Townsend-type discharge have been observed for nega 


y been due to too intense illumination and possibly 
itions transitions from Trichel pulses to a pulseless 
tive points at high voltage. With positive points the 


occurrence of pre-onset streamers has been found to depend on higher pressures and the presence of water 
vapor to give sufficiently high photon absorbtion. Breakdown streamers are not observed with standard 
geometry for the usual points sizes, because the first one always closes the gap resulting in breakdown. For 
points of around 2-mm diameter the gap must be about twice standard length with room air, and about two 


and one-half times standard length with dried air, for 


INTRODUCTION 


ESPITE all the corona studies with point-to-plane 

geometry, no set of consistent data has been 
obtained for any one gas over an extended pressure 
range. Miller and Loeb have recently shown the value 
of such a study with coaxial cylindrical geometry.! The 
recent indication of suitable gap conditions for point- 
to-plane study permit of such an investigation at this 
time.2 The gas chosen was air, since it yields the 
various manifestations more completely than most 
gases. In the course of the study numerous apparent 
with earlier observations necessitated 
the results of which are presented in 


contradictions 
further study, 


this paper 
APPARATUS 


In Fig. 1 the chamber and its parts are drawn approxi- 
mately to scale. The chamber was a brass cylinder 
1) and 30 cm in diameter. The plane elec- 
trode was a 26-cm diameter brass plate. 

The points, with one exception mentioned later, were 
made from platinum wire of 1.0, 0.5, and 0.25 mm 
They were worked to the shape of hemi- 


~30 cm higt 


diameter 
HIGH VOLTAGE 


_WILSON SEAL 
= 5*+GLASS PLATE 
| ‘RUBBER GASKET 
TELEMICROSCOPE 
aes) 


TO PUMP ETC 


~~ (| iauaorant 
[V'ELECTROMETER 


1. Diagram of the apparatus 


done under contract to the ONR 
1 L. B. Loeb, J. Appl. Phys. 22, 494, 614, 740 


Dodd, and English, Rev. Sci. Instr. 21, 42 


9? 


} 


breakdown streamers to be observed. 


spherically capped cylinders accurate to within 2 per- 
cent of the diameter and polished with tin oxide. They 
ranged from 2 to 4 cm in length and were soldered into 
small mounts that screwed into the end of an 8-mm 
diameter polished brass rod. The Wilson seal holder was 
1} in. in diameter and was 19.7 cm above the plane, 
except that when ultraviolet triggering was used for the 
0.5- and 0.25-mm pvints, the plane was raised to about 
15.7 and 14.7 cm, respectively, below the seal holder. 

A standard gap length to point radius ratio of 160 
was used throughout.? Gap length was set by measuring 
the distance from the plane to the top of the Wilson 
seal and then adjusting a clamp on the point holder 
to the correct distance from the tip of the point, 
allowing for compression of the rubber gasket. Errors 
in gap length were probably not greater than 0.25 mm, 
certainly less than 0.5 mm. 

The gas used was room air filtered through glass wool, 
CaCl., glass wool, and then a trap cooled by CO: snow in 
alcohol. Pressure was measured with a simple mano- 
meter and could be read to within 0.5 mm Hg. 

The high voltage was a rectified 500-cycle stabilized 
and controlled through a saturable core reactor in the 
transformer primary circuit. The voltage was stable to 
much better than 1 percent and could be measured to 
within 10 volts up to 16 kv and within 100 volts 
above 16 kv. 

Low currents were measured with a quadrant elec- 
trometer using Victoreen resistors up to 10" ohms for R. 

A thorianite ore source of gamma-rays was placed 
outside the chamber to “‘trigger’’ the discharge. This 
source was strong enough to make burst pulse onset 
determinations easier and quicker without causing any 
measurable change in the 
voltage portion of the negative point data was repeated 
using ultraviolet light triggering as discussed later. 


onset voltages. The low 


LOW VOLTAGE UP THROUGH ONSET 


For the lower voltage part of this work the general pro- 
cedure was to start at low voltage taking data up to well 
above onset and then back down again. With positive 
points using gamma-ray triggering, the data (currents 





POINT-TO-PLANE 
and onsets) for decreasing voltage were always identical 
with that for increasing voltage, so this repetition was 
discontinued except for checking onsets (or offsets) after 
each run. The only data for decreasing positive voltage 
in the work reported here is shown for the two higher 
pressure curves in Fig. 3. 

The current measurements of 10- amp and less are 
only approximate because with a dropping resistor 
R= 10" ohms the plane is nearly insulated from ground 
and the high voltage is capacity coupled to the electro- 
meter through the point-to-plane capacitance. Then a 
variation of a few volts in the high voltage results in a 
strong deflection of the electrometer, while the very low 
currents to be measured require many minutes to 
charge the plane and electrometer up to an equilibrium 
reading. However, the decrease of the ion-collection 
current with time as seen on the foot of many of these 
curves (Fig. 3, and tracings of gamma-ray triggered 
negative curves Figs. 5-7) was a real effect. 
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Fic. 2. Positive corona thresholds for 1-mm diameter point, 


8-cm gap in air at various pressures indicated on the curves. Note 


the various thresholds listed in the legend on the figure 


Positive Points (Figs. 2—4) 


In general, starting at low voltage with a positive 
point the current is at first merely the collection of ions 
formed by external agents. As the voltage is raised, 
the first change is a gradual increase in current as the 
electrons moving in the field begin to acquire energies 
high enough to ionize the gas. The next change is the 
burst pulse threshold which in this work was taken as 
the lowest voltage at which pulses could be seen on 
the Dumont 241 oscilloscope using R=1 megohm. 
This voltage appears quite precise for small points 
and low pressures where the whole transition from ion 
collection to steady corona occurs in a range of only 
tens or hundreds of volts. For a 1-mm point and atmo- 
spheric pressure, on the other hand, a number of suc- 
cessive determinations may easily show a spread of 30 
to 40 volts. This is because burst pulses are not all the 
same amplitude and occur randomly, and in the cases 
of higher pressures and larger points, threshold occurs 
at higher voltages, so that the same fractional variation 
in voltage in a larger number of volts. 


CORONA IN 


DRY AIR 
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Fic. 3. Positive point corona, 0.5-mm diameter point, 4-cm 
gap in air at various pressures. Pressures and thresholds indicated 
on the figure. Note that the curves were retraced with increasing 
and decreasing voltage to indicate reproducibility. 


When the burst pulse duration becomes long enough, 
or the frequency high enough, the discharge becomes 
continuous. Although the distinction is somewhat 
vague, the change to steady corona on the CRO favors 
an increase in duration with lower pressures and smaller 
points, and an increase in frequency with higher pres- 
sures and larger points. Since burst pulse duration is 
random, steady corona onset is not sharply defined. In 
Figs. 2, 3, and 4 the steady corona onset indicated was 
taken as that point on the curve at which the discharge 
began to be steady corona for appreciable periods of 
time, e.g., of the order of jy of a second. Plots of 
AI/AV for several cases in which experimental points 
in this region were especially taken at very close voltage 
intervals show that the slope of the J-V curves has a 
strong maximum at this point, but with the CRO this 
onset can neither be defined nor determined with much 
precision. Above this voltage, individual burst pulses 
may still be seen sometimes, and the discharge will still 
go out for an instant at time intervals up to several 
seconds. The point at which the discharge is truly 
continuous and shows no more breaks in the CRO 
indicated by the words 


pattern is “steady corona 
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Fic. 4. Positive point corona, 0.25-mm diameter point, 2-cm 


gap in air at various pressures. Pressures and thresholds indicated 
on the figure 
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ure, in mm Hg, below which pre-onset streamers 
yt occur with standard geometries 


1 1.47 


630 
360 


640 
290 


690 
220 


gh this too is statistical in nature and 


uncertainty in determining onsets, 


extreme steepness of the 7-V curves from 


burst pulse onset up to steady corona, the current 


values measured for the various onsets, and marked 
the are only order-of-magnitude indications. 
With reasonable dark adaptation, a long train of burst 
pulses gives a visible flash of light, so that steady corona 


on piots, 


nset is also approximately the onset of visible corona 


Above stea 
ly line that gradually smooths out into a clear 


oO 


ly corona onset the CRO shows only a 


he voltage is raised. The glow becomes blue 

ds over the point and back along the sides. The 

low on a positive point appears the same for all 
.etries and pressures and for dried or moist air. 

With either positive or negative points, the current 

values plotted from onset (burst or Trichel pulse) up to 

orona at about 10 

ues because, owing to the pulsed and intermit- 

of the discharge, the current is continually 


7 amp are, of course, only 


1 air, pre-onset streamers were observed 
ly with the two larger points at atmospheric pressure 
is indicated on the plotted curves. A brief investiga- 
is point was necessitated by the general im- 

orm earlier work that such streamers were 
ippeared that such streamers are not universal 
geometries and with clean, dry air at all 
rhe 


pre-onset 


he data are summarized in Table I. 
the pressures below which 
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streamers did not occur. These determinations are not 
very precise or reproducible, since in a given case, as the 
pressure is lowered, the streamers become only gradually 
less frequent. Relative humidity of the room air ranged 
from about 35 to 45 percent. The figure (760) for 
the 0.25-mm point was inferred partly from extrapola- 
tion of a plotted curve and partly from the fact that 
streamers did appear at atmospheric pressure when the 
air was not dried carefully enough. Data for the 2-mm 
point are perhaps questionable because the chamber 
was not large enough to obtain a reasonable approxi- 
mation of point-to-plane geometry with a 16-cm gap. 

Clearly, the occurence of pre-onset streamers depends 
on the relative humidity, pressure, and geometry. The 
dependence on humidity is to be expected in view of the 
known high absorbtion and photoionization of ultra- 
violet by water vapor.’ When the photon absorption is 
high enough, the emitted photons are absorbed near 
the tip of an advancing streamer, so that the resulting 
electron avalanches feeding into the tip can effectively 
build out the positive ion space charge to extend the 
high field region farther into the gap. When the ab- 
sorption is low, the electrons are liberated in a larger 
volume and their avalanches are scattered, so that the 
resulting positive ions are too diffuse effectively to 
extend the high field region. The discharge then spreads 
over the point as a burst pulse. The pressure dependence 
is also due merely to the effect of pressure on photon 
absorption. Why larger point radius favors streamers 
is not clear, unless the more extensive high field region 
thus streamer 


favors larger electron avalanches and 


propagation 
Negative Points (Figs. 5-7) 


With positive points the triggering by gamma-rays is 
quite satisfactory, because an electron liberated any- 
where in the gap passes through the high field region as 
it goes to the point. With negative points, on the other 
hand, in order to determine the lowest voltage at which 
an electron can initiate a Trichel pulse, i.e., a significant 
onset, there must be electrons starting out from the 
point surface so as to pass through all of the high field 
region. With gamma-ray triggering of reasonable in- 
tensities the number of electrons liberated near enoug! 
to the point to approximate this is very small. Therefore, 
onset voltage determinations are quite uncertain and 
usually too high, and above onset the discharge consists 
of sporadic groups of regular Trichel pulses. It often 
goes out for seconds or minutes at a time, because 
whenever 
pulse fail to start a following one, the discharge must 
wait for triggering external As the 
voltage is raised, the sensitive volume about the point, 
from a liberated electron will pass through 
enough of the high region to initiate a pulse, increases, so 


the photons and positive ions from one 


by the source. 


which 


that the times that the discharge is out become shorter. 


L. P. Granath, Phys. Rev. 34, 1045 (1929 
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They also become less frequent because more ions 
are produced per pulse. At high enough voltage, of 
course, the discharge becomes independent of external 
triggering. 

Previous workers‘ have tried various techniques to 
obtain suitable triggering of negative points, including 
photo- and thermal emission, and triggering by dusts 
on the point. MgO and AI.O; powers were tried in this 
work but were deemed unsatisfactory because, in addi- 
tion to the difficulty of keeping the dust on the point, 
it was found that the discharge characteristics (onset 
voltage, current, and visual and oscilloscopic appear- 
ance) depended markedly on the size of the dust 
particles or aggregates, and at least somewhat on their 
density on the point. Always, these changes in the 
character of the discharge become objectionably large 
before the dusting was sufficient to give continuous 
triggering. 

Satisfactory triggering was ultimately achieved by 
illuminating the point with ultraviolet light to liberate 
photoelectrons. A quartz lens was used to focus the 
light from a quartz mercury arc lamp onto the point. 
With this triggering, random Trichel pulses appeared 
as soon as the threshold voltage was reached; and as 
the voltage was raised, they occurred more frequently 
and quickly became regular in frequency and amplitude. 
The reason why this method had failed to give suitable 
triggering in earlier attempts could not at first be found. 
The work was, however, continued with this triggering 
to obtain the data of Figs. 5-7. For the 1-mm point 
comparison curves were run at 1 atmos, 400 mm, and 
200 mm Hg with the intensity of the light very much 
reduced by stopping down the beam. The atmospheric 
pressure curves cannot be directly compared because 
of the difference in pressure, but at 200 and 400 mm Hg 
the Trichel pulse thresholds were the same in both cases. 
After this check the more intense illumination was used 
because of greater speed and ease of measuring pre- 
threshold currents. The effectiveness of the photo- 
electric currents of two amplitudes is clearly reflected in 
the prethreshold currents. Compare these with cor- 
responding portions of the positive curves of Fig. 2. 
That the electrons came from the point on ultraviolet 
illumination was confirmed by illuminating the gas 
near the point. No triggering was experienced. 

The failure of earlier workers to achieve satisfactory 
ultraviolet triggering merited further study. It had been 
noted by English*® that sometimes ultraviolet illumina- 
tion had the effect of inhibiting Trichel pulses, i.e., an 
increase in light intensity just above onset would some- 
times stop the pulses rather than increase the number 
of them. In this work it was found that this effect could 
usually be observed by using a dusted point, though 
not always. It also occurred to some extent with a clean 
point. Current measurements with a 1-mm diameter 


* Loeb, Kip, Hudson, and Bennett, Phys. Rev. 60, 714 (1941 


>W.N. English, Phys. Rev. 74, 170 (1948 
®W. N. English and L. B. Loeb, J. Appl. Phys. 20, 707 (1949 
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Fic. 6. Negative point corona, 0.5-mm diameter, 4-cm gap in 
air at various pressures with gamma-ray and ultraviolet triggering 
and increasing and decreasing voltages indicated on the figure 


point showed that when this inverse effect occurred 
strongly enough to raise Trichel pulse onset by 100 
volts or more, the current before onset was already 
greater than 10-* amp, while above onset it was ap- 
preciably less than the current measured when this 
inverse effect did not occur. The interpretation is 
simply that the dust serves as a triggering agent in 
addition to the ultraviolet light. When this excessive 
triggering gives pre-onset currents of 10-* amp and 
greater, the negative ion space charge is sufficient to 
limit the current continuously and thus prevent Trichel 
pulses at the normal threshold voltage. After the voltage 
has been raised enough so that pulses begin to occur 
anyway, because the space charge resulting from the 
excessive triggering is not localized in a narrow region 
out from the one spot on the tip of the point as it is 
from a Trichel pulse, and because it is formed con- 
tinuously, the field clears more slowly than it would 
with less triggering. This results in less frequent 
Trichel pulses and less average current. The dust then 
is not necessary to get this inhibiting effect; it is only 
the total amount of triggering, however achieved, that 
causes it. To get good triggering for onset determina 
tions, the point should be clean and the illumination 
not too strong. A lens to focus the light on the point is 
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Fic. 7. Negative point corona, 0.25-mm diameter point, 2-cm 
gap in air at various pressures. Increasing and decreasing voltage 
Gamma-ray and photoelectric triggering. 
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96 HERMAN 
not necessary. With this in mind, a glance at the data 
shows the illumination used in this work to have been 
stronger than is desirable; however, a recheck with 
weaker illumination gave the same onset voltages so it 
was not too strong. 

The light lines in Figs. 5 
taken with the same gamma-ray triggering as used 
with positive points. The dashed portion shows approxi- 
mate mean values in the region where the discharge is 
intermittent; and there really is no current voltage 
curve, since the current fluctuates randomly by many 
orders of magnitude. One of the reasons for studying this 
was to see whether or not, after a point had been 
cleaned up by running a discharge, it would remain 
cleaned up as the voltage was decreased below the 
original onset of steady corona. That is, if the higher 7 
coefficient for emission of secondary electrons by 
positive ion bombardment) resulting from clean-up 
persisted as the voltage decreased, the discharge could 
continue to be steady corona down into the voltage 
range where it had been intermittent on the way up. 
This did occur to some extent with the 0.25-mm points 
where the high field region, and therefore the discharge, 
is confined to a small region on the tip, but not ap- 
preciably with the larger points where the discharge 
tends to move about from one active cathode spot to 
another anyway. This data is not included because it 
does not warrant additional figures or further confusion 


_ 
e 


are traces from data 


of the ones shown. 

The J-V curves for decreasing voltage begin to drop 
below those for increasing voltage shortly above Trichel 
pulse threshold and for low voltages are considerably 
below. This may be partially due to changes in the gas 
as the discharge is run, but is probably mainly due to 
photoelectric fatigue of the point, since the effect is the 
same as would be caused by a decrease in intensity of 
the triggering source; i.e., at higher voltage where the 
discharge is independent of the triggering source, the 
currents are not measurably lower, and although the 
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Fic. 8. Negative point corona, 1-mm diameter point, 8-cm gap in 
air, extended to higher voltages and breakdown at different pres- 
sures. Various thresholds indicated on figure. Note the irregulari- 
ties in the lower pressure curves caused by fluctuations between 

continuous Townsend discharge 


the pulsed and the 


as 
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current at onset is lower, the onset voltage is not 
measurably different. 

Concerning reproducibility of the data, several of the 
runs were repeated once or more. That part of the /-V 
curves below onset of course depends on the illumina- 
tion of the point, and varies; but the curves above 
onset could not be resolved on the scale of plotting 
used here. With this triggering, the reproducibility of 
Trichel pulse onset voltages is as good as the well-known 
reproducibility of burst pulse onsets. 

With the ultraviolet light triggering, at pressures of 
200 mm Hg and less, a second type of negative pulses 
appeared on the oscilloscope coincident with Trichel 
pulse threshold. Their amplitude was random but small, 
being never more than perhaps } the amplitude of 
Trichel pulses, and usually much less. Just at threshold 
they often occurred more frequently than Trichel pulses ; 
but as the voltage was raised and Trichel pulses began to 
occur regularly, they disappeared. Their amplitude, like 
that of Trichel pulses, was greater at lower pressures. 
They were seen infrequently and with very small 
amplitude at 400 mm Hg and once at atmospheric 
pressure with the 0.5-mm point. It is suspected that 
these may have been statistically determined accumu- 
lations of avalanches which were recently studied in 
more detail by Lauer in He, and which would appear 
integrated on the oscilloscope used here. 


ONSET UP TO BREAKDOWN 
Negative Points (Figs. 8-10) 


In these figures a continuation of the data above 
corona onset is shown plotted on a linear scale. For 
this part of the work the negative points were triggered 
by gamma-rays. The mercury arc lamp has the dis- 
advantage of masking the visual discharge manifesta- 
tions. Above 10 ya the discharges are independent of 
external triggering, but an initiation is in any case 
desirable. 

If the size of the button of negative glow is small 
compared with the end of the point, the discharge will 
tend to wander around on the point from one active 
cathode spot to another. Apparently, the intense ion 
bombardment degasses and deactivates the spot, and 
the marginal discharge cleans up a new area to which 
the discharge wanders. Because the size of the negative 
glow varies approximately inversely as the pressure at 
lower pressures, this depends on pressure as well as 
point size. The wandering occurred mainly with a 
l-mm point at 200 mm Hg and up, with a 0.5-mm 
point at 400 mm Hg and up, and with a 0.25-mm point 
at atmospheric pressures, being negligible at the lower 
pressures, owing to the restricted area of the high field 
region. As the current increases further, the discharge 
moves farther and faster around on the point, and 
sometimes the fan appears to oscillate to and from the 
point as well. If the glow to point size ratio is small 
becomes more 


enough, this random dancing about 
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Fic. 9. Negative point corona, 0.5-mm diameter point and 
4-cm gap, in air extended to higher voltages and breakdown at 
different pressures. Various thresholds indicated on figure. 


and more rapid until the glow is sometimes in two or 
more places at once. When many spots are active at 
once, they often fall into orderly patterns, being spaced 
at equal intervals in one or two circles around the tip 
and moving slowly around the point. This shows nicely 
the limited current capacity of a single active spot and 
the mutual repulsion between discharges.” 

The points on the curves marked TD indicate a 
transition from the characteristic Trichel pulse negative 
corona to a pulseless Townsend-type discharge. There 
appears to be no specific voltage at which this occurs, 
but rather it seems to be associated with some condi- 
tioning of the point such that it occurs at lower voltages 
if the discharge has first been run for a longer time at 
lower currents. This may explain its nonappearance on 
some of the lower pressure runs which were completed 
in comparatively shorter times. 

On the oscilloscope the transition is marked by the 
disappearance of Trichel pulses. When it occurred at 
higher voltages, it could not be studied very closely 
because the oscilloscope pattern was confused by 
secondary discharges from the sides of the point, or 
because the pulse amplitude of the main discharge was 
already too low. In those cases it could be seen only that 
the amplitude of Trichel pulses decreased to zero in a 
range of a few volts’ increase. However, in a number of 
lower pressure cases the transition could be seen clearly. 
In those cases the Trichel pulses began to have a reduced 
frequency and show a duration in time of the pulse 
peak. As the voltage was raised a few volts, this duration 
in time quickly became infinite, leaving the pulseless 
discharge. This lengthening of the pulses was, of course, 
accompanied by a reduction in amplitude, since the 
current increases observed with the transitions were 
only 5 to 10 wa out of one or two hundred. The usual 
trend with a negative point as the voltage is raised is 
for the Trichel pulses to increase in frequency and 
decrease somewhat in amplitude, but sometimes a 


L. B. Loeb, J. Appl. Phys. 19, 882 (1948 
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gradual decrease in pulse frequency was observed to 
begin as much as 100 volts below where any change 
could be seen in pulse shape with the Dumont 241. 

Visually, in the cases that could be studied in detail, 
the negative glow was observed to lift somewhat from 
the point, lengthen in the direction away from the 
point, and decrease in diameter. The entire visible 
discharge shared in this lateral constriction. At low 
pressures the fan disappeared at once, leaving only 
a fainter diffuse positive column which could sometimes 
be seen all the way to the plane. At higher pressures, 
instead of the fan disappearing suddenly when the 
pulses disappeared from the CRO, it suddenly con- 
tracted to one-half or less in diameter, and at times 
was even more intense and left the Faraday dark space 
somewhat lengthened and more sharply delineated 
than before. After this it grew fainter gradually and 
disappeared as the voltage was raised. 

The transition to a pulseless discharge was actually 
accompanied by a jump in current of from 5 to 10 ua, 
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Fic. 10. Negative point corona, 0.25-mm diameter point, 2-cm 
gap, in air extended to higher voltages and breakdown at different 
pressures. Various thresholds indicated on figure 


but this doesn’t show on the plotted data because the 
lower pressures curves are too steep and at higher 
pressures, if the voltage was held constant after the 
transition, the current decreased and Trichel pulses 
reappeared. The latter accounts for all the breaks in 
the negative point curves in Figs. 8-10. In Fig. 9, for 
200-mm Hg the portion of the curve run back down in 
voltage after the transition had been observed several 
times indicates clearly that the point had been altered 
by the discharge. Points examined under the microscope 
after this transition had been observed showed a circulat 
area on the tip that was highly polished, apparently due 
to surface melting, surrounded by a sputtered area 
that had lost its original polish. 

The cessation of pulses means that the negative ion 
space charge is no longer sufficient to choke off the 
discharge. This is indicated by the pulse shape during 
transition when the pulse drops only slowly from peak 
value for some time before the space charge builds up 
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enough to choke it off. Also, the lateral constriction of 
after transition would be expected if the 
ace charge were markedly reduced allowing 
exist distorted potential curve to fall farther 
1e curve for an undistorted gap.’ This constric- 
tion of the pulseless discharge is similar to the differ- 
by Weissler* between the Trichel pulse 
and the pulseless corona in oxygen-free 


negative 
tne 


below tl 


ences obse rved 
corona in ait 
nitrogen where the discharge showed the usual struc- 
‘rooke’s dark space, negative glow, Faraday dark 

id positive column, but was much contracted 

aterally compared with: that in air. 
Weissler’s work the choking off of the discharge into 
l'richel pulses by the introduction of oxygen reduced the 
by about one-half. Since the to 
harge observed in this work show only 


However, in 


current transitions 
pulseless dist 
ases in current, it would seem that the forma- 
tion of space charge is being limited by the supply of 
ither than the lack of oxygen molecules for 
them to attach to. The change in the point that is re- 
decreasing supply of secondary 
also account for the subsequent decrease 
in current at constant voltage. The cause of this de- 
creasing secondary emission of the point is not known. 
If the area of the point that afterward appears to have 
been m« were all melted at one time, it would 
more than enough electrons by thermionic 


re 
electrons I 


sponsible for this 


electrons cal 


lted 
furnish 
but there may be only microscopic 


emission aione, 


it any one time. Nothing is known about 


areas meited 


this melting process or at what state of development it 


occurs. Further work should be done to examine points 
micros lly after successive stages of development 
1 also with points of other materials. 


to Trichel 


opica 
of the transition, anc 

Why the discharge should revert back 
constant voltage after the current has dropped 
ot clear, but certainly by then the point 


pulses if 


appreciably is n 


is much altered. Possibly, the melting of the tip flattens 


*G. L. Weissler, Phys. Rev. 63, 96 (1943) 
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Fic. 12. Positive point corona, 5-mm diameter platinum point, 
4-cm gap, in air at various pressures extended up to breakdown 
Various phenomena are indicated on legend in the figure 


it enough so that the region of highest field shifts out to 
portions of the point that have not yet suffered the 
change to a decreased secondary emission. 

At higher voltages, for the higher pressures, the 
retrograde streamers reported by Loeb et al.4 were also 
seen in this work. As observed here, their development 
always started with the appearance of a streak of 
increased intensity through the center of the fan. In 
some cases this streak clearly extended well out into the 
gap beyond the fan. However, only with the two larger 
points at higher pressures did this streak develop into 
the very intense and sharp projection back into the 
Faraday dark space 


Positive Points (Figs. 11-13) 


In these figures is shown a corresponding plot of data 
above onset for positive points. The 1-mm points for that 
part of the work shown on Fig. 11 were made of nickel 
merely because platinum wire of the required size was not 
readily available at the time and the positive point 
\s the 
voltage is increased above steady corona onset, the 
CRO trace quickly smooths out and the visible electric 
blue glow becomes more intense and covers all of the 


discharge is independent of point material. 


point and even the point holder 

For a considerable range in voltage beyond steady 
corona onset nothing is seen on the CRO. However, some 
kind of oscillations usually do occur before breakdown 
is reached. One type of oscillation observed appears as 
an irregular bobbing up and down motion of the whole 
CRO trace. This is random in time and amplitude with 
times of the order of large fractions of a second. It looks 
like sudden large increases or decreases of the current. 
Such fluctuations are small to begin with and, as the 
voltage is raised, gradually increase in both frequency 
and amplitude up to times of the order of hundredths 
of a second, but remain random. This occurs more with 
larger points and higher pressures. The portions of the 
curves where this becomes noticeable are indicated on 
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Fic. 13. Positive point corona, 0.25-mm diameter platinum 
point, 2-cm gap, in air at various pressures extended up to break 
down. Various phenomena are indicated on legend in the figure 


the plots by O;. It is not impossible that these are caused 
by secondary discharges from clouds of ionized gas 
swept around the chamber by the electric wind. They 
could also be discharges from the sides and mountings 
of the point. Another type of oscillation may be caused 
by plasma oscillations. This appeared as a sinusoidal 
wave of low amplitude with frequencies of the order of 
10° cycles/second, and was seen only at lower pressures. 
Its appearance is indicated on the plots by O2. No 
visible change in the discharge could be associated with 
either of these oscillations. 

At the points on the curves indicated by E the glow 
began to be noticeably brighter on the tip and to extend 
out into the gap. As the voltage is raised, this grows to 
an intense blue streak extending up to several point 
diameters out from the point. It has the appearance of 
a superposition of many streamers, but a!though 
occasional streamers were sometimes seen, there was 
nothing on the CRO that could be associated with this. 

With the larger points and higher pressures, occa- 
sional streamers that looked just like pre-onset streamers 
did sometimes appear on the CRO from seconds to 
many minutes apart. These could not be mistaken for 
breakdown streamers, which have amplitudes many 
times greater. Breakdown streamers were not seen with 
any of the standard geometries used in this work, 
because the first one always closed the gap to give 
breakdown. With a 0.25-mm diameter point and a 
4-cm gap (twice standard) at atmospheric pressure and 
~40 relative humidity, a few breakdown 
streamers were observed just before breakdown at 


percent 


~37 kv; but with dried air no streamers were observed 
before breakdown at ~43 kv. Available voltages would 
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Fic. 14. Threshold potentials of positive burst pulse corona and 
of negative threshold pulse corona in air as a function of pressure 
for points of various diameters. Note that in all of the curves 
negative threshold is below the positive at low pressures and 
crosses over at higher pressures, the transition pressure being 
the lower, the larger the point 


not break down long enough gaps with the larger points 
so that 0.15-mm diameter points were used. With these 
points and ~40 percent humidity, the gap length had 
to be about twice the standard length or greater for 
breakdown streamers to be observed just as with the 
0.25-mm point. With dried air it had to be about two 
and one-half times the standard length or greater for 
them to be observed. However, with small points of 
~0.08-mm tip diameter, breakdown streamers were 
observed with standard gap lengths. Thus, the break- 
down streamers are not observed for larger points and 
gaps of standard geometry, as the fields are too high 
across the gap. When such streamers start, they cross 
the gap and give a spark. With finer points and larger 
gaps the streamers are less vigorous and do not cause 
breakdown when they first appear. 

Figure 14 is a plot of onset voltage against pressure 
for the three geometries used. It is noted as pointed out 
by English and Loeb® that while at low pressures the 
negative thresholds are lower than the positive, there is 
a transition at higher pressures where photoionization 
is more effective and back diffusion reduces secondary 
emission as well as requiring higher current densities 
for conditioning. It should further be noted that the 
cross-over occurs at lower pressures for the large points 
where current densities are less and fields are higher. 

The writer wishes to express his gratitude to Pro 
fessor L. B. Loeb, under whose direction this work was 
done, for his guidance and unfailing interest and to 
Dr. W. N. English for his kind assistance in the begin 
ning of the work. 
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Simple expressions are derived for 


the range and straggling of individual electrons 


losses 


Large energy 


ue to bremsstrahlung make the average range smaller than would be calculated from the average energy 


ss. Effects of multiple scattering are included. The results are in good agreement with numerical calcula 


tions by the Monte Carlo method 


HE electron range is a somewhat indefinite con- 
at low energies, because of the large mul- 
tiple scattering, electrons diffuse through matter, and 
at high energies the initial electron is soon obscured by 


cept: 


an accompanying shower of electrons. The propagation 
of electrons at low energies, less than 10 Mev, has been 
treated by Bothe' and by Fowler.? The emphasis in 
this paper is on high energy; and the problem is con- 
sidered because of its bearing on calculations concern- 
ing shower production. 

Let us first neglect the effects of multiple scattering 
energy, are important only near the end 
of the electrons’ range and which can be corrected for 
later. The simple methods of calculating range and 
straggling which are useful for protons are vitiated by 
the occurrence of large energy fluctuations correspond- 
ing to the emission of high energy photons. Bethe and 
Heitler*4 the solution to the problem of the 
fluctuations of energy of electrons which have traversed 
a given thickness of matter. They approximate the 
radiation spectrum by 


which, at high 


give 


dkdt 
a(k)dk= 7 (1 
E In[E/(E—)] 


where o() is the probability of an electron of energy E 


I. Monte Carlo calculations of electron range.* 
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*E 
range in radiation le , s/y =fractional rms straggling, « =statistical 
error of Mont rlo mean range determination. 

1W. Bothe. Handbuch der Physik 2212, 1 (1933). 

? Fowler, Lauritsen, and Lauritsen, Revs. Modern Phys. 20, 
236 (1948) ; see also J. Steinberger, Phys. Rev. 75, 1136 (1949) 

3H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) 146, 
84 (1934). W."Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1944), second edition, p. 224. Heitler 
the range of electrons, p. 223, but with consider 
Its because of his neglect of fluctuations which 
siderably. 

*L. Eyges, Phys. Rev. 76, 264 (1949). Eyges has extended the 
calculation to more refined approximations of the radiation 
spectrum 


also calculates 
ably different results 


shorten the range cor 


radiating a photon of energy & in passing through a 
distance df measured in shower units of length,° i.e., 
radiation lengths divided by In2; and they find that 
the probability of an electron of initial energy Ep still 
having energy greater than E after traversing a dis- 
tance ¢ is 

(2) 


\< 


W (y, )=(t—-1, y) /(t-1 


' 
(f 


in terms of the incomplete gamma-function, (¢—1, y) 
where y= In(E)/E 


The following approximation for (2 


the author: 
Wy,t=1 f vy? /xldx; 


it is accurate for y and ¢ large compared to unity. The 
probability, wd, 


was guessed by 


that an electron’s energy falls below 
E between ¢ and /+d1 is found from (3) by differentia- 


tion ;® i.e 


For large values of y and ¢ this can be further approxi- 
mated by the gaussian form, 


; r 
wy, t)dt=(2ry)—* expl — (t— y)?/2y Ide. 


From this the mean range r will be 


r=Vnax (6) 


if we can define a value of ymax Corresponding to the 
loss of all the energy by radiation only, when the 
particle has stopped. To do this the loss of energy by 
ionization must be included. Expressing (6) in terms of 
energy, and differentiating the mean range with re- 
spect to the initial energy, gives’ for the average radia- 


5 Shower units of length and energy are used in all equations in 
this paper, but results and numbers mentioned are given in radia 
tion lengths and Mev 

6 Equation (4) may be derived directly from Eq. (2) in the 


following way. Using 


. 
{ “atte *dx=t!-ev Dt! aly, 
. 9 
which can be derived by successive partial integrations (for in- 
tegral ¢), one obtains equation (4) by taking the difference between 
t and (t—1) 

7 If we integrate (1) over & to find the average loss of energy, 
we would get the usual expression —dE/dt=£ |n2, remembering 
that ¢# is in shower units. The difference comes about because 


fluctuations have been included in arriving at (7 
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Fic. 1. The average range of electrons in lead is plotted against 
the energy in Mev. The dashed line curve is taken from W. Heitler, 
The Quantum Theory of Radiation. The full line marked R 
=In(£+1) is given by that expression if the range is measured in 
shower units of length, i.e., (r.l./In2) and the initial energy in 
units of critical energy times In2, i.e., (Emey/8 In2). The circles 
indicate the Monte Carlo results: the short bars represent the 
statistical accuracy of the mean, and the long dashed vertical 
bars represent the mean square deviation of a single electron 
track from the mean range. The curve marked R, shows the mean 
range as corrected for multiple scattering 


tion loss on traveling a distance dé 

—dE/dt=E. (7) 
Let the energy be measured in units equal to In2 
times the ionization loss in radiation lengths, 1.e., 
f= Emey/8 In2. Then can be added 
to (7), i.e., 


ionization loss 


—dE/di= E+1, (8 
and integrating this over the energy gives for the mean 
range corresponding to the stopping of electrons, 


r=log(Eo+1) (9) 


If s is defined as the root-mean-square deviation of a 
track length from the mean range, it is evident from (5) 
that for high energies where ionization can be neglected, 


(10) 


3°=Vnax=P. 


Thus, surprisingly, enough the percentage straggling 
decreases with increasing energy. At lower energies 
ionization loss becomes important. Now the average 
energy loss by ionization for the electrons traveling a 
distance r is just r in the above energy units; hence a 
fraction of the range r/E» can be ascribed to ionization 
loss and the straggling of this part will be negligible 
compared to the straggling due to the part of the range 
corresponding to radiation loss. The simplest procedure 
for correcting the straggling as calculated from (5), 
then, will be to reduce the straggling by the fraction, 
r/Eo, i.e., 


s/r=(1—r/Ep)r™. (11) 


The above expressions for the range and straggling 
were checked for Pb in the energy interval from 10 to 
1000 Mev using the Monte Carlo device already de- 
scribed.* Exactly the same procedure was used as for 
showers except that only the initial electron was 
followed. The results are summarized in Table I which 


SRR. Wilson, Phys. Rev. 79, 204 (1950 
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shows the number of electrons followed in each case, 
the mean range, the rms straggling, and the standard 
error of the mean. In Figs. 1 and 4 these values are 
compared with the theoretical expressions (9) and (11). 
It can be seen that the agreement is well within the 
accuracy of the Monte Carlo method, about five per- 
cent. In Fig. 2 the empirical range distributions found 
for a few low energies are compared to the gaussian ex- 
pression (5): the agreement is satisfactory. 

That the rough theory outlined above compares so 
well with the Monte Carlo calculations is probably 
fortuitous: it is better to regard the expressions derived 
as semi-empirical formulas summarizing the Monte 
Carlo calculations. 

Multiple scattering can now be included. Inasmuch 
as the scattering is appreciable only near the end of the 
track, we will make the approximation that the elec- 
trons proceed in the original direction until they reach 
an energy at which the calculated rms angle of multiple 
scattering has attained such a large value that the 
electrons thereafter diffuse in a random manner. The 
average straight distance will then be the mean range, 
and the random motin will contribute only to the 
straggling. 

The mean square angle of multiple scattering (),, 
of an electron of initial energy Eo is readily calculated 


£\ 20Mev 














Fic. 2. Monte Carlo results for the probability w of an electron 
stopping between ¢ and ¢+dt. The curves drawn through the 
points are theoretical and are given by expression (5) of the text 


The arrow indicates the mean range 


using (d6*),=(K?/E?)dt,? where the constant K? has 
the value 21°/? In2 for shower units (8 is the ionization 
energy lost by an electron in passing through a radia- 
tion length, i.e., the critical energy), and (8) to give'® 


. K°*dE 1 1 E)(E+1) 
(€ -f mecca ITE ern —roe 195 
g F(E+1) E Eo E(Eo+ 1) 
*E. J. Williams, Proc. Roy. Soc. (London) 169, 531 (1939); 
B. Rossi and K. Greisen, Revs. Modern Phys. 13, 263 (1941) 


’ For the case of large Eo, (12) reduces to 


1 E+1 
(P) p= 21% ——In— 2 In? 
) av (F In E )/* In2, 


which can be compared to the careful numerical computations of 
J. Roberg and L. W. Nordheim, Phys. Rev. 75, 444 (1949), for 
the mean square angle of electrons in showers. The agreement is 
surprisingly good, especially at low energies 


(12) 
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Electron Energy in Units of Critica! Energy 
n range in radiation lengths is plotted as a function 
of energy in units of the critical energy. The upper curve neglects 
multiple scattering and is given by Eq. (9) of the text (note the 
nits). Multiple scattering has been included in the curves marked 
\l, ¢ and Pb. 


We want to set this characteristic angle equal to (0,*)m, 
a value which if reached corresponds to random motion, 
and then to solve for E,, the energy at which the 
motion of the electron becomes random. In the Ap- 
pendix it is shown that (6,7), is 2. Hence E, is given by, 


E 
Eo +Inl Eo(E,+1)/E-(Eo+1)]. (14 


Values of E, were found from this expression" and the 
range 7, corresponding to E, given by (9) is subtracted 
from the total range corresponding to Eo to give the 
mean range, R, including multiple scattering. This is 
plotted in Fig. 3 for various elements. 

The Monte Carlo method was used to check this 
result empirically. Electrons of 50-Mev initial energy 
were followed in lead as before but the angle of scatter 
ing was also determined at each interval by a chance 
method similar to that used for finding the radiation 
\ three-dimensional protractor was constructed” to 
keep track of the angle of the electron direction with 
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respect to its initial direction. At each interval the for- 
ward component of the distance moved by the electron 
was added to give finally the total forward range of 
each electron followed. One thousand electrons were 
followed and the mean range was observed to be re- 
duced by 0.65 radiation length in exact agreement with 
that predicted by the above calculation. A similar 
calculation at 1000 Mev gave similar agreement. 

The straggling can also be considered in two parts: 
firstly, the variation in range produced by photon 
emission as the electron is slowed down to £,, and then 
secondly the random motion due to scattering which 
takes place until the electron comes to rest. 

The straggling produced while the path is straight, 
S,?, can be calculated from our previous result by con- 
sidering the straggling of the total path length as being 
compounded also of two parts, i.e 


ef St. 13) 


is the straggling of the electrons of initial 
$2), 3-€., 
The quantities s 
, and then § 


where s/ 
energy E 
the multiple scattering 
be calculated from (11 
from (13). 

The straggling, S,, 
total path length r, will be given by the usual expression 


ler 


as given by without considering 
» 5 


- and s° can 
can be obtained 
to random motion over a 


aque 


for random walk: 
(14) 


if we can define an equivalent mean free path, A,;,, that 
would characterize the diffusion of electrons by multiple 
equivalent of a_ transport 


scattering—evidently the 


mean free path. In the appendix, it is shown that 


Ay = 2E?/K? 


f Edt 
3 Kd, 


26° In2 7! 
- [ H-dk/(E+1 
3x 217. 


3 | log( E+ 1 E,+E 


hen from (13 


and integrating, 


$/=1.0X 10 (16) 


The total straggling including multiple scattering 
effects is S°=S2+.S,7, and the fractional total straggling 
S/R calculated from (13 
tion of E in Fig. 4 for various elements. 


and (15) is plotted as a fun 


electron energy against distance already ob 


were used again for 


Che graphs of 
tained in preparing Fig. 1 
Each elec lowed and the angle at each interval was 
determined from a family of curves drawn on the chance cylinder 
used previously. Each electron graph was used successively five 
times to give five different angle histories for each energy history 
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The straggling produced while the electron has en- 
ergy below E, is small, i.e., both S, and s,* are small 
compared to S,*; hence to about ten percent S°=s*, so 
Eq. (11) can be used to obtain the total straggling 
directly. 

A useful concept in calculating shower phenomena is 
the “pair range,’ i.e., the average distance traveled by 
the electrons resulting from pair production. Because 
all energies up to the photon energy are possible in pair 
production, the number-distance curve looks more like 
a simple exponential than the integrated gaussians 
which characterize monoenergetic electrons. This is 
true only at not too high energies. 

If we assume an exponential distribution, then the 
number of electrons (apart from secondaries) at a dis- 
tance ¢ from the place of pair production is 


n=2 exp(—t/R,) (17) 


which defines R,, the pair range. Now if we consider 
the energy lost by ionization, we can write 


f nBdt= of P(E)R(E)dE, (18 


where P(E) is the probability of one member of the 
pair receiving an energy between E and E+dE. This 
was assumed to be a constant, and using expression 
(9) to determine R(E) and (17) for n, we get upon in- 
tegrating both sides of (18) 


R,=(1+1/W)In(W+1)—1, (19 


where W is the initiating photon energy. This relation 
neglects multiple scattering, which can be best in- 
cluded by subtracting the random part of the range 
corresponding to E, given by (14)."' At high energy, E, 
is independent of the initial electron energy and the 


problem is simple. At low energies, an appropriate 
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average must be taken. The normalizing factor in (17) 
must now be increased so that the total energy loss will 
still come out right. How this should be done depends 
exactly on the problem being considered, so no details 
will be given here. At high energy, E> 100, an integrated 
gaussian form must be used, but (19) is still correct 
for the average 


APPENDIX 


Let us calculate the mean square multiple scattering 
angle of an electron after going through d/ in terms of a 
fictitious cross section o(@), i.e 


feo dQadt 
. 
2f o(6) 1— cosé)dQadi 


2dt/Xtr; 


dO) py 


by definition of the transport mean free path."* We can 
equate the (d@),4, so obtained to the usual expression,® 
i.e., (d)4,= K°dt/ E*. Solving for Ay, we get 


A\y=2E/K* 15) 


For the moment let us assume that the energy remains 


constant, then the characteristic random angle is 


given by 


8,7) ny | K*dt/F?°= K*X,,/F 
and using (15) for A, 
, wy 2. 
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Eddy Currents and Supercurrents in Rotating Metal Spheres at Liquid 
Helium Temperatures* 
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Avers,f J. W. McWuirter, AND C. F 
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Rice Institute, Houston, Texas 
(Received June 4, 1951) 


These experiments show that large eddy currents are set up in a tin sphere rotating at 4.6 or more revo- 
lutions per second in the earth’s magnetic field and at 3.8°K. Within experimental determination, the eddy 
currents have the same magnitude and distribution on the sphere as the supercurrents which cause the 
Meissner effect at 3.7°K. These results are in accord with classical electromagnetic theory for a normal 
conductor and with the London theory for a superconductor. The Meissner effect has been produced in 
bulk tantalum metal by rotating the specimen while cooling through the superconducting transition temper 


ature 


I. INTRODUCTION 


Kk )R some time we have known! that a solid sphere 
of superconducting metal would show a perfect 
Meissner effect if the following experimental steps were 
taken: (a) rotate rapidly in the normal conducting 
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Fic. 1. Cryostat. 
* This work was supported by the ONR. 
t Now with Naval Research Laboratory, Washington, D. C 
1 Love, Blunt, and Alers, Phys. Rev. 76, 305 (1949 


state; (b) cool the sphere slowly through the super- 
conducting transition temperature while still rotating; 
(c) stop the rotation and experimental investigation 
shows that the sphere has undergone a perfect Meissner 
effect. The present investigation has put some quanti- 
tative understanding behind the effects both from the 
experimental and theoretical side. 


II. APPARATUS 


Figure 1 shows the cryostat schematically. The 
sphere of tin housed in Textolite may be rotated at 
speeds, w, through a driving torque on the shaft ex- 
tending upward and out of the liquid helium bath. 
A magnetic detector (saturable core reactor) is shown 
in Fig. 1, and this is located close to the rotor in such 
a way that any changes in the vertical magnetic field 
component results in a steady signal on a meter. Most 
of the vertical field component of the earth was removed 
by use of compensating Helmholtz coils placed external 
to the Dewar flasks. Figure 2 shows the rotor and the 
detector element with the horizontal flux distorted by 
the eddy currents induced because of the rotation of 
the sphere. 

The changes in the magnetic field were measured by 
a device known as the magnetic airborne detector 
(AN ASQ-3), which was provided by the Office of 
Naval Research. Although certain alterations have been 
made on the magnetic airborne detector, the operation 
of the detector is approximately the same as the original 
design. Figure 3 is a block diagram of the detector. 
The output of a 1000-cycle oscillator is carefully filtered 
so that there does not exist any other frequency compo- 
nents, especially the 2000-cycle component. After 
passing through the filter, the 1000-cycle output then 
is sent through a resonent series circuit consisting of a 
capacitor and the detector This resonant 
series circuit is shunted by a 200-ohm resistor. The 
detector element is the only part of the above circuit 
that is cooled to 4.2°K. 

If the detector element is in a small magnetic field, 
a 2000-cycle component is generated, The output goes 
through a band-pass filter which transmits only the 
2000-cycle component. The 2000-cycle component is 
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then fed into a resistance-coupled amplifier with four 
stages. At the third stage, two leads are taken off and 
the signal presented on the oscilloscope. The output 
current from the fourth stage passes through a 5000- 
ohm resistor to an Ayrton shunt and galvanometer. In 
parallel with the fourth stages is a 1.5-volt dry cell 
battery and a resistance box. The dry cell battery is 
used to buck out the small detector current that exists 
as background signal. The magnetic field from the 
Helmholtz coils was set so as to produce a minimum 
deflection on the oscilloscope. A change in the magnetic 
field appears on the galvanometer as an unbalance. 
Field changes of 10~ gauss gave deflection of three 
centimeters on the galvanometer scale with Ayrton 
shunt on one-tenth sensitivity. The sensitivity reported? 
for the equipment is better than ten microvolts per 
ten microgauss at the output of the 2000-cycle filter. 

This experiment can be divided into two parts. The 
first part of the experiment consisted of finding the 
dependency of eddy currents induced on the tin sphere 
with respect to the rotational speed of the rotor. Above 
the transition temperature the sphere was rotated at 
varying speeds, and the deflections on the galvanometer 
and the speeds of rotation were recorded. After each 
determination of speed versus amplitude, the rotor was 
then stopped, and a check was made of the zero position 
of the galvanometer. At slow speeds the rotational 
speed was determined by the use of a stop watch. At 
faster rotational speeds where the revolutions could 
not be counted accurately, a stroboscope was used to 
measure the speed of rotation. The rotational speed was 
varied between 0.3 and 5.0 revolutions per second. 

During the second part of the experiment, the speci- 
men was rotated at a certain speed and cooled through 
the transition temperature. The deflection on the 
galvanometer was observed during the transition. If 
on passing through the transition temperature, a mag- 
netic flux was frozen in, the deflection on the galva- 
nometer would oscillate about a steady deflection with 
a frequency determined by the rotational speed of the 
rotor. But, on the other hand, if no flux were frozen in, 
the galvanometer would retain a steady deflection even 
if the rotation of the rotor was stopped. This would 
indicate a perfect Meissner effect. 

These experiments were performed with a tin sphere 
one and one-half inches in diameter, and with a tanta- 
lum cylinder one inch in diameter and one and one-half 
inches long. The transition temperature for tin is 
3.69°K, so in order to cool through the transition 
temperature of tin, it was necessary to pump on the 
liquid helium until the absolute pressure of the helium 
vapor was 441 mm of mercury. Since the transition 
temperature of tantalum is 4.38°K, tantalum when 
immersed in liquid helium at a pressure of 760 mm of 
mercury is in the superconducting state. With an 
overpressure on the helium greater than 980 mm of 
Engrs. 66, 641 (1947 
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Fic. 2. Rotor and lines of B about a rotating sphere 
mercury, the tantalum was rotated as a normal con- 
ductor; and by reducing the pressure to the atmospheric 
pressure, the tantalum passed through its transition 
temperature while rotating. 


Ill. EXPERIMENTAL RESULTS 


Tantalum on going superconducting has the property 
of freezing in most of the magnetic flux that exists in 
the material. In other words, it shows no Meissner 
effect. Figure 4 illustrates the large frozen-in moment 
produced in tantalum when allowed to go supercon- 
ducting while at rest. Figure 4 shows the detector signal 
as a function of the angle of the rotor with respect to 
the position of the detector element. Such a large 
frozen-in moment existed that the less sensitive oscillo- 
scope was used to give an indication of the magnitude 
of this frozen-in moment. The magnetic moment locked 
into the superconductor is independent of the angular 
orientation of the rotor. The direction of the magnetic 
moment is determined only by the direction of the 
magnetic field existing when the transition temperature 
was passed. The zero position of the rotor was therefore 
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Fic. 3. Block diagram of magnetic detection equipment 
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arbitrarily chosen. A rotation of the tantalum then 
gave a new position of the axis of the frozen-in moment 
with respect to the detector element. 

The next part of the study on tantalum consisted of 
rotating the tantalum while cooling through the transi- 
tion temperature. The speed of rotation was 0.35 
revolution per second during the transition. The plot 
of the detector signal as a function of the angle of the 
rotor is shown in Fig. 5. There was a steady deflection 

ith a small variation superimposed. This means a 
large Meissner effect had occurred. 

Tin is a better behaved superconductor than tantalum 
in that tin freezes in a smaller amount of flux. Figure 6 
is a typical plot of the galvanometer reading versus the 
rotational speed of the normal conducting tin rotor. 
Before going into the discussion of this graph, it would 
be best to explain further what the magnetic detector 
element measures. The detector element will measure 
only a vertical component of the magnetic induction, 
B. By looking at Fig. 2 the lines of B are seen to be 
bent around the rotating specimen. If only a small 
amount of eddy currents is induced on the surface of 
the sphere, most of the lines of B continue straight on 
through the detector element and pass through the 
sphere. As the eddy currents increase, the lines of B 
are forced over the sphere. This gives a vertical compo- 
nent of B in the detector element which appears as an 
unbalance on the galvanometer scale. The graph, Fig. 6, 
shows an exponential rise at first with a gradual leveling 
off. However, the curve is still slightly rising with 
increases of the rotational speed. Table I gives the 
galvanometer deflection at various rotational speeds at 
a constant temperature of 4.2°K. At a higher tempera- 
ture, say 20°K, the electrical conductivity is smaller, 

at the same rotational speeds one obtains a 
aller galvanometer deflection. 

With the sphere rotating at 4.6 revolutions per 
second, it was observed that the amplitude of the flux 
being kicked out by the eddy currents increased by 10 
percent as the sphere was cooled from 4.2°K to the 
transition temperature. The deflection on the galva- 
nometer remained at this maximum value while passing 
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through the transition temperature. Further, the deflec- 
tion on the galvanometer remained at this maximum 
value when the superconducting rotor was brought to 


rest. 
IV. DISCUSSION 


It is well known that for tantalum the Meissner 
effect is practically nonexistent because the metal 
freezes in all of the existing flux when it goes super- 
conducting. Pure tantalum in bulk quantity is made by 
sintering together the small flakes or grains. Sound 
pulses were found to scatter very badly on passing 
through tantalum metal.* Thus from a physical point 
of view the metal is not homogeneous and one can 
understand that the Meissner effect might not be 
realized by a metal of this physical make-up. We have 
found that our specimen of pure tantalum was of this 
sort but that we could force it to have a complete 
Meissner effect through the technique of rotating in 
the normal state and cooling while rotating into the 
superconducting state. The cooling must be done very 
slowly and adequate rotational speeds must be used, 
else some frozen-in flux will result. 

The results on tin show that the magnitude of the 
eddy currents produced are dependent on the speed of 
rotation and on the temperature. The dependence on 
temperature is connected with the electrical conduc- 
tivity. These effects may be understood from the 
following classical electromagnetic theory: A simple 
change of coordinate system will allow the sphere of 
metal to stay fixed and the magnetic field to rotate 
around. The equation to be satisfied is then (mks units) : 


V°B—jwucB=0, 


where w equals angular velocity, u magnetic permea- 
bility, 7 equals (—1)}, and o is the electrical conduc- 
tivity. The eddy currents induced by the rotating 
magnetic field produce a magnetic field which outside 
the sphere is equivalent to a magnetic dipole of strength 
(4r/u)(BD/2) at the center of the sphere, where B is 
the magnetic field in which the sphere is rotated, and D 
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Fic. 5. Meissner effect of tantalum 


3W. C. Overton, Jr., Ph.D. thesis, Rice Institute, Houston, 
Texas (1950), unpublished. 

*W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 
Book Company. Inc.. New York. 1950), p. 395 
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is given by 
| 3. sinh(2p)!a—sin(2p)?a } 

D=—a*) J-— ~ —~ - - —--—— + -- 
{ (2p)!a cosh(2p)4a—cos(2p)!a 

i. 3 3. sinh(2p)*a+sin(2p)*a 

-ja*} ——+ - —— 

pa? (2p)!a cosh(2p)4a—cos(2p)!a 


with p=wyo, and a is the radius of the sphere. When 
the conductivity, o, and the angular velocity, w, are 
low, the imaginary component is the predominant term. 
The axis of the dipole will then be nearly perpendicular 
to the applied magnetic field. If either the conductivity 
or angular velocity become very large, the imaginary 
component approaches zero, and the dipole axis then 
coincides with the direction of the magnetic field. At 
4.2°K, for five revolutions per second and c=4X 10"° 
mhos/meter, the imaginary component is one one-tenth 
of the real component. The magnetic dipole axis is 
then almost parallel with the applied field. 

In his recent book, Fritz London’ has shown that the 
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Fic. 6. Eddy currents in tin at 4.2°K 


5 F. London, Superfluids (John Wiley and Sons, Inc., New York, 


1950), Vol. I, pp. 34-35. 
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I. Galvanometer deflection at various rotational speeds 
at 4.2°K. 








Rotational speed 


Galvanometer deflection 
n (rev/ sec) 


0.30 
0.40 
0.45 
0.55 
0.70 
) 
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A 


2 
3: 
5 


magnetic field of a superconducting sphere at a large 
distance is equivalent to a magnetic dipole of strength, 
M, at the center of the sphere where M is given by 


M = — (42/p)(a°B/2) 
X {1-—[3/(u/d)%a ] coth(u/A)4a+3/(u/A)a*}. 


Comparing this with the dipole set up by the eddy 
currents, one sees that they are equal in the limit of 
very fast speeds of rotation with high conductivity. At 
about 3.8°K with the sphere rotating at 4.6 revolutions 
per second, the detector element could not observe any 
change in the magnetic field when the sphere became 
superconducting. That is, the field change at the 
detector element was less than 10~* gauss. The skin 
depth, 1/+/p, for the eddy currents was 0.6 mm at 4.6 
revolutions per second, while the skin depth (u/A)~? of 
supercurrents was 1.6X10-> mm. 

We may conclude that: 

(1) The eddy currents in the tin sphere have the 
same space distribution as the superconducting Meissner 
currents, within the sensitivity of the magnetic dete: 
tion equipment. 

(2) The tantalum metal which has been sintered 
together to make the bulk specimen will perform like a 
normal superconductor if the magnetic field within the 
interior of the metal is largely removed by the rotation 
of the specimen while cooling through the transition 


temperature. 
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An alteration in the notation used to indicate the order of operation of noncommuting quantities is sug 
gested. Instead of the order being defined by the position on the paper, an ordering subscript is introduced 
so that A,B, means AB or BA depending on whether s exceeds s’ or vice versa. Then A, can be handled as 
though it were an ordinary numerical function of s. An increase in ease of manipulating some operator 
expressions results. Connection to the theory of functionals is discussed in an appendix. Illustrative appli 
cations to quantum mechanics are made. In quantum electrodynamics it permits a simple formal under- 
standing of the interrelation of the various present day theoretical formulations 

The operator expression of the Dirac equation is related to the author’s | 
\n attempt is made to interpret the operator ordering parameter in this case as a fifth coordinate variable 


seems to be 


revious description of positrons 


an extended Dirac equation. Fock’s parametrization, discussed in an appendix, easier to 


nterpret 


In the last section a summary of the numerical constants appearing in formulas fe 


ibillities 1s given 


N this paper we suggest an alteration in the mathe- 

matical notation for handling operators. This new 
notation permits a considerable increase in the ease of 
manipulation of complicated expressions involving 
No results which are new are obtained in 
this way, but it does permit one to relate various 
formulas of operator algebra in quantum mechanics in 
a simpler manner than is often available. In particular, 
it is applied to quantum electrodynamics to permit an 
easier way of seeing the relationships among the conven- 


operators 


tional formulations, that of Schwinger and Tomanaga,! 
and that of the author.’ These relationships have already 


been discussed by many people, particularly Dyson 
The 
operators in each term of a perturbation power series. 
Here, the same end is achieved in much the same way 
without having to resort to such an expansion. 


connection was shown by means of a re-ordering of 


It is felt, in the face of daily experimental surprises 
for meson theory, that it might be worth while to spend 
one’s time expressing electrodynamics in every physical 
and mathematical way possible. There may be some 
hope that a thorough understanding of electrodynamics 
might give a clue as to the possible structure of the 
more complete theory to which it is an approximation. 
This is one reason that this paper is published, even 
though it is little more than a mathematical re-expres- 
sion of old material. A second reason is the desire to 
describe a mathematical method which_may_be_useful 
in other fields 

The 


attempt has been made to maintain mathematical rigor. 


mathematics is not completely satisfactory. No 


ve at the University of Brazil, Rio de Janeiro, 


nger, Phys. Rev. 76, 790 (1949), and S. Tomonaga, 
224 (1948), where additional references to previous 
y be found 
2 The author’s previous: papers will hereafter be designated as 
follows: R. P. Feynman, Revs. Modern Phys. 20, 367 (1948)—C; 
Phys. Rev. 76, 749 (1949)—I; Phys. Rev. 76, 769 (1949)—II; and 
Phys. Rev. 80, 440 (1950)—III. 
> F. Dyson, Phys. Rev. 75, 486, 1736 (1949) 


I wr transition prob 


The excuse is not that it is expected that rigorous dem- 
onstrations can be easily supplied. Quite the contrary, 
it is believed that to put the present methods on a 
rigorous basis may be quite a difficult task, beyond the 
abilities of the author 

The mathematical ideas are described and are illus 
trated with simple applications to quantum mechanics, 
in the first four sections. Some possible mathematical 
relations between the operator calculus described here 
and the theory of functionals is described in Appendix 
A, with further specific mathematical applications in 
Appendixes B and C. Section 5, and more particularly 
Secs. 6 to 9, apply specifically to quantum electro- 
dynamics and may be omitted without loss by those 
whose interest is limited to mathematical questions. 
The use of a fifth variable to parametrize the Dirac 
equation is discussed in Secs. 8 and 9. An alternative 
procedure due to V. Fock* appears in Appendix D. 
Section 10 gives a summary of the rules for computing 
matrix elements. 


1. DESCRIPTION OF THE NOTATION 


The order of operation of operators is conventionally 
represented by the position in which the operators are 
written on the paper. Thus, the product AB of two 
operators A and B is to be distinguished from the 
product in reverse order BA. The algebra of operators 
is noncommutative, so that all of the ordinary algebra, 
calculus, and analysis with ordinary numbers becomes 
of small utility for operators. Thus, for a single operator, 
a, ordinary functions of this operator, such as A =expa, 
can be defined, for example, by power series. These 
functions obey the rules of ordinary analysis even 
though a is an operator. But if another operator £ is 
introduced with which a does not commute, the ques- 
tion of functions of the two variables a, 8 is beset with 
commutation difficulties and the simplest theorems of 
analysis are lost. For example, if B= exp, it is not true 

‘V. Fock, Physik. Z. Sowjetunion 12, 404 
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that BA, that is, exp§ expa, is equal to exp(8+a). 
Thus, the law of addition of exponents fails. Conse- 
sequently, the principles of elementary calculus are no 
longer operative in a simple way. For example, expand 
exp(a+ 8) to first order in 8, assuming’ small. The 
zero-order term is expa, but the first-order termfis 
neither 8 expa nor (expa)§ nor the average of the two. 
From the theory of time-dependent perturbations in 
quantum mechanics we learn that it is 


expat pg 


expat f exp[_(1—s)a@ ]B exp(sa)ds+ 


0 


The appearance of the integral in this analytic result 
appears surprising and its derivation does not indicate 
clearly how to differentiate or expand other functions 
of a+ 8. Further, the simple integral on s is not easy 
to perform, although the results can be given in several 
ways as power series. That the integral cannot be done 
in a general fashion is clearly due to a weakness of 
notation, for in a representation in which a@ is diagonal 
with eigenvalues a, we can of course verify directly the 
usual result, 


(exp(a-r IF) uae (expa, 6, 


+ (€EXPQm— EXPAn) I mn( 


of the perturbation theory of stationary states. 

We shall change the usual notation of the theory of 
operators and indicate the order in which operators are 
to operate by a different device. We attach an index to 
the operator with the rule that the operator with higher 
index operates later. Thus, BA may be written B,Ao 
or AoB,. The order no longer depends on the position 
on the paper, so that all of the ordinary processes of 
analysis may be applied as though A» and B, were 
commuting numbers. It is only at the end of a calcula- 
tion, when the quantities are to be interpreted as 
operators, that the indices 0 and 1 are of importance if 
one reconvert 
notation. Thus, if A=expa and B 
safely write BA =exp(ao+ 1), as there is only one way 
to interpret the latter expression. Other analytic 
processes then become valid. For example, 


wishes to an expression to the usual 


exp8, we can now 


(a+ B,)*+ 
>1 


exp(ao+ 81) = 1+ (ao+8:)+ 


=1+a+8+34(a?+2Ba+ 6?)+4 


in the conventional notation. For on squaring 


(ag+ B1)?= ay? + 2a8i+ BY’, 


we must interpret the quantity af; as Ba in accordance 
with our convention. The quantity 8,° alone (that is, 
not multiplied by any other expression with an index, 


such as ap) is simply §*, since the index is no longer 
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necessary to define the order of operations, there being 
only one operator in the term. 

The notation is to be extended so that the index need 
not be integral, for example, A_;B3.=BA, since 
3.1>—}4, and in general A,B, = BA if s’>s and AB if 
s>s’ and is undefined if s=s’. 

How can we work with an expression such as 
exp(a+) so as to free the a and 8 of their noncom- 
mutative aspects and thus utilize the theory of functions 
for rearranging the expressions? Take a quantity V very 
large and write 
1 1 


exp—(a+ 8) 1+—(a+p) 
NV N 


exp(a+ B) 


1 


1+—(a+ 8) | for V factors 


In each factor we replace a+ 8 by a;+ 8), where 7 is an 
index running to JN, and write 
1 


N 
exp(a-+ B) lim IT 1+—(a; 
Noe i=l NV 


+ B;) 


lim exp} — >> (a:+8 
V im 


N~x 


where the last expression is written in accordance with 
the new convention that the index 7 controls the order 
of operation. (The ambiguity arising from a; and 6 
with the same index can only cause trouble in a product 
a pb , 
\—>«.) More simply, calling s=7/.V, 


and such products are of vanishing importance as 
we can take the 
limit and write 


exp(a +p exp| f 


That this is valid is, of course, evident, since we could 
call a,+6,= 7, with y a definite operator operating at 


order S$, SO that 


exp(f 1 as) = en( f vds ), 


for in this expression the order index is unnecessary, 


only one operator y being involved. The integral is 


just ¥, 


since y does not now depend on s. Therefore, Eq. (3 
is trivial as it stands; but what is not trivial is the fact 
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that the right-hand side of Eq. (3) may be manipulated 
just as though a, and 8, were numerical functions of s, 
with the assurance that now the order of operations 
will always be automatically specified by the index. For 


example, from Eq. (3) we have the legitimate relation 


expla p exp f a,ds exp B.ds }. (4 


As an example, showing that such manipulations do not 
destroy the validity of equations, consider the term of 
first order in both @ and 8 on both sides of Eq. (4). 
Expanding the left side as 1+(a+8)+}(a+)?+::-, 
we see that the term in question is 3(a@8+ 8a), while 
expansion of the right side gives for the corresponding 
term (fi! a,ds)(fo' B.ds). This can be simplified by 
being written as 


ff a,dsB,-ds' -f f aBedsds'+ [ f eBedsds’ 


In the first integral we have s>s’, so that a,8, is equal 


to af, while in the second s<s’, so it is Ba. Hence, there 
abs So'dsds'+ Ba Sy f'dsds’ ; 


forming the integrations we find finally 


fads fs. =}(a8+ Ba 


results thus on_ per- 


at 0 


This process of rearranging the form of expressions 
involving operators ordered by indices so that they 
be in conventional form shall call 
disentangling the operators. The process is not always 
easy to perform and, in fact, is the central problem 
of this operator calculus. As a second example of disen- 
tangling, consider the problem of expanding Eq. (4) 
to the first order in @. It is evidently 


-Xpla-t re} exp( / a,ds + exp | a ds’ 


0 


fps 


The first term is simply expa, for a, is independent of s, 


may written in we 


as there is no other operator with which a, does not 
commute in this term. The next is the integral over s 
So! a,ds’)B,. In the integral on s’ 
the range, according to whether s’<s or 

exp( Jt! a,-ds’) exp( So ayds’)B,. The in the 
factor acts after the 8, and is otherwise independent of 
in the second factor is to act before 
f we write these factors respectively 


we can split 
Cabot 
first 


of exp 
a, 


s’, while the a 
the 8,. Hence, i 
after and before the 8, and imply the usual convention, 
the a, will be independent of s’ in the range 0 to s and 
we may perform the integral. Hence, the result is the 
integral on s of exp[(1—s)a]8 exp(sa) in agreement 
with Eq. (1 


Pp 
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Incidentally, by applying new subscripts in another 
. ( . 7 
way the term may be also written as fj! exp[(1—s)a | 
Xexp(sao)ds, in which case the integral may be im- 
mediately performed to give 


[ (d/de) exp(at 8 


. lad 


exp a,/ds’ | B,ds 


6) 


All the four expressions are equivalent as has been 
shown, but only the first and third are in a form in 
which the operators are disentangled so that the con- 
ventional expressions may be used. In the representa- 
tion in which a is diagonal, it should be evident that 
the matrix element of the last expression is that given 
in Eq. (2) 

Any operator function of a+ 
a+B by fo! ads+ fi! 8.ds, be manipulated in a mani- 
fold of ways, many of which lead to useful formulas. 


8 can, by replacing 


In a like manner, more complicated operator expressions 
can be rewritten using ordering indices. They may then 
be manipulated using all of the results of ordinary 
analysis. 

A word about notation: Inasmuch as in mathematics 


and physics there are already many uses of the sub- 


script notation, very often we shall write a(s) for a,. 
is a function of s, namely, in the sense 


In a sense, a(s) 
that although the operator a may be definite, its order 
that tl 
scription of where it is to operate, a(s), is a function of s. 


of operation is not—so 1e operator plus a pre- 
Furthermore, there will be many cases in which the 
operator actually depends explicitly on the parameter 
of order. In this case we should have strictly to write 
a,(s) but will omit the subscript when no ambiguity 
will result from the change 

We may remark in a general sense about the mathe 
character of Given an ex- 


matical our 


pression such as fj! 8(s)ds, we are not concerned with 


expressions. 


evaluating the integral, for the quantity when separated 
from other factors with which it might be multiplied is 
incompletely defined. Thus, although j! 8,ds standing 
alone is equivalent simply to 8, this is far from true 
when fj! 8,ds is multiplied by other expressions such as 
exp Jo! ads Thus, 
expression as a complete functional of the argument 
, et 
are endeavoring to associate an operator. The operator 


we must consider the complete 


functions a(s), B With each such functional we 


depends on the functional in a complex way (the 
operator is a functional of a functional) so that, for 
example, the operator corresponding to the product of 
general) the simple product 
of the operators corresponding to the separate factors 


(The correspond 


two functionals is not (in 


ing statement equating the sum of two 
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functionals and the sum of the corresponding operators 
is true, however.) Hence, we can consider the most 
complex expressions involving a number of operators 
M, N, as described by functionals F[M(s), V(s)-++] of 
the argument functions M(s), V(s)---(=Ms5, N,--:). 
For each functional we are to find the corresponding 
operator in some simple form;’ that is, we wish to disen- 
tangle the functional. One fact we know is that any 
analytic rearrangement may be performed which leaves 
the value of the functional unchanged for arbitrary 
M(s), N(s)--+ considered as ordinary numerical func- 
tions. Besides, there are a few special operations which 
we may perform on F[.M(s), N(s)---], to disentangle 
the expressions, which are valid only because the 
functional does represent an operator according to our 
rules. These special operations (such as extracting an 
exponential factor discussed in Sec. 3) are, of course, 
proper to the new calculus; and our powers of analysis 
in this field will increase as we develop more of them. 


2. APPLICATIONS IN QUANTUM MECHANICS 


The wave equation idy/dt= Hy determines the wave 
function W(t2) at time ¢y in terms of that at time 4), ¥(4)). 
In fact, they are related by a unitary transformation 
(te) = Q(t, ti) W(h). The unitary operator Q(t2, t:) can 
be expressed as Q(t2, t:)=exp(—i(42—4)H) in the case 
that H is independent of the time. In spite of the 
simple appearance of the analytic form of Q in terms 
of H, little has been done except formally with this 
expression for the reasons outlined in the previous 
section. We may readily re-express it as 


(2(to, ty) exp/ i| ut) 
J t 


and may then find the expression easy to utilize. 
Further, if H is an explicit function of the time H(0), 
we can consider the 2 to be developed as a large number 
of small unitary transformations in succession, so that 
we have directly 


Q(lo, f;)= exp ~i| 


H{t)dt 


Hereafter in this section we shall make the convention 
that time is the ordering parameter and simply write 
H(t) for H,(t). 

We can use this expression to derive many results in 
quantum theory. Thus, if H(/) can be written as the 


sum of two parts H(t) and U(t), we have 


lof exp 


xexp( - if vat) 8) 


* This point of view is discussed in further detail in Appendix A 
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If H is simple and U is small, an expansion in powers 
of U is simple. We call 2 the operator corresponding 
to the hamiltonian H+ U and 2 that corresponding 
to H. The first-order difference of 2 and Q is 


ts 


t2 2 
if U (t)dt exp if H(t’ )dt’ |, 


which may be disentangled as 


- if exp if H(t’')dt’ |U(t) exp -if H(t’ 


« 


(to, QU ()Q2 (t, ty)dt, (9) 


as explained in connection with Eq. (6). This is a 
standard result of time-dependent perturbation theory. 

As a second example consider the perturbation term 
of first order in U and in V arising from the hamiltonian 
H(t)+U()+V (0. It is 


/ via f V(e"de" exp] —i H (t)dt 


Jt ry 


yt? 


In order to disentangle this, we can break the / 
integral into two regions, (’’<?’ and ¢’’>2’. The term 
arising from the first region has V operating before U, 
while the reverse is true for the other region. (The 
integral on ¢ for each region is then divided into three 
parts determined by the relation of / to ¢’, ¢’’.) Thus, 
the term becomes, when disentangled, the sum of two 
terms: 


fife 


This is the way that the various terms corresponding to 
the different diagrams arise in quantum electrodynamics 
when an attempt is made to calculate explicitly a single 
operator expression arising in perturbation theory. 


Oe’ PIV (t’) 


K 2 (et )dt’ dt’, 
(10 


0", LU) 


K 2M, t)dt’dt’. 


The results here are very similar to those derived 
from the lagrangian form of quantum mechanics as in 
III. Here we have the advantage of being able to use 
the more familiar operator concepts and to work in 
greater generality from the start. For it is not necessary 
that H be restricted to coordinate and 
operators only. Equations (7) and (8) are correct for 


momentum 


any H; for example, one containing creation and anni- 
hilation operators of second quantization, or Dirac 
matrices, etc. 

The connection of these formulas to those given in I 


is simple. K(x, fo; 41, f;) is just a coordinate integral 
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kernel representation of the operator Q(t2, t;) so that, 
for example, Eq. (9) gives directly 


1 / K (x, to; x, EU (x, LK (x, t; 01, ty)dxdt, 


the expression (9) of I, while Eq. (10) translates immedi- 
ately into the expression (30) of ITI. 

As another type of application, consider two inter- 
acting systems whose hamiltonian is H‘)+H® 
t+ UL x, x where H“ operators of 
system (a) only, H“ involves only those of system (0), 
and U involves both. Then we may ask for the ampli- 
tude, if at ¢; system (a) is in state Y, and system (0) in 
gi, that at f, they are in Yo, de. This is the matrix 


element 
HH (odt—if H® (t)dt 


U(x (2), x@ (lt| v.61). (11) 


involves 


te 
‘ if 
| 


But this may be split into two problems. We may firs t 
find the matrix element 


exp -if H(t)dt 
~/ ti 


-if ULx(), x) Mtl) (12) 
t 


a) alone, considering that in the inter- 
«), x) ], all operators referring to 
b) are arbitrary numerical functions of ¢. (We have 
iting as though U depends on (6) only through 
the coordinate, x; but the same method applies if it 
is also a function of momentum, or spin, or other 
operators on system (6).) Then the matrix element 7 
(1). As we indicate, it is a 


for the system 


action potential U| x 


been wr 


depends on the function x 
The final answer, m, 
¢2| M | ¢,) between the states ¢; and ¢2; 


functional of x(t). is then a 


ment 


matrix ele 


m (6 exp if H (t)dt T(x (t) | 6), (13 


wherein now the quantities x(t) are considered as 
ordered operators operating relative to each other and 
to H in accordance with the time parametrization. 

In this way we can analyze one part of a pair of 
interacting systems without having yet analyzed the 
other. The influence of a on b is completely contained in 
the operator functional T@[x®(t)]. This separation 
may be useful in analysis of the theory of measurement 
and of quantum statistical mechanics. It is the possi- 
bility of such a separation which exists also in the case” 
of the lagrangian form of quantum mechanics, C, 
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which makes that form useful in analyzing the quantum 
properties of the electromagnetic field. We may there- 
fore expect that with the present operator notation it 
should be equally easy to make this analysis. That this 
is indeed true we show by example further on. Since 
this, the main advantage of the lagrangian form, can be 
so.easily managed with the new notation for operators, 
this may well take the place of the lagrangian form in 
many applications. It is in some ways a more powerful 
and general form than the lagrangian. It is not restricted 
to the nonrelativistic mechanics in any way. A possible 
advantage of the other form at present might be a 
slight increase in anschaulichkeit offered for the inter- 
pretation of the nonrelativistic quantum mechanics. 


3. DISENTANGLING AN EXPERIMENTAL FACTOR 


There is one theorem which is very useful in disen- 
tangling operator expressions. We shall give it in this 
section. Suppose we have several operators M, N, etc. 
(which may also be functions of time, or more generally, 
the ordering parameter s), which are ordered in some 
way. 

Let us say the functional F|_M(s), V(s)--- 
the ordered operator. Now suppose we replace M(s) by 
M'(s)=U-M(s)U, N(s) by N’=U—NU, etc., where 
U is some constant operator. Then, as is well known, 
in F[M(s), Vis | 
operators, such as M(s+ds)N(s), the UU~ cancel out 
in between (that is, MVN=U“oOMUUNU=U"MNU, 


etc.), so that there results 


| defines 


J 


in any product of successive 


F[M"(s), N’(s)--- ]=U“F[M(s), N(s)--+] (14) 
where the U’s are written to operate in the correct 
order. (If we wish to be more specific, we can imagine 
the range of the ordering parameter to be s=0 to 1 
and write the right-hand side as U,; "FU 4.) 

This is a simple rewriting of a well-known theorem 
of equivalence transformations. However, a much more 
interesting case is that in which U(s) is actually a func- 
tion of the ordering parameter. That is, we contemplate 
performing different transformations on the operators 
M(s) depending on the value of s at which they are to 
operate. Then in a product of successive operators such 


as M’(s+ds)N'(s), 


where 


M’'(s+ds s+ds)M(s+ds)U 


(s+ds) 


(operating in the order indicated by the position of U-", 
M and U) and N’(s)=U~-"(s)N(s)U(s), the factors 
U(s+ds) and U~'(s) will not cancel out, but we will 
find the operator U(s+ds)U~(s) 
times s and s+ds, say at s+ ds. If we assume U 


operating between 
‘ con- 
tinuous, we can imagine U(s) differs from U(s+ds) to 
the first order in ds, and hence that U(s+ds)U 
equals to first order in ds: 


\(s) 


U(s+ds)U—(s)=1+ P(s)ds, 


where P(s) is an operator defined by this relation in the 














AN 


limit ds—0. We may write this relation 


dU(s)/ds= P(s)U(s) 


(15) 


with positional ordering. Hence, between s and s+ds 
there should operate an additional factor 1+P(s)ds, 
which for convenience we may write, valid to first order, 
as exp[ P(s+4ds)ds]. The s+3ds in P(s+ ds) will 
automatically locate the factor in the correct order. 
But there is a factor of this kind appearing between the 
operators for each value of s, or multiplying the factors 
all together, we obtain the net factor exp/o'P(s)ds, 
the product becoming a sum, or integral in the ex 
ponent. Hence, we have the general theorem: 

F[M"(s), N’(s)++> 


]=U-(1)F[M(s), N(s) 


xerp(f Pis)ds UO), 


'(s)M(s)U(s) 


where 


M'(s) 


u(s)=exr| f P(s’)ds’ [U( (17) 


this last coming from integrating Eq. (15). We shall use 
the theorem by writing it in the form 


1 


exp f P(s)dsF[M(s), N(s)-- +] 


= U(1)F[M"(s), N’(s)---]U—(0), (18) 
in which form it serves as a rule for disentangling an 
exponential factor from another expression. A word of 
caution is necessary in reading Eqs. (18), (16), and (17), 
for three different notations are used in the expressions. 
In Eq. (18) the new ordered notation is used in its 
complete form; for example, the s in exp jf! P(s)ds 
gives the order in which the P is to operate relative to 
the M, N of the functional F which it multiplies. In 
Eq. (16), however, all the operators are to operate at s, 
but the relative order in M’ of U, M, and U~ is as 
given by the usual position convention. Finally, Eq. 
(17) would be less ambiguous if it were replaced by the 
differential equation (15). For in the solution (17), the s’ 
are to bear no relation to the s in Eq. (16) or Eq. (18). 
The operator U(s) is to be computed from P by Eq. 
(17) first, then the whole operator U(s) is to operate in 
Eq. (16), and then in Eq. (18) at the position s. 

We shall use this theorem in several applications 
related to quantum electrodynamics. Most particularly, 
we shall find*a certain special case useful enough to 
warrant special mention. It is the case that P(s) is of 
the form a(s)P,, where a(s) is a simple numerical 
function, and P, is an operator whose form does not 
depend on s but whose order of operation does. Then 
if we call a(s)= fo' a(s’)ds’, so that a(s) is also a nu- 
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merical function, Eq. (17) gives U(s)=exp[a(s) P, JU(0). 
We shall further choose to specialize U(0)=1. (The 
more general case corresponds to a final simple constant 
equivalence transformation (14) with U(0).) Then our 
theorem may be written 


1 


exp f a(s)P,ds F[M(s), V(s)-++] 


1 
exp pif a(s)ds |F[M"(s), N’(s)--> 
where 


M’(s)=exp] — Pf a(s’)ds’ |M(s) 
0 
Xexp +P.f a(s’)ds’ |. (20) 


0 


Further, since this theorem with Eq. (20) substituted 
into Eq. (19) is valid when a(s) is an arbitrary numerical 
function, it is also true if a(s) is any ordered operator 
a(s) commuting with P for all s, provided that in all 
expressions involving a, the parameter s or s’ is con- 
sistently interpreted as giving the order in which the 
a operates.® 

The mathematical proof of the theorems (18) and 
(19) offered here is admittedly very sketchy ; but since 
the theorems are true, it should not be hard to supply 
them with more satisfactory demonstrations 
Appendix A for an alternative demonstration). 

There are a number of other interesting relations 
which we may derive from Eq. (19), but which we shall 
not need in this paper. One is included here because it 
has been found useful in certain other applications. If 
a(s) is considered infinitesimal in Eqs. (19) and (20), 
expansion in first order in a gives the following result 
(or differentiate each side with respect to a(t) and set 


(see 


a(s)=0), 


P.FUM(s) ]= Pik 


CM(s)]— f (PM—MP),6F/8M(s)ds 


t 


(if we assume F can be represented by a functional 
having a derivative 6F/5M(s)). We have taken F to 
depend only on one operator M(s), but the generaliza 
tion is clear. Here, (PM— MP), is conventional ordering 
is PM(s)— M(s)P and is considered to act as an entity 
at s. The differential form 


(dP,/dt)F[M(s) ]=(PM—MP),6F/6M(t) (21) 


is also useful. 


6 To simplify such descriptions, in a situation involving two sets 
of operators, any one of the first set commuting with any one of 
the second, it is often convenient to generalize to the use of two 
different ordering parameters—one for first set, and one for the 


second 
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4. THE INTERACTION REPRESENTATION 


As a first simple direct application of our theorem 
consider again the perturbation problem (8) of com- 
puting the operator 


exp if H (bat | exp -if uioat] ( 


If we suppose the properties of H“ to be known and 
simple, the right side of Eq. (8) may be disentangled by 
means of our theorem (18). We consider —iH)(t) as 


8) 


an operator P(s) and 


exp| i| v(oat| 


functional F from which the 


exp — if He (oat 


is to be disentangled. Hence, a direct application of Eq. 


as the 


18) gives 


> 41 
exp 


S()= exp| _ if H® (ae | 


a 


limit @ used in defining S is arbitrary ; it may 
so S(t;)=1 if that is convenient), and 


(the lower 
be taken 


is I 


U'(j)=S7(OUOS( (23) 
(operating in positional order). If we take matrix 
elements not between states y; and wy. but betweer 
¥i/=S—'(h)y, and y2’=S—(te)Yo, we may call the 
Q-matrix 2’ and omit the S(t.) and S factors in 
Eq. (22). These new time-dependent states y’ are 
evidently states that would give rise to y; at 4; and y2 
at fs (from some fixed reference time a) if the perturba- 
tion were not acting. Then the time-dependent per- 
turbation theory simply comes to evaluating 


1/7.) 
(ty 


exp(—-if u(t). 
ti 


Expansion in power series, substitution of U’ from Eq. 
(23), and use of the relation 2 (#’, ’)=S(*)S—“(t’) 
leads immediately to the formulas (9) and (10), so that 
Eqs. (23) and (24) give the simplest form to the time- 
dependent perturbation theory. Of course, the same 


24 


3h 
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results may be obtained by a unitary transformation in 
the conventional way. Ordinarily, result (24) is not 
written in this way, for it involves the time convention 
on the ordering of the operators. (It is usually expressed 
as a differential equation for ’.) If the perturbation U 
represents an interaction between some systems de 
scribed by H, the reduction of Eq. (8) to Eq. (24) 
is called passing to the interaction representation. 


5. SYSTEM COUPLED TO AN HARMONIC OSCILLATOR 


As a further example of the use of the notation we 
solve completely the problem of a particle or system of 
particles coupled linearly to an harmonic oscillator. 
This problem in greater generality is the main problem 
of quantum electrodynamics. It has been thoroughly 
studied in III, but we solve it again as an illustration 
of the new notation. Let the hamiltonian of the com 
bined system be 


H=H,(t)+Hose—V'(04q, 


where H,,. is the hamiltonian of the oscillator alone, 
ee 


where p is the momentum conjugate to g, the coordinate 
of the oscillator. Further, 1,, which may depend ex- 
plicitly on time, is the hamiltonian of the particles, and 
[ may contain any operators pertaining to the particles 
as well as possibly being an explicit function of the 
time. We ask for the matrix element for finding the 
particles in state x, and the oscillator in some eigen- 
state m at time ¢”, if at a previous time /’ the particles 
are in state xv, 
It is the matrix element 


(x exp i [Hp (t)+ Hose(t) — V'(t)q(t) jdt onxe) 


using As already dis- 


and the oscillator in its mth eigenstate. 


Pm 


the time ordering convention 


cussed in Sec. 2, this can be considered as the matrix 


element between states yy and x, of the matrix 


where G,,, (the analog of T of Sec. 2), a functional of 
I'(t), 


their interaction with the oscillator. Calculation of G,, 


serves to define the net effect on the particles of 


means evaluating 


I(t). We are 


here as a simple numerical 


functional of to 


function, and 


In a general way as a 


consider I'(¢ 
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only later utilize the fact that it is an operator involving 
the particles when we go to evaluate the matrix M, 
Eq. (25), between the partic le states xv and xy. The 
evaluation of G,,, for an arbitrary numerical function 
I'(t) may be performed in a variety of ways. One is by 
the lagrangian form of quantum mechanics given 
explicitly in III, Sec. 3, with the sole difference (which 
is unessential for this part of the problem) that there 
C(t) was called y(t) and was a functional of the coor- 
dinates x(t) of the particles, while here we see we are in 
a more general position as I'(¢) may be a functional of 
any ordered operators referring to the particles. We 
find, for example [IIT, Eq. (14 


G exp} - (1 4) | f exp( 


xX P(t) 0 (s)dtds 


he same result may also be obtained by a direct solu- 
tion of the Schrédinger equation for the forced oscillator 
The great advantage of the operator notation is to allow 
this formal solution for an oscillator forced by an 
arbitrary potential function V to be equally useful 
when the oscillator is actually in interaction with a 
quantum-mechanical system! 
in III, Eq. (57), 
using I’ for y. It is, however, interesting to see how this 
could be worked out directly using 
ilculus. We want 


Thus, we have the answer for G», 


expression for Gm, 
the methods of the ordered operator « 


to disentangle the operato! 


G=exp if Hogc,dt } exp if C(t)q,dt }. 6’ 


Let us call, in the usual way, Q*= (3H iw 'p) and 
O bw) (gqt+iw'p) the and 


Chey satisfy t 


creation annihilation 


he commutation relation 


operators 
()* OF 

terms of them //,. Ww O*O t OV* and 
(O+0* 29 
Now as a first step we pass to the interaction representa 
4). We use the theorem (20) with P ) | 

; “ee 

if H...(t)dt | factor, 


tion (Sec. 
x § 1, to disentangle the exp! 


obtaining 


dt 1 § 


NOS), OF(D=S(OO*S(D, and 


«). By redefining the wave functions 


where QO'(()=S 
tH, 
contain S(f), or, ! 
exp -iE,t) for the 
eliminate the S(t’’) and S 


S(t) =exp 
so they for eigenstates, the energy 


factors free oscillator, we can 


’) and need merely cal- 


ATOR ¢ 


LUS 


AB. Cc 


culate the matrix element of 
G’ =expi(2w)~? f r(a[o’(j+O"*(#) jdt 
From Eq. (28) we readily calculate that’ 
O'*(t)=O* erie! (30) 
x x 


Ot Ue ' and 


so that the problem becomes the disentanglement of 


f [(t)e* “(OO *dt 


X exp} 7(2w) 


G’ exp 


if I'(s)e~'“*O,ds 


We shall find it most convenient to disentangle this into 
a form in which all the annihilation operators operate 
first, and then come the creation operators (since the 
suffer than » annihilation 
vanishing, the expression will be 


nth state cannot more 
operators, Q"*'¢ 
easy to evaluate in this form). To this end let us use 


theorem (19) again, this time with P=(%*, 


a(s) - 


Calling, temporarily, 


t 
1{(t)=121(2w if I'(t)e* 
wg 


, exp ] ; I'(t)e “O"'(t)dt ‘ 


O”'Ct 


exp 1(4)0* 0 exp[+ 4 ()Q*] 


commutation relation (28) here gives’ 


factor Q, can be replaced by Qy since ¢ is in 

ase less than 

* and Q, need not be ordered relative to itself 

a constant operator. Hence, we may, with a 
A(t’’)) 


t’’, so that all the Q,’s come before 


ht rewriting (for example, 78* for 


G exp(i8*Q, 33) 


*) exp(i8Q01)Goo 
exp( tH coe) exp(—itH osc) implies dQ’/dt=iS™ 
S(t) = —1tw)'(t), since HA OF om - w) by 
hus, since Q’(0)=Q, one obtains Q’(t)=e—"“"O 
* For, differentiation of the expression for Q(t) gives dQ”’(t) /dt 
1"(t) exy 1)0*)(Q*0—Q0"*) exp(+A ()0*) = A(t) by Eq 
8), so integration gives O’'(t)=A(t)+0, since QO’(t’)=Q0 


) ir 
inas 
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with Goo equal to expi(2w)-? fi" T(the-***A (f)dt and 


therefore identical to Eq. (27), and with 


fa 
(2w) f l'(t)e-*“'dt, 
v 


2w) f (ett, 
i 


just as in III, Eq. (58). The operator G’ is now com- 
pletely disentangled. Its matrix element between n and 


m we call G,,,. The matrix element may be evaluated 
by ordinary methods, since the ¢’ and ¢”’ in Q and Q%*, 
respectively, in Eq. (33) are unnecessary if the posi- 
notation is used. That the element for n=0, 
what we call Goo is evident, for if exp(78Q) 
be expanded as 1+ 80+ °Q?--- and the result applied 

, all the terms beyond the first give zero for 

0. Thus, 
replaced by unity. Likewise, the second can be replaced 


tional 


m=O is just 


this exponential may effectively be 


by unity for ¢o*Q*=0. 
The case of more general values of m, n, may be 


orked out by writing 


on=(n!)—0*"go, 


(n!)—30me FO" eBQ*" | Go )Goo. 


“O* = (O*+7B)e'*2 (as in Eqs. (31), (32)), 
mes gives e@Q*"= (Q*+i8)"e'8®, and 


e'8°2*(-+-718*)". We find 
3*Q"(O+-i8*)" 
X (O*+18)"e'?2 | by)G 


ials may now be replaced by unity 
issed. The other factors expanded 
heorem give 
m n 
as (ip* 


x (7B)" “~® OU" by)G 
t factor by Eq. (35) is 


s!)3(r!) 45 


r!(4B*)"—"(18)" "Go 


as in III, Eq. (57 

Having this form for the behavior of a system of 
particles interacting with a single oscillator, we could 
go on and discuss the quantum electromagnetic field as 
a set of such oscillators. It is evident that to do so would 
be simply to repeat the steps described in III, Sec. 4, 
using [ for y and reinterpreting the symbols as ordered 
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operators rather than as amplitudes associated with a 
path. The result in general is Eq. (43) below [in agree- 
ment with III, Eq. (48) ], and there is no need to go 
into the details again of summing the effects of all the 
oscillators to obtain this result. We will pass directly 
to a discussion of the complete electromagnetic field. 


6. QUANTUM ELECTRODYNAMICS 


rhere are available several equivalent formulations 
of quantum electrodynamics."** We shall give a very 
brief outline of their interrelationships using the ordered 
operator notation. We can start with the usual for- 
malism of Heisenberg, Pauli, and Dirac.’ The wave 
function of the system, consisting of the electron-positron 
field in interaction, 
satisfies a wave equation Hy, the 
hamiltonian for the system may be written H= H,,+ H, 
+ H;, where H,, is that of the electron-positron field free 
of potentials, H; is that of the electromagnetic field in 
empty space, and H/, represents the interaction of the 
two fields. The problem is to obtain the wave function 


field and of the electromagnetic 


idy/ dal where 


at time /s in terms of its value at a previous time 4. It is 
therefore a study of the operator 


4+. FT ,( 


We can simplify this by first disentangling the expo- 
: ; g 


nential factor 


exp} if | H, t+ H (0) at}. 
} 


That is, we go directly to the interaction representation, 


and find that we must analyze 


exp! if H at}. 


We shall always use the interaction representation and 
shall omit the prime here for simplicity of notation. 
Furthermore, it will be sufficient for our purpose to 


consider only the case f;—>— * and 4+, so that 


quantum electrodynamics is a study of the operator! 


x 


)=exp -if yulX, 


x 


)A,(x, t)d*xdt 


where the A,(1) is the operator potential of the electro- 


magnetic field and j,(1) is the operator current of the 

* See, for example, P 
VU echanics h ndo ress 
Chapter 12 


Dirac, The Principles of Quantun 
Oxford, 1947), third edition, 


in zero or one, S may be written 
ier-Duffin matrices 8,, as is 

» Rev. 79, 972 (1950), 

hese results given here for the 

pin zero or one if 
H. Furry 


rvs. Rev. 76 


Yu is replaced 
Phys. Rev. 76 
1691 (1949 
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Dirac electron-positron field. They, of course, commute 
with each other, since they refer to different systems. 
Further," A,(1), 4,(2) commute if 1 and 2 are separated 
by a spacelike interval, as do j,(1), 7,(2). In the ex- 
pression for S the operators are ordered in accordance 
with the time ?¢. 

We may thus define the problem of quantum electro- 
dynamics as a study of the operator S. Let us imagine 
for purposes of discussion that we disregard the deriva- 
tion of S given in the preceding paragraph. We imagine 
the problem is given directly as the analysis of the 
operator S defined in Eq. (39) (assuming the commuta- 
tion rules, reference 11). Let us see how the various 
formalisms are simply different ways of expressing or 
analyzing S. 

First, we might try to define S in some way which 
would not require the use of the ordering notation. 
Suppose we split the range of integration of ¢ into two 
regions — * to 7 and r to ~. Then the integral may 
be split into two parts. We can write the factors, as 


S=exp} — if Ju(X, t)A, (x, t)d*xdt 
Xexp -if Julx’, tA, (x’, t')dx’dt’ 


x 


Now, since ¢’<#, all the operators on the last factor act 
before those of the first factor, so they are disentangled 
relative to the first factor. Hence, we are led to define 
an operator function of r, 


Q(7r) = exo] -if Ju(X, t)A,(x, t)d®xdt 


If + is changed to r+dr, an additional factor appears 
operating in front of all other ¢<r, namely, 
exp[ —7ArJSj,(x, 7)A,(x, 7)d*x ]. Hence, Q(7) satisfies 
the differential equation 


fit T)A,(x, 7)d*x [Q(r), 


the operators operating in positional order. 

Thus, we are lead to a differential equation, the 
solution of which can be used to define S (for S is 
Q(r) as r+ % when Q(r) is that solution of Eq. (40) 
»— 2). If we define ¥(— ©) as an initial 


1d2/dr= (40) 


which —/ as 7 
state wave function, clearly, ¥(r)=(r)¥(— ©) satisfies 
the same equation as Q. This is the Schrédinger equation 
in the usual formulation if written in interaction repre- 
sentation. (We probably would not be led to go back 
‘See, for example, J. Schwinger, Phys. Rev. 74, 1439 (1948) 
In his notation (except that we put a factor e in A, rather than 
j,), the commutation relations are [his Eqs. (2.28 )and (2.29) ] 
[Ay(x), Ap(x’) ]=4rei5y,D(x—2x’ 


and jy(x)=¥(x)ypv(x) with {Wa(x), ya(x’) | = —iSaa(x—x’) if no 


external potential is acting. Other combinations commute 
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to the ordinary representation as this is an unnecessary 
increase in complexity.) 

The apparent lack of covariance implied by using 
time to define the differential equation can be remedied 
by analyzing S in a slightly different manner, suggested 
by Tomanaga and by Schwinger.' 

The variables x, ¢ over which one integrates in Eq. 
(39) may be divided into two groups in another way; 
those previous to and those following an arbitrary space- 
like surface o: 


S=exp -if julx, t)A,(x, t)d?xdt 


b 


Xexp ~i f jo(x’, t’)A,(x’, t’)d*x'dt’ 


where the region a of integration of the second factor 
are those points of space-time previous to ¢, while 
are those following o. Now again the factors are disen 
tangled. It might at first be argued that since there are 
some values of ¢’ greater than ¢, the corresponding 
operators in J; should follow, not precede, those in /,. 
But for those ¢’ which exceed ¢, the points x, x’ are 
separated by a spacelike interval (as o is a spacelike 
surface); hence the order of the A,(x, ¢) and A,(x’, /’) 
as well as of j,(x, ¢) and 7,(x’, /’) is irrelevant, as these 
commute. Hence, the operators are, in fact, disen- 
tangled; and we can define 


O(a) exp - if 1,(x, 1) A, (x, t)d*xdt 


as an operator defined as a functional of the surface o. 
A small change in surface at x, ¢ changes the operator by 


6Q(c)/b0(x, t) = —17,(x, HAy(x, HQ(e), (41 


the equation of Schwinger” for Q(¢) (and also for ¥(¢) 
defined by Q(¢)¥(— ~ )). Again, S is Q(c) as the surface 
o is removed to+. 

These differential equations (40) or (41) are therefore 
needed to define the operator S if one is limited to con- 
ventional notation. The form (41) has the advantage 
of putting the relativistic invariance more into evidence. 
However, the solution (39) is common to both and is 
more easily used. It is likewise evidently invariant if we 


S exp -i fj.) A,()dy 


(with the point 1 representing x;, 4; and dr,;=d*x,dt;) 
and assume the convention here that if two operators in 
Eq. (42) correspond to points separated by either a time- 
like or a zero interval, that operates first which corresponds 


write it 


(42) 


2 I. Schwinger. Phys. Rev. 74, 1439 (1948 
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lo the earlier time. If they are separated by a spacelike 
interval, no definition is necessary, for they commute. 

The other developments consist in methods of 
actually evaluating Eq. (42), given the commutation 
relations" of the A,(1). The method explained by 
Dyson? consists of making a power series expansion of 
S and disentangling it term by term. For example, the 
second-order term is 


bf is) As(adrs f j,2)4,2)4re 


This term may then be analyzed into the conventional 
notation by reordering the operators. In this example 
it is necessary merely to break the region of integration 
in fg up into two, fg<¢, and .>¢,. Actually, because of 
the symmetry they give equal contributions, so that 
the result is 


t 
~ f firacnarndn f [i-@A.Q)a°xat, 


the ordering now being conventional. From here the 
matrix elements are computed between given states by 
use of the commutation relations (46) below. For further 
details we refer to Dyson’s papers.* The result is that 
given by the rules of IT. 

Another method is to notice that the entire de- 
pendence of S on A, can be directly evaluated. As far 
as the states of the field are concerned, the evaluation 
of matrix elements of S is exactly the same as though 
ju(1) were a numerical function (since it commutes with 
all A,(1)). Hence, these may be worked out by first 
obtaining the result for a field interacting with a given 
unquantized current distribution 7,(1). This can be 
done, for example, by using the lagrangian methods 
described in III. For example, the matrix taken between 
states in which the field is empty of photons initially 
and finally is 


Su=exp| —hiet ff i.00j,0)8.66u%drdrs| (43) 


as is shown in III (for j, a numerical function). This 
may now be interpreted as follows: The matrix element 
of S for a transition in which at = — there are no 
real photons and the matter is in state x_, to the state 
at + also empty of photons with the matter in state 
x4, is the matrix element of Soo between x— and x4, 
where Soo, given in Eq. (43), operates now only on 
matter variables, the order of operators j,(1), j,y(2) 
being determined just as in Eq. (42). This expression 
forms the basis for the author’s treatment of virtual 
photon processes (IT). 

If an additional unquantized potential B,(1) is 
present, the expression (42) for S is altered just by the 
replacement of A,(1) by A,(1)+8,(1). 

The matrix corresponding to Eq. (43) would be a 
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functional of B,(1) and a function of e*: 


SAB ]=ex0] diet ff int j.(2)6.(su*Mdrar] 


xe -i f i0).(0dr | (44) 


It is evident| by direct substitution, that S.-[B] satisfies 


dS2/d(e?) = ui f fase ‘6B, (1)6By(2)54(S12")dr1d72. 

(45) 
Since the equation is linear, any matrix element of S,°, 
say T.B], between two states of the matter satisfies 
same equation. This is Eq. (45) of III, which is shown 
in III to be a general statement of the rules given in II 
for solving electrodynamic problems. Evidently, the 
case of real photons in initial or final state can be carried 
through in parallel to the discussion in III, with 7,(1) 
now as an operator. 

This completes our discussion in a general way of the 
relations between the various representations of electro- 
dynamics. However, we wish to add a word concerning 
the derivation of Eq. (43). We have indicated how this 
may be done using the lagrangian method. However, 
we have seen from our example with the single forced 
oscillator that the same results may be obtained directly 
with the operator method, in just as simple a manner. 
Of course, by considering the field as a set of such oscil- 
lators we will arrive at Eq. (43), thus completely avoid- 
ing the lagrangian formulation. However, since the 
relation between Eqs. (42) and (43) is so fundamental, 
we should like to show how the operator method 
permits a simple direct passage from Eq. (42) to Eq. 
(43).!8 (We are simply following the steps leading from 
Eq. (26’) to Eq. (33) for the single harmonic oscillator, 
but are using A,(1) to replace q.) 

The field operator A,(1) can be split into two parts 
A,(1)=A,+(1)+A,7(1), where the first A,*+(1) anni- 
hilates photons, and the second A,~(1) creates them." 
They satisfy the commutation relations (positional 


18 We omit the usual extra complications in all such demon- 
strations concerned with showing that disregard of the supple 
mentary conditions on 0A,/dx, is legitimate. 

4 Ordinarily, the field operator A,(1) is expanded into modes 
A (1) = 2A pi(x) (Qi*e**+Qie—-**), where Ay; is the numerical 
function [for example, cosines or sines, III Eq. (1) ] describing the 
classical mode i of frequency w; and Q;*, Q; are the creation and 
annihilation operators into which g;, the coordinate of the oscil- 
lator of this mode, has been split (29). The factors e+™* result 
from use of interaction representation (30). Then, we have 
Ay (1) =ZiApi(x)Os*e* and Ayt(1)=2:Ayi(x)Qie-**. The 
commutation rule (46) then results from that of the Q and Q* (28). 
Using the representation of III Eq. (1), the right-hand side 
of Eq. (46) comes from Eq. (28) directly in the form 


(2%) 7*@5yS exp[—ik(—h) ] cos(K-x,— K- x2)d*K/k, 


which on integration for &>t, [see III Eq. (22)] is Eq. (46). The 
separation has been accomplished directly in coordinate space by 
J. Schwinger, Phys. Rev. 75, 651 (1949). 
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ordering) 
A,~(1)A,*+(2)— A,*(2)A (1) = — te7654(Sip") (46) 


for!® t;< le. We have set $12?= (%14— 2X24) (X1y—Xey)- 
On the basis of this commutation rule, we are to 
disentangle the operator 


Sexe] ~i f jt) Ann“ (t)an| 


xexp| ~i f :2)Anu* ara} (42’) 


where for definiteness we indicate the time of operation 
by the subscript. This is already of the exponential form 
of theorem (18), using —if°j,4(1)Aute—(1)d*x; as P(s), 
s=t,. Hence, the result is 


Sex - if ist)4,-(edr,| 


xexp| — if i2)Avn"*(Q)ar} 


where 


te 
And"*(2)=exp| +4 f jn(1)Ay- (drs [tes 


2 


xexp|-i f js00A- Wee (47) 


where in Eq. (47) we suppress the ordering rules for At, 
A~ and use instead positional notation (but maintain 
the rules for j,). 

The commutation rule (46) permits Eq. (47) to be 
written!® 


Anta!’*(2) = Avtgt(2)-+ f €°54(512")j,(1)dr1. (48) 


Hence, we have 


S=exp| -i f5.0)4,-"W)dr] 
xexp| —He ff j.04,2)8.(6u%drdr] 


xexp| —i f j,2)A,-<*Q)an}, (49) 


16 This restriction at first sight looks unrelativistic. For 4; >“ we 
would have the complex conjugate of —ie*dy»5,(sis*), but —45,(si2*) 
is real in spacelike regions (as 5,(x) = 6(x) —iwx™). 

16 For, if A,e_’’*(2) of (47) is considered as a functional of j, its 
first variation with respect to j,(3) is (ts<4). 


i exp( +i <i jyA war)CA 47(3)A,*(2)—A,*(2)A (3) J 


re. ag 
xexp(-i f iuA dr) = bd, (su) 


by Eq. (46). The first variation of expression (48) gives the same 
result, so that Eq. (48) is correct for all j,, since it obviously is 
correct for jy=0. 
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the A operators being entirely disentangled (the j’s are 
still entangled). The ordering index ¢, on Autg+ has been 
changed to — © in Eq. (49), since all the A+ commute 
and act before A,.~, so that no ordering is necessary. 

Taken between states empty of photons the result is 
just Soo of Eq. (43), for the annihilation operation A+ 
on the state of zero photons is zero, and creation opera- 
tion of A~ has zero amplitude of leaving a state without 
photons. If there is one photon present initially and we 
ask that no photons remain, we shall have to annihilate 
it and create none, so that if the A~ and A* exponentials 
are expanded in power series, we must take only the 
term linear in At and independent of A-. This is 
equivalent to a first-order action of the potential B, 
in Eq. (44) in perturbation. The corresponding rules 
for higher numbers of real photons are readily derived 
from Eq. (49). In this way we have completed an inde- 
pendent deduction of all the main formal results in 
quantum electrodynamics, by use of the operator 
notation. 


7. THE DIRAC EQUATION 


Up to now we have discussed the matter system 
using the description of second quantization. It was 
pointed out in I in the case of the electron-positron field 
where a small number of charges is involved, another 
simple interpretation is available. In this section we 
should like to discuss this from an operator point of 
view and to give in the following sections the formulas 
in this picture for electrons interacting through the 
agency of the electromagnetic field. 

We begin by discussing the behavior of a single 
charge (plus the virtual pairs produced from it) in an 
unquantized potential B=+y,B,, omitting the con- 
tributions from closed loop diagrams. This section will 
therefore constitute a brief summary of I using operator 
notation. 

The behavior of a single charge is obtained by solving 
the Dirac equation 


(iV— B—m)y=0 (50) 


with suitable boundary conditions and interpreting the 
solution as described in I. For convenience we shall 
always solve, instead, 


(iV— B—m)y=iF, (51) 


where F is a source function, by writing 


y= (iV— B—m)-iF (52) 


and interpreting the reciprocal operator in the definite 
sense implied by the limit of the operator when m has 
a vanishingly small negative imaginary part. If, for 
example, we wish the ordinary solution for ¢>¢) which 
at !=¢) has the form f(x) representing an electron (i.e., 
f(x) has only positive energy components), that solution 
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is the y obtained from Eq. (52) by setting!” F(1) 
= yt5(ti—to) f(x:). If f contains negative energy com- 
ponents, Eq. (52) gives the desired solution for these 
components for <p. 
From the definition of K (2, 1) in I, Eq. (15), we 
can write 
K (2, 1)=(iV— B—m)-46(2, 1), 


so that —iK (2, 1) is the space-time representation 
of the operator (:V—B—m)- needed for Eq. (52). 
Thus, the solution (52) is 


(53) 


¥(2)= + K,‘)(2, 1)F(1)dr. (54) 


The perturbation theory, considering B as a per- 
turbation on the free particle, arises from Eq. (53) from 
a power series expansion in B. For any pair of operators 
A, B we have 

(A+ B)71=A— A1BA+A1BABA"---, (55) 
so that with A=(iV—m), B=— B we have 
(iV— B—m)= (iV—m)+ (iV—m)*B(iV—m) 
+(iV—m)“"BUiV—m)“"BiiV—m)“+--- 
or in space representation (putting 


K..(2, 1)=i(iV—m)—4(2, 1)) 


(56) 


K,®)(2,1)=K,(2, 1-8 [K,2,3)BG)K,G, 1)drs 


— f [K:2,9BQ)K.G,3)BOK.G, Nara, (57) 


as in I, Eqs. (13) and (14). The corresponding mo- 
mentum representation is evident directly from Eq. 
(56), for (tV—m)— is (p—m)-. 

If F is to represent an initial state, it isalso convenient 
to use the free particle solution f(1)=(iV—m)-%F(1) 
to represent the state. We are often interested in the 
amplitude that the system is in a final state g(x). In 
this case, we can define a sink function G and a corre- 
sponding free particle solution g=iG(iV—m)-! (where 
we write the adjoint so that it will correspond to the 
solution g(1)=—i(iV—m’)“G(1) corresponding to m’ 
having the opposite sign of the imaginary part to m). 
The matrix element to go from f to g is then the space- 
time integral of 


iGGV— B—m)“F. 
The expansion (56) gives for this element 
—igBf—igB(iV—m)“ Bf 
—igB(iV—m)—“B(iV—m)“Bf—--- 


(58) 


(59) 

17 For t<t,, the y from Eq. (52) would be zero and would not be 
the solution desired ; it can be obtained only from F with a different 
definition of the poles of the reciprocal operator. We assume we 
are only interested in the solutions in regions of space-time later 
than the time the “initial” electron wave functions are specified 
and earlier than the “initial” positron function is given. Since we 


0(A ,(1))o=0, 0(A y(1)A,(2))o= 1€76 54.812), etc. 
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(assuming 9, f are orthogonal states, fg(1)F(1)d71=0 
so the leading term vanishes). In space representation 
the first two terms of this are I, Eq. (22), and I, Eq. 
(23); in momentum representation the second term is 
I, Eq. (35). 

If more than one real charge is present without 
interaction, there is an operator (‘{V— B—m) for each 
charge, operating exclusively on the space and spinor 
coordinates of that charge. Operators corresponding to 
distinct charges commute. Matrix elements are taken 
in the antisymmetric way described in I, Sec. 4, for 
accord with the exclusion principle. 

The contribution from closed loops is a factor 
C,=exp(—Z), where LZ is not very easily defined 
directly in operators. But the first-order change on 
changing the potential from B to B+AB is 


AL=trace[{(iV— B—m)-'— (iV—m)“} AB], (60) 


where the “trace” means the diagonal integral in coor- 
dinates and the “Sp” on the spinor indices, in space- 
time representation just I, Eq. (29). 

This completes our summary in terms of operators of 
the results given in paper I on the theory of positrons. 
The main point is that aside from the problems of 
closed loops, one is merely analyzing by various tech- 
niques the consequences of Eq. (52) and, therefore, in 
general, the properties of the operator 


(iV—B-—m)-. (61) 


We may now turn to the quantum electrodynamics 
of such a particle, or system of particles. For simplicity 
we may restrict ourselves to the case of all virtual pho- 
tons. The real photon case can, of course, as always be 
obtained by considering also the effects of external po- 
tentials. For simplicity further assume, at first, zero ex- 
ternal potential. Our central problem, then, is the calcu- 
lation of the matrix element 


R=,((iV—A—m))¢ (62) 


of ({V— A—m)- between states of the field empty of 
photons initially and finally. Here A= y,A, and A,(1) 
is the operator A,*+(1)+A,7(1) acting on the field’coor- 
dinates and satisfying commutation rules (46). This 
problem is relatively hard to solve directly. We do have 
the matrix element of any exponential form%in A, in 
(43) ; but with A, involved in a reciprocal, it is another 
matter.- We shall represent the reciprocal as a super- 
position of exponentials in the next section. 

From Eq. (62) we can derive in a simple direct manner 
the perturbation series results of II. For we know’ that 


(63) 


will take matrix elements between two states, this represents no 
real limitation (see I). 

18 The order of the A, operators in Eq. (63) is according to the 
time convention. If we put A=A*+A™~ and use Eq. (46) to 
rearrange factors, they are evident, since A,* on the initial (and 
A,” into the final) photon-free state vanishes. They are identical 
to the lagrangian relations III, Eq. (52), and form the basis of 
Dyson’s description. 
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Hence, if we expand the reciprocal in power series as 
Eq. (56), in coordinate representation (57), with B 
replaced by A (or by A+ B if an unquantized potential 
B is present along with A), we may readily write down 
the zero-zero matrix element of each term. For example, 
third term of Eq. (57) gives the self-energy contribution 
in accord with II, Eq. (6). The other results of II are 
just further consequences of this series expansion as we 
have emphasized in III. 


8. USE OF A FIFTH PARAMETER IN 
DIRAC’S EQUATION 


In this section we discuss the representation of 
the reciprocal operator in exponential form. Since 
Sv” exp(iWx)dW =i/x (or rather lim..9i/(x+ie)), we 
we may write 


s 
wn 


i(iv—B—m)= f exp[i(iV— B—m)W ]dW, (64) 
0 


the definition of the singularity (as the limit with m 
having an infinitesimal negative imaginary part) being 
automatically represented. (See, however, the remarks 
at the end of this section.) We can also write this in the 
ordered operator form, 


fol 


where we have written B(w) for y,(w)B,(x,(w)), where 
a,(w) are the four (v=1 to 4) coordinate operators, of 
which B, is a function, ordered by the ordering param- 
eter w and y,(w) are the four Dirac matrices similarly 
ordered. Likewise, we have iV(w) = y,(w)i0,(w), where 
i0,(w) are the four ordered momentum operators con- 
jugate to x,. 

In this form B can be replaced by A and the expec- 
tation value for virtual transitions can be taken. This 
is done in the next section. We continue here with a 
more complete discussion of Eq. (65). 

The perturbation expansion in B of Eq. (65) should 
lead, of course, to Eq. (56). For example, the term first 
order in B in Eq. (65) is evidently 


Ww 


{iV(w)— B(w) a exp(—imW)dW, (65) 


a) 


-if exp(imW) 
0 


w w 
xexp|i f iow’) | f B(w)dwdW. (66) 
0 0 


Now the range of the w’ may be divided into two regions 
and the quantities reordered (just as in Eqs. (5) and 
(6)) to 


x Ww 
-if f dWdw exp[1(W—w)(iV—m) ]B 
0 0 
Xexp[iw(iV—m)], 
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so that changing the order of integration, one finds 
immediately from 


ao 


f exp[iv(iV—m) Jdv=i(iV—m)— 


0 


the result —i(iV —m)~'B(iV —m)~ as required. 

The contribution Z of a closed loop can be written 
directly in exponential form. It is easily shown from 
Eqs. (60) and (65) that 


c sd dw 
L= f trace exp if Gv(w)~ B¢w)) a 


Xexp(—imW). (67) 
(The second term in Eq. (60) actually has zero trace 
and was added only to make convergence problems 
appear less difficult. It has been omitted in writing Eq. 
(67). Also, the value of Eq. (67) when B=0 may be 
subtracted away, if desired, for a constant addition on 
L changes only the normalization of all probabilties.) 
Incidentally, the method of rendering this expression 
convergent (see II, Sec. 7) for further calculations, is to 
call its value for mass m, L(m?) and then to calculate 


L?= f [ L(m?) — L(m?+ \*) ]G(A)da, 


J 


and to assume that L” is to be used as the correct value 
of L in place of L(m?). This is equivalent to replacing 
the factor exp(—imW) in the integrand of Eq. (67) by 
another function F(W), where 


where 
- 


G(A)dA=1 and f NG(A)dvA =0 
0 


F(W)= f [exp(—imW)—exp{ —i(m?+ 2)!W} ] 
0 
XG(A)dX. 


For large W this approaches exp(—imW), but for 
small W it falls off, the real part of it, at least, varying 
as W‘. This renders Eq. (67) convergent. (The imaginary 
part of F(W) does not seem to lead to momentum space 
integrals whose convergence would be in question.) This 
suggests a general method of maintaining convergence; 
by keeping processes corresponding to small intervals 
of w from occurring with large amplitude. This is briefly 
discussed in III in reference 22. What is said there 
applies qualitatively as well to the Dirac case analyzed 
here, with u replaced by w. 

If there are several charges in the system, we must 
associate a separate w, for each, say w, for the mth. 
Each must have its own set of matrices y,‘” and coor- 
dinates x) (y’s for different charges commute). If we 


call 
Bo = 74°(we) Ba), 





122 RICHARD 


the total matrix for all NV particles is 


x 


N Wa 
II exp| if [iV™(w,)— B™ (w,) Jdwa 


n=1 79 


Xexp(—imW,)dWn. (68) 
If in addition there are present a number of closed 
loops, the corresponding number of factors Z must be 
multiplied in. 

One might try to give a kind of physical or, rather, 
mathematical view by which the form of Eq. (65) can 
be appreciated, in the following manner: 

We may deal with the Dirac equation somewhat in 
analogy to the method used in the discussion of the 
Klein-Gordon equation in the Appendix A of III. 
Consider a fifth variable w in addition to the four x, 
and that we have a wave function ¢(x, w), which is to 
satisfy 


—id¢/dw=(iV— B)¢. (69) 


Then since the potentials B,(x) are independent of w, 
the equation is separable in w, so that (x, w) 
=exp(imw)y(x) is a solution of Eq. (69), if ¥(x) is a 
solution of the Dirac Eq. (50). Also, if we have any 
special solution of Eq. (69), ¢(x, w), we may obtain a 
solution of Eq. (50) by finding 
(x)= f $(x, w) exp(—imw)dw. (70) 
Hence, by studying Eq. (69), we are at the same time 
studying the Dirac equation. 
Given the wave function ¢(x, 0) for w=0, the wave 
function at w=W is given by 


o(x, W)=0(W)$(x, 0), 


where the operator 6(W) is 


(71) 


(72) 


Ww 
6(W)= expi f [tV(w) — B(w) Jdw 
0 


for W>0 and, for convenience,” we take 6=0 for 
W <0. The important operator for the Dirac equation, 
in view of Eqs. (70) and (71), is 


f 6(1V) exp(—imW) dW, 


—@ 


which is just Eq. (65) 

This interpretation suffers from a difficulty, however. 
For a free particle the operator 6(W) in momentum 
space is 0(W)=exp(iWp)=cos(Wp)+i(p/p) sin(pW), 
where p= (p*)!. The integral of this times exp(—imW) 
is really not always defined, even if m has a small 
negative imaginary part, for in intermediate states p* 
may be negative and p imaginary, so that @ contains 
positive exponentials in W and the integrand is oscil- 
lating with ever increasing amplitude. We therefore 
look at Eq. (64) as a formal definition of the value of 


A 
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the integral in all cases. Although this is satisfactory in 
a formal way for operators, it means that our inter- 
pretation cannot be taken literally. For example, we 
cannot obtain an unambiguous integral representation 
of 6(W) in coordinate space, for the requisite integral 
JS exp(—ipW) exp(—ip-x)d‘p is undefined. This is 
because it is probably not possible to obtain the wave 
function (71) at any value of W from that at W=0 
from Eq. (69) without further definitions. At least, the 
corresponding second-order equation (0°¢/d)—V*¢ 
— 0°¢/dW?=0 is apparently not of the kind for which 
this type of Huygens principle applies. 

An alternative method of parametrizing the equation 
which does not seem to suffer from this interpretational 
difficulty is given in Appendix D. It leads, however, to 
more complicated (although algebraically equivalent) 
expressions for matrix elements than does Eq. (64). 


9. DIRAC ELECTRONS IN QUANTUM 
ELECTRODYNAMICS 


Returning now to quantum electrodynamics, for a 
single charge we want the expectation between photon 
free states of R in Eq. (62). This by Eq. (65) is the 
integral over all positive W of exp(—imW) times 


(emi f es [iV(w)— A(w) dw) 


This is just exp[i/o” iV(w)dw_] times (the o( )o refers 
to the photon states, that is, affects A, only) 


(exp—i f ' valw)A(x(u))dw) 


which is of the form 


(ei f A,(1)j,(1)dr1) 


of Eq. (42) with 


in(t)= f ¥u(w)6*(x,(w) — x%1)dw, (73) 


where-x,; is the field point at which j, is calculated and 
5‘(x,2—%1) means 6(2, 1). Thus, we may find the ex- 
pectation value with the relation (43). With this value 
of 7, substituted on the right side of Eq. (43), the 5¢ 
functions are immediately integrable, and we find 
finally 


oo) Ww 


nfo vom 
xen Hie ff Yule’) ¥n(w’’) 


XK 54.(87 wre au’ | exp(—imW)dW, (74) 
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in which we have written 5°. for [x,(w’)—x,(w”’)] 
x [x,(w’) re x,(w’’)). 

This expression then contains a description of a Dirac 
electron interacting with itself. If an extra factor 
exp(—ij/o” B(w)dw) is included, it describes such an 
electron also in an external potential. The terms may 
be expanded in powers of B and e, and each term may 
then be simplified in the way we have described many 
times before, for example, in connection with Eq. (66). 

When several charges are present, the result from 
Eq. (68) is the integral'® 


[fof exliz [0 9600) — mij 


Wn Wm 
xen] —H we af f Ye (Wa) Vu (Wm) 
5 ee 0 0 


Xi, (enen) der ditm LW dW --dW. (75) 


The contributions from closed loops may be obtained 
from this by choosing some value of m, say, n=1i, to 
represent matrices applying to a loop, dividing under 
the integral sign by W;, and taking the trace with 
respect to the variables 1. 

The various present-day meson theories of nuclear 
interaction may be set up in quite analogous ways. For 
example, a nucleon interacting with itself through the 
agency of neutral pseudoscalar mesons with pseudo- 
scalar coupling is evidently described by Eq. (74); but 
with m replaced by the proton mass, and the interaction 
term altered by the replacement of e by g’, y, by 7s, 
and 6,(s*) by 4xJ,(s*), the appropriate propagation 
function for mesons of mass y» (J, is defined in I, Eq. 
(32), but m=). Charged mesons may be represented 
by the use of isotopic spin operators also ordered by w. 


10. SUMMARY OF NUMERICAL FACTORS FOR 
TRANSITION PROBABILITIES 


The exact values of the numerical factors appearing 
in the rules of II for computing transition probabilities 
are not clearly stated there, so we give a brief summary 
here.” 

The probability of transition per second from an 
initial state of energy E to a final state of the same total 
energy (assumed to be in a continuum) is given by 


19 This equation with its interpretation was proposed as a formu- 
lation of the laws of quantum electrodynamics (for virtual pho- 
tons) by the author at the Pocono Conference of Theoretical 
Physics (1948). The notation for ordering operators was explained 
there. However, at this time, the author had no complete formal 
derivation of Eq. (75) from the conventional electrodynamics, nor 
did he know of a satisfactory method of dealing with the closed 
loop divergences. 

In I and II the unfortunate convention was made that d‘k 
means dk,dk,dkodk,(2)* for momentum space integrals. The 
confusing factor (27)~* here serves no useful purpose, so the con- 
vention will be abandoned. In this section d*k has its usual meaning, 
dk dk dkodk;. 


(h=c=1), 
Prob. trans/sec= 24N~"|M|*p(E), 


where p(Z) is the density of final states per unit energy 
range at energy E and |91|? is the square of the matrix 
element taken between the initial and final state of the 
transition matrix SM appropriate to the problem. N is a 
normalizing constant. For bound states conventionally 
normalized it is 1. For free particle states it is a product 
of a factor N; for each particle in the initial and for 
each in the final energy state. N; depends on the 
normalization of the wave functions of the particles 
(photons are considered as particles) which is used in 
computing the matrix element of 3%. The simplest rule 
(which does not destroy the apparent covariance of 
Mt), is** N;=2e;, where e; is the energy of the particle. 
This corresponds to choosing in momentum space, plane 
waves for photons of unit vector potential, e?=—1. 
For electrons it corresponds to using (i) = 2m (so that, 
for example, if an electron is deviated from initial p, to 
final p2, the sum over all initial and final spin states of 
|ot|? is Sp[(P2+m)IN(p:+m)I]). Choice of norma- 
lization (ay )=1 results in V;=1 for electrons. The 
matrix 9 is evaluated by making the diagrams and 
following the rules of II, but with the following defini- 
tion of numerical factors. (We give them here for the 
special case that the initial, final, and intermediate 
states consist of free particles. The momentum space 
representation is then most convenient.) 

First, write down the matrix directly without 
numerical factors. Thus, electron propagation factor 
is (p—m)~, virtual photon factor is k~* with couplings 
Yu'**Yu. A real photon of polarization vector ¢, con- 
tributes factor e. A potential (times the electron charge, 
e) A,(x) contributes momentum g with amplitude a(q), 
where a,(q)= f/A,(1) exp(ig-%:)d'x,. (Note: On this 
point we deviate from the definition of @ in I which is 
there (27)~* times as large.) A spur is taken on the 
matrices of a closed loop. Because of the Pauli principle 
the sign is altered on contributions corresponding to an 
exchange of electron identity, and for each closed loop. 
One multiplies by (2%)~‘d‘p=(24)—dp dpdpp, and 
integrates over all values of any undetermined mo- 
mentum variable p. (Note: On this point we again 
differ.) 

The correct numerical value of SM is then obtained 
by multiplication by the following factors. (1) A factor 
(4m)'e for each coupling of an electron to a photon. 
Thus, a virtual photon, having two such couplings, 
contributes 47’. (In the units here, e?= 1/137 approxi- 
mately and (47)%e is just the charge on an electron in 
heaviside units.) (2) A further factor —i for each virtual 
photon. 

For meson theories the changes discussed in II, 
Sec. 10 are made in writing 3M, then further factors are 


“In general, N; is the particle density. It is Ni=(i#ya) for 
spin one-half fields and i[(¢*d@/dt) — ¢0*/At) for scalar fields. 
The latter is 2¢; if the field amplitude ¢ is taken as unity. 
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(1) (4o)'g for each meson-nucleon coupling and (2) a 
factor —i for each virtual spin one meson, but +7 for 
each virtual spin zero meson. 

This suffices for transition probabilities, in which 
only the absolute square of IW is required. To get IN 
to be the actual phase shift per unit volume and time, 
additional factors of i for each virtual electron propa- 
gation, and —7 for each potential or photon interaction, 
are necessary. Then, for energy perturbation problems 
the energy shift is the expected value of 73M for the 
unperturbed state in question divided by the normal- 
ization constant 'V; belonging to each particle compris- 
ing the unperturbed state. 

The author has profited from discussions with 
M. Peshkin and L. Brown. 


APPENDIX 


In this Appendix (A, B, C) an attempt will be made to discuss 
some of the properties of ordered operators and of functionals in 
a somewhat more general way. 

Almost certainly many of the equations will be incorrect in 
their general form. This is especially true of those involving fourier 
transforms in function space. However, it is expected that they 
are correct in the special cases in which the formulas have been 
applied in the main part of the paper. Therefore, at least at first, 
when new results using these methods are derived, care should be 
taken to check the final result in some independent way. It is 
analogous to using power series expansions, or fourier transforms, 
in a calculation in a situation in which the conditions for the 
validity of the power expansions or of the transform have not been 
checked, or are not khown to be satisfied. The physicist is very 
familiar with such a situation and usually satisfied with it, 
especially since he is confident that he can tell if the answer is 
physically reasonable. But mathematicians may be completely 
repelled by the liberties taken here. The liberties are taken not 
because the mathematical problems are considered unimportant. 
On the contrary, this appendix is written to encourage the study 
of these forms from a mathematical standpoint. In the meantime, 
just as a poet often has license from the rules of grammar and 
pronunciation, we should like to ask for “physicists’ license” from 
the rules of mathematics in order to express what we wish to say 
in as simple a manner as possible. (These remarks do not apply 
to Appendix D. 


A. Relation to Theory of Functionals 


In this section we would like to suggest how a general theory of 
ordered operators might be built up, and in particular, to point 
out certain relations to the theory of functionals. For clarity of 
exposition in this Sec. A, only, we represent all operators by 
bold-faced letters M and ordinary functions in regular type M. 
We have mentioned that with every functional F[M(s), N(s)---] 
of the argument functions M(s), N(s) we wish to associate an 
operator (by identifying M(s) with an operator M(s) interpreting 
s as an ordering parameter with the operators M(s), N(s) sup- 
posedly known and with known commutation relations). The 
yeneral theory of these associations might instead have begun by 
defining the meaning for the special case of the exponential func- 
tional exp/i! M(s)ds (we assume throughout this section, for 
convenience, that the range of s is 0 to 1). The corresponding 
operator . 


R=exp{- M(s)ds (1-a) 


is defined as the value G(1) at s=1 of that solution of the operator 
differential equation 


dG(s)/ds=M(s)G(s), (2-a) 
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which is the identity operator at s=0, i.e., G(0)=I. We have 
thereby defined the operators corresponding to more complex 
functionals such as F= exp Jo'[u(s)M(s)+»(s) N(s)+- - - Jds, where 
u(s), v(s)- ++ are numerical functions and M, N arbitrary operators 
(which need not commute) as the G(1) from 


dG(s) /ds=[u(s)M(s)+»(s) N(s) +--+ - G(s) (3-a) 


with G(O)=I. For clearly u(s)M(s)+v(s)N(s)+--+-+ can be con- 
sidered as a single operator function of s, the M(s) in Eqs. (1-a) 
and (2-a). : 

Next we make the general definition that the operator to be 
associated with the sum of two or more functions ,[M(s), N(s)---] 
+F,[M(s), N(s)---]is the sum of the operators {M(s), N(s)---] 
+F,[M(s), N(s)---] corresponding to each separately. 

Considering-a derivative as the limit of a difference, we can use 
this idea of superposition to further extend the range of functionals 
for which operators are defined. As an example, in virtue of the 
fact that fo! M(s)ds fo! N(s)ds is the first derivative with respect 
to both y, » of exp/t'[uM(s)+vN(s) ]ds evaluated at u, »=0 we 
may define the operator corresponding to fo' M(s)dsfo' N(s)ds 
as the corresponding derivative of the operator exp/t'[uM(s) 
+vN(s) ]ds. Then from a study of the properties of the solution of 
Eq. (3-a) expanded in powers of yu, vy we may readily verify that 
Jo! M(s)ds fo! N(s)ds could also be evaluated directly by con- 
sidering s as an ordering index on the operators. 

Thus, the superposition rule permits a wide increase in the class 
of functionals for which we have defined operators. In fact, with 
some mathematical license, we have defined the operator for any 
functional. We wish to imagine that any functional can be repre- 
sented as a superposition of exponential ones in a manner analogous 
to the representation of an arbitrary function as a superposition 
of exponential functions. Thus, we expect to be able to write for 
any functional F[M(s)] (the true mathematical restrictions are 
completely unknown to me) 


F[M(s)]= f exif? u(s) M(s)ds ]5u(s)IDu(s), (4-a) 


where $[u(s)] is a new (complex) functional, the functional 
transform of F[M(s)], and f---Dy(s) represents (some kind 
of an) integration over the space of functions u(s). For simplicity 
we take the case of just one argument function M(s). If F[M(s)] 
is given, § can be determined perhaps from 


FLu(s)J= f exp| -if u(s) M(s)as] FCAL(s) D416) (5-a) 


with suitable normalization. Then, if ¥ is known, we define the 
operator F[M(s)] as 


é 1 
FCM(s)]=J exp[if, u(s)M(s)ds |5La(s) Dus), (6-a) 


where p(s) is a numerical function. Since we have already defined 
the operator exp[i/o' u(s)M(s)ds] (by Eq. (3-a) with w replaced 
by iu), we now simply require superposition of such operators for 
various u(s). The extension to functionals of several variables is 
evident. 

With these definitions of operators in terms of exponential func- 
tionals, the various theorems are easily proved. For example, the 
theorem (18) of Sec. 3 is first readily demonstrated for the special 
case that F is an exponential (1-a). Thus, to calculate 


aS ” 
R=exp |, P(s)ds exp f, M(s)ds 


we must solve dG(s)/ds=[P(s)+M(s)]G(s). We try a solution 
G(s) = U(s)X(s), so that dG/ds = (dU/ds)X+ UdX/ds=PG 
+UdX/ds in virtue of Eq. (15). Thus, we have a solution if 
dX /ds=U“*MG= U-MUX=M’‘X with M’ as in Eq. (16). Since 
G(0) =1, if U(0)=1, we must have X(0)=1 so the solution of the 
X equation is exp/>' M’(s)ds in accordance with the definition 
(1-a), (2-a). (If U(0)#1, replace X by XU~(0) throughout.) 
Hence, Eq. (18) is established for exponential functionals. And 
since the theorem involves F linearly, it is therefore true for any 
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superposition of exponentials and hence for any functional which 
can be defined by means of such superposition. 


B. Momentum and Coordinate Operators 


In nonrelativistic quantum mechanics, without spin, all 
operators can be made up of coordinate operators and their con- 
jugate momentum operators. We show in this section how, at 
least in principle, all such operator functions can be disentangled. 

We can consider the case of one degree of freedom Q, and its 
momentum P. (When more variables are present, they present no 
new problem as variables corresponding to different independent 
coordinates commute.) Thus, we are to disentangle the general 
operator F[P(s), Q(s)] subject to the condition 

PQ-QP=-i. (7-a) 
This is the problem solved in this section. We can satisfy the com- 
mutation relation by putting P=—id/dQ (so that our solution 
may have applications outside quantum mechanics for the com- 
bination of operators X, d/dX are of frequent occurrence). Then 
the operator F can be defined by giving the function g of Q resulting 


from 
g(Q)=F[P(s), O(s) 1f(Q) 


for arbitrary functions f(Q), where Q(s) and P(s) are interpreted 
as multiplication by Q, and —i times differentiation with respect 
to Q in the order defined by F. 

To obtain the relation of g, f suppose the P-dependence of F 
can be expanded as a functional transform, (p(s), g(s), v(s) are 
numerical functions) 


Flp(s), as) ]= exp| -i f p(s)o(s)ds]| Stats), (3) JDv(s), (9-a) 


where & is a functional of v(s) and of g(s). Now to evaluate the 
operator 


(8-a) 


(10-a) 


exp|- j f P(s)x(s)ds} FLOQ(s), v(s)] 


we use our theorem (20) to disentangle the P(s) operator. We use 
a(s)=—iv(s) in Eq. (20), calling y(s)= fo" o(s’)ds’, so that Eq. 
(10-a) is 


e~¥MPO F[O'(s), v(s) J, (11-a) 


where Q’(s) =et¥©?Q,e-v@)P_ As is well known from Taylor’s 
theorem, the operator e*4/4* displaces x by 4 so that® 


Q’(s)=Q.+y(s). (12-a) 


Substitution into Eq. (11-a) finds all the Q, preceding the P(1) 
so the operators are disentangled and Q, may be written simply 
Qo, whence we have 


F[P(s), a= exp| iif o(s)ds 
x 5{ oor J. v(s’)ds’, x(s)| Dr(s), (13-a) 


which in principle, at least, solves the problem. 
We can go a bit further and assume Eq. (9-a) can be inverted as 


F[g(s), o(s)]=f exif pls)o(s)as] Fp), q(s)JDp(s), (14a) 


where #(s) is a numerical function for transforming F. Also, 
y(s) = Jo* 0(s)ds is as good a function as »(s) for purposes of 
integration,** and we may write, substituting Eq. (14-a) into Eq. 


“Or, differentiating Q’(s) with respect to s, find dQ’(s)/ds 
= ie'v(s)P(PO—QOP)e—w*)Pdy/ds. If we use the commutation rela- 
tion, this is dy/ds, whence Q’(s) differs from y(s) by the constant 
operator Q, the evident value of Q’ for y(s)=0, establishing Eq. 
(12-a). 

23 For, if Do(s) be considered as the limit as A—+0 of an integra- 
tion over all the variables x;=0(s;) with si,:—s;=A4, then the 
change is from the variables 1;=(yi4:—y;)4~*. Integration over 
yi for all i>0 is equivalent to integration on all ». (Since 
dv;= A~'dy; 41, the jacobian of the transformation is A~“/4), which 


(13-a), 


FIP), O0)]= ff exp[ -iPivit) +i f* pioriteas] 


XFLp(s), Qo+y(s) JDp(s)Dy(s), (15-a) 
the integral extending over all p(s), and all y(s) subject to y(0) =0. 
Considering P as —id/dQ, the operator F[P(s), Q(s)] may be 
considered to operate on a function f(Q) to produce another 
function of Q. In particular, we are often interested in quantum 
mechanics in the projection of this final function into a given 
“final state” function g; that is, F is often defined through its 
matrix element 


(s*Ff) =f s*(Q)FLP(s), O(s) 1/(Q)d0. 


If we substitute into this expression (15-a), the P; can be con- 
sidered to act entirely on g*(Q) and since exp(+iyP)g(Q) = g(Q0+), 
we find 


gtrp=f s*(Qr+x(1)) exp] if p(s)H(s)as | FLO), Oo+y(8)) 
X Dp(s) Dy(s)- f(Qo)dQo. 


Define g(s) as the numerical function g(s)=Qo+y(s) and write 
finally (go= Qo) 


GFN=Sf ead elif oraisrés] P90), «1 


x Dp(s) Dq(s) f(go)dgudgs, 


where the integral Dp(s) is over all p(s) and the integral Dg(s) 
is over all trajectories g(s) which go between the initial position 
qo and the final one q;, the final integration on dg, being repre- 
sented explicitly. This represents a complete reduction of an 
ordered operator F[P(s), Q(s)] involving conjugate operators P, 
Q (7-a)to a property of the corresponding numerical functional 
F{p(s), g(s)], for in Eq. (16-a) p(s), g(s) are numerical functions 
so that all the operators have been eliminated. 

This is obviously related to the lagrangian form of quantum 
mechanics of C. In fact, for transitions, we are interested in the 
operator S=exp[—iJ/¢? H(é)dt], where, for example, H = (1/2m)P? 
+V(Q, #). The matrix elements of this, according to Eq. (16-a) 
are (use # for s in range 0 to T) 


esn= ff g*(qr) exp|if? p(t)q(edt—i f" (1/2m) p(t)*dt 


=~ f. * Viqit), pat] fas) Dp(t) Dg(t)dgodgr. 


The integral on p(t) is easily done. (See Appendix C for a more 
general discussion of gaussian integrals.) Substitute p(¢)=mq 
+p'(t), so that 


SF 1/2) p?— pq t= (1/2m) fp’ ordte— tm J querat. 


Also, Dp(t) = Dp’ (2), since p and p’ differ by a constant at each ¢ 
(keeping g(¢) integration until later). The Dp’ (¢) integral then 
separates out and integrates to some constant. Hence, within 
such a normalizing constant, the matrix element is 


(g*Sf)= f 8*(qr) exp{ +i 1M [4mq(t)?— vial, ou} 
X f(g) Dg(t)dgedgr. 


That is, the transition amplitude from point go at ¢=0 to gr at 
t=T is the integral over all trajectories connecting these points 
of expi fo? L[ q(t), q(t) dt, L being the lagrangian for this problem. 
This is the fundamental ‘theorem on which the interpretation of 
C is based. 

The fact that the nonrelativistic quantum mechanical operators 
(other than spin) can be expressed in terms of an integral over 


(16-a) 


(17-a) 


is only a change of normalization, and we are disregarding nor- 
malization factors.) 


Lita iti 4 








126 RICHARD 


trajectories is based on the fact that the operators involved satisfy 
Eq. (7-a). If other operators are involved, such as Pauli’s spin 
operators @, or Dirac matrices y,, which satisfy different commuta- 
tion rules, a complete reduction eliminating all the operators is 
not nearly so easily affected. It is possible to eliminate the p 
operators in the Dirac or Pauli equation and get forms like Eq. 
(17-a), but the amplitude for a single trajectory is then a hyper- 
complex quantity in the algebra of the yy or @. We give an example 
of this. 

Without disentangling the y, operators we shall disentangle 
the momentum operators py=id/dx, from the operator 0(W) 
of Eq. (72), which is a key operator in the analyses of the Dirac 
equation. 

If we write 


a(W) =exp[i es vale) pulw)do| exp| -i | B{x(w), wldw], 
J? /70 


the ~, operators are already in exponential form and no fourier 
transforms are necessary. We may disentangle the /, in the first 
integral by a direct use of the theorem (20) with P(s)=p,(w) 
py for each value yu is disentangled separately) and a(s)=iy,y(w). 
The resulting x,’(w) operator is xy(w)+S0" yy(w’)dw’ just as in 
Eq. (12-a) so that we obtain 


F ~ (w 
ipy(W ) | ve(w)de 
/@ 


x exp _ if” Bf x,0)+,” Yyu(w’ dw’, wha. (18-a) 


Here the x, and py are completely separated, but the y, are 
thoroughly entangled. The w in B keeps track of the fact that 
the y, in its definition acts at the order thus, it is 
vu(w)ByLxy(0)+So" vu(w’)dw’]. A similar separation may be 
made in the operator for self-action (74) which now is 


2 . s sone . wiew ; np ” 
R= expLipy, oCy(W) ] exp{ —4ie I Cy(w’)Cy(w’”) 
X 540 {Cy(w’) —Cy(w”) }* ]dw’dw”’} exp(—imW)dW, (19-a) 


where one must substitute C,(w)= So" v,(w’)dw’, Cyu(w) = yy(w) 

Pu,» refers to the momentum operator operating on the final 
state). All reference to space coordinates have disappeared. The 
problem of self-energy of an electron is reduced to the algebraic 
one of disentangling a combination of y, in an expression in 
which, however, they are almost hopelessly tangled up. Not much 
has been done with this expression. (It is suggestive that perhaps 
coordinates and the space-time they represent may in some future 
theory be replaced completely by an analysis of ordered quantities 
in some hypercomplex algebra). 

Since the spin operators are so simple and fundamental to 
quantum mechanics, they present some interesting unsolved 
problems. For example, if F[x(s), y(s), (s)] is a known functional 
of a three-space trajectory x(s), y(s), 2(s), evaluate in terms of 
this functional, the operator F[ez(s), oy(s), o.(s)], where the oz, 
oy, oz are the anticommuting Pauli operators of unit square satis- 
fying o.0yo.=i. The corresponding problem with Dirac operators 
is a kind of four-dimensional generalization of this. Alternatively, 
since the Dirac operators can be represented as the outer product 
of two commuting sets of Pauli operators, the solution of the 
problem with Pauli operators could be directly extended to the 
Dirac case. The Pauli matrices (times 4) are the basis for the 
algebra of quaternions so that the solution of such problems 
might open up the possibility of a true infinitesimal calculus of 
quantities in the field of hypercomplex numbers. 


6(W) =exp 


nan J 


C. Gaussian Functionals 


In a large number of problems the operators appear in ex- 
ponentials only up to the second degree. For this reason it is handy 
to have available a formula for the integration of gaussian func- 
tionals. We can define a gaussian functional G[y(s)], of one 


function y(s), as one of the form, G[y(s)]=expiE[y(s)] with 
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E[y(s)] quadratic. Thus, we have 
ELy(sy]=4 ff A(l, s)y(Oy(s)dlds-+ B(s)y(s)ds, (20-a) 


where A(t, s), B(s) are functions independent of y (that is, G is 
gaussian if the second functional derivative of InG is independent 
of y). Gaussian functionals of several variables are of frequent 
occurrence. All the quantum field theory hamiltonians and 
lagrangians are of this form in the field variables. A formula for 
the integral of G[y(s)] over all paths y(s) has been found useful. 
It will be developed here. Consider the integral (we suppose A (f, s) 
real, or at least has a positive definite imaginary part) 


I(A, B]= f expliELy(s)}} Dye). 


It is a functional of A(t, s) and B(s). First, the dependence on B 
may be determined, as follows. 

Let g(s) be that trajectory which makes the exponent E[y(s)] 
an extremum. That is, g is a solution of (assuming A symmetric) 


(21-a) 


J, At, s)9(s)ds=— BY. (22-a) 
Or, if N be the reciprocal kernel to A (which can often most easily 
be found merely by solving Eq. (22-a)), 
" 

gs)=—f  N(t, s)BWdt. (23-a) 
Then put y(s)=9(s)+2(s). (Note, Dy(s)= Dxis).) In virtue of 
Eq. (22-a), one finds Ely]=Elg]+4/0S0'A (t, s)x(t)x(s)dtds. 
Here, E[g(s)] can also be written explicitly as —$/'/0' B(s) 
XN(t, s)B()dids, using Eq. (23-a). Substituting this into Eq. 
(21-a), we see a factor exp{iE[g(s)]}=G[g(s)] may be taken 
outside the integral, as it is independent of x(s). Hence, we have 


IA, B]=G[g(s) VLA], (24-a) 


where 


JCA J=exp[ aiff A(t, s)x(0)x(s)aids| Dx(s)=1[A,0]  (25-a) 


does not depend on B, and 
G(s) ]=exp{iEL9(s) J} 
=exp| - if, ‘ff BONG, s) Bias (26-a) 


Often this is as far as it is necessary to go, as the dependence of 
I on B may have been all that is necessary to know, J[A ] being 
a kind of normalizing factor that is not of importance or that can 
be obtained in some other manner. 

Having this form for 7, we may obtain other integrals. For 
example, since 


sI[A, BJ sB(t)=i | GLy(s) y(t) Dy), 


this integral can be immediately evaluated by differentiation of 
the expression (24-a) for J with respect to B(t). Since 


6G[g(s) ]/6B(t) = iGLg(s) J5E(9(s))/5B(t) 
"1 
-if, B(s)N(t, s)ds-GUG(s)], 


we find 


/ GLy(s) Jy) Dy(s) = 7) ILA, B]. (27-a) 
Differentiating a second time, since 69(t)/5B(t’)= —N(E, t’), one 


finds 
S COMO) Dys)= CH H0)+iNG, MLA, BY, 28) 


etc., for higher powers of y. 

Incidentally, this permits us to obtain the properties of J. For 
the left-hand side of (28-a) is also —2i8/[A, B]/5A (Et, t’). In the 
special case B=0, we have 7=0 from (23-a), and since J(A) 
=I[A,0], we find 


5] /5A (t, UY) = —4NUE, YJ. (29-a) 
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This property of J determines it to within a numerical factor 
independent of A. 

We have used these theorems, or something like them, on 
various occasions. One example was the passage from Eq. (16-a) 
to Eq. (17-a). In more generality, put 


F=exp| -i f 108), a(s))as], 


where H is quadratic in p. The integrations on p(s) in Eq. (16-a) 
now represent an example of our theorem with y= and E[p(s) ] 
= S[pq—H(p, q) ds. The extremum requires 0H/dp=q. If the 
solution of this is p, considered as a function of q, q, then the 
integral on p produces within unimportant factors an exponential 
of f[pq—H(p, q) lds, that is, if-Lds, where L is the lagrangian. 
This example shows that in our discussion, we have not been 
sufficiently rigorous mathematically, for the important problem 
of the order of noncommuting operators p, g, in the original 
definition of H does not seem to have arisen. 

A second example is the integration of exp(¢ /-Ldt) when L is 
quadratic in g, g. For the forced harmonic oscillator where 
L=}(¢—«'*¢)+7(Hq(d), the integral was carried out in III, 
footnote 7. The operator A(t,s) is —[(@/df#)+«*]é(t—s), the 
inverse N of which involves sines and cosines but is not unique. 
However, in this case boundary conditions exist at the end points 
q(0), g(T), and these boundary conditions determine N and also 
restrict the range of y integration. The footnote serves a model of 
what to do under circumstances and will not be discussed further 
here. 

The problem of integrating 


exp[-if Iu(1)A wl ar,| -exp| if (Aw ax,)de| (8me?) 


over all distributions of field A,(1) required in III, Sec. VIII, 
serves as a further example. Here y(s) is replaced by A,(1), and 
B(s) by j,(1). The operator A (¢, s) becomes (7};74(2, 1), the inverse 
of which is again not unique. The inverse N(¢, s) required in III 
is 5,(si2*). (The boundary conditions required to define this par- 
ticular inverse are probably related to the condition that no 
photons are supplied in the past and none are wanted in the 
future, so that the inverse must have no positive frequencies for 
t—+— © and no negative ones to ++ ».) Thus, E[g(s)_] becomes 
the important quantity —$ J/ju(1)ju(2)54(si2*)dridra, so that 
Eq. (24-a) gives Eq. (43) or III, Eq. (48), which we had taken 
such pains in III to derive in a more rigorous manner. In none of 
these examples do we require J. 

A more complicated example is that of the analysis of the 
operators corresponding to the electron-positron field given in I, 
Appendix. If electrons obeyed Bose statistics, the commutation 
rules would have been altered, the net effect being just to change 
a few signs in the final expressions. Analyzed as an Einstein-Bose 
field, however, the operators YW can be considered as ordinary 
functions, and the lagrangian technique may be used. The problem 
then requires gaussian integrals (actually, integrals of exponentials 
of bilinear expressions, but these are as easy to work out). The y 
corresponds to W@& (or W*), the A(é,s) is related to the Dirac 
hamiltonian, and its inverse K,‘4)(2, 1) replaces NV. The problem 
of determining C, corresponds to that of finding J[A]. The 
problem is complicated somewhat by the necessity of keeping the 
order of the y,-operators correctly. 

The relation of problems with operators obeying Fermi-Dirac 
statistics and those with the same operators obeying Einstein-Bose 
commutation rules is very close. The results of the former in 
practical cases,*4 at least, may be obtained from the latter by 
simply altering some signs. The Einstein-Bose case is very easily 
analyzed by ordered operator algebra (as in Sec. 7) or by the 


%4The only known practical case, of course, is the electron- 
omg field. Here the problem has been completely worked out. 
seem to be affected by the disease so prevalent today in theo- 
retical physics, to delight in seeing a very general method of 
solving a problem, when actually in physics only one example of 
the type of problem exists and this has already been worked out. 


127 


lagrangian integral methods. The anticommuting operators seem 
at first sight more complicated; but this they cannot be, as the 
results are just as simple. It would seem worth while to develop 
the analysis of anticommuting operators in much more detail than 
has been given here. Presumably, good use can be made of the 
similarity to the Einstein-Bose case. The theorems developed in 
analysis of this problem may conceivably have application in the 
problem of disentangling Pauli spin operators. 


D. Fock’s Parameterization of the Dirac Equation 


We wish to call attention to an interesting alternative method of 
parameterizing the Dirac equation, suggested by Fock.‘ It, like 
that of Sec. 8, would also have permitted us to pass directly to 
the formulation of electrodynamic problems. It is more readily 
interpreted than that of Sec. 8.% 

As a consequence of the Dirac equation (‘V— B)y= my, y also 
satisfies (iV— B)(iv— B)y=m*y. Expanding the operator, this is 
equivalent to 

[(i0/Oxy) — By P¥—howF p= my, (30-a) 
with oy=4i(vy¥»—Yr¥n). This differs from the Klein-Gordon 
equation only through the addition of the term — }oy,Fy», where 
F y= (0B,/dx,)—8B,/dx, is the field tensor. 

Just as in the Klein-Gordon case, III, Appendix A, this can be 
converted by the aid of a fifth parameter to Fock’s equation, 

i0o/du=}[(id/dx,)— By Po— fowl wo, (31-a) 
for which the special solution ¢= exp(— 4im*u)y leads back to Eq. 
(30-a). It can then be analyzed by the lagrangian method. The 
final result is that the amplitude to go from one point to another 
[see III Eq. (5-a)]is the sum over all trajectories x,(u) of the hy- 
per complex amplitude 


exp) - if “CH(dx,/du )2+- (dxy/du)By(x) 


oes joys (u)F yy(x(u)) Jdu \ (32-a) 
the order of operation of the ¢,, being determined by the parameter 
u. This, in fact, is the lagrangian formulation of the Dirac equation 
suggested in C, Sec. XIV. 

A rotation (and Lorentz transformation) by angle w,, in the 
yv-plane, is represented in Dirac theory by the operator 
exp(jiwyy,). (The summation on both uw and » accounts for a 
factor 2.) Hence, we can say that Eq. (32-a) means that the am- 
plitude for arrival is exp(4S), where S is the classical action 
— J (4(dx,/du)*+B,dx,/dujdu, but the orientation represented 
by the hypercomplex amplitude has rotated at each point in its 
path at an angular velocity (per dw) equal to the field strength at 
that point. (Angular velocity in four dimensions is an antisym- 
metric tensor of second rank, as is the field strength.) 

Since the potentials appear in exponential form, this may be 
directly connected to the form representing the action of virtual 
photons. The result is a set of rules like that for the Klein-Gordon 
case, Sec. IX, but with an additional coupling Fy»yyy». They may 
be shown to be algebraically equivalent to the rules usually given 
for the Dirac equation, but are somewhat more complicated and 
not very interesting. There are some properties of the Dirac 
electron, however, which are more obvious in this formulation 
than in the usual one, and these we will discuss. 

It is apparent from Eq. (32-a) that in the classical limit the 
trajectory is that of minimum S and therefore satisfies 

Px, /du = (dx, /du)F yy. (33-a) 
(Hence, (dx,/du)*= (ds/du)? is a constant of the motion where s 
is the proper time, and the minimum action S is — }(ds/du)*u plus 
a term independent of u. Since this is to vary as — 4m*u, we find 
ds=mdu.) As h-0, the magnetic moment approaches zero and 
does not affect the trajectory. But since the intrinsic spin angular 
momentum also goes to zero, the rate of precession of spin has a 
classical limit. For completeness we should also give the equation 


% Y, Nambu, Prog. Theor. Phys. (Japan) 5, 82, 1950. 
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of motion of the spin axis (just as the spot on a billiard cue bail 
has a motion, although it does not affect the trajectory of the 
ball). From Eq. (32-a) we see the spin axis precesses at angular 
velocity Fy» (per du). (These are well-known results of the WKB 
approximation method when applied to the Dirac equation.) 
Since Eq. (33-a) says only that dx,/du precesses at the same an- 
gular velocity, we can summarize the classical equations of 
motion, and of spin precession for a Dirac electron as: The velocity 
vector and spin plane are fixed in a four-dimensional coordinate 
system turning at each instant at an angular velocity per unit proper 
time equal to e/m times the field strength acting on the electron at that 
instant. (For example, for a slowly moving electron in a magnetic 
field B the velocity vector revolves about the magnetic field as an 
axis at angular velocity w= (e/m)B, the cyclotron frequency. The 
spin does likewise precessing therefore at the same frequency, 
which is twice the Larmor frequency.) 

I have expended considerable effort to obtain an equally simple 
word description of the quantum mechanics of the Dirac equation. 
Very many modes of description have been found, but none are 
thoroughly satisfactory. For example, that of Eq. (32-a) is in- 
complete, even aside from the geometrical mysteries involved in 
the superposition of hypercomplex numbers. For in (32-a) the 
field enters in two apparently unrelated ways, once into defining S 
and again in the rotation rate. In the classical limit both effects 
of the field can be neatly stated in one principle. What makes 
things particularly simple in quantum mechanics if, for a diffusing 
wave, a rotation at rate Fy, is accompanied by a phase shift equal 
to the line integral of A,?** 


261f the toy» term is considered to have a coefficient a 
analogous to a kind of anomalous magnetic moment, difficulties 
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In the case that the fields F,, are constant in space and time, 
the operator factor exp(}ivo,y,»F yy) is independent of the trajectory 
and factors out of Eq. (32-a). The remaining path integral is 
gaussian and can be carried out exactly (Appendix C), giving the 
results of Fock‘ and Nambu.* 

If the operator on the right-hand side of Eq. (31-a) is considered 
as a type of hamiltonian, the rate of change with u of all the rele- 
vant physical quantities (given by the commutator with this 
operator) are very easily interpreted by classical analogy. 

There are, of course, twice as many solutions of Eq. (30-a) as 
solutions of the Dirac equation (50). (The others correspond to 
Eq. (50) with negative m.) If x is a solution of Eq. (30-a), the 
projected part y= (2m)—(iV— B+-m)x solves the Dirac equation 
(50). Projection operators must still be used, therefore, in cal- 
culating matrix elements if Eq. (30-a) in perturbation is used 
instead of the Dirac equation.*” 


arise in the resulting theory unless a=1 or a=0. Thus, the real 
part of L, in the amplitude for a vacuum to remain a vacuum, 
C.=exp(—L), should always be positive if the theory is to be 
easily interpreted (see I, Sec. V). For general a, it seems that the 
real part of L is positive for some processes (or potentials), negative 
for others. It is always positive only if a=1. But for a=0 it is 
always negative, so we can reinterpret the theory in this case as 
referring to Bose particles, in which case C, should be exp(+L) 
(I, Sec. V). For a=0, Eq. (30-a) becomes the Klein-Gordon 
equation, of course. 

27 A convenient way to make the correspondence of solutions x 
of Eq. (30-a) and y of the Dirac equation unique is to assume x 
is also an eigenfunction of 5, that is, ysx=tx. This is possible, as 
‘Ys commutes with the operators of Eq. (30-a). Then, for each y, 
the corresponding x is x= (1—iys)y. 
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According to Shockley’s theory, the low voltage resistance, Ro, of a p—m junction is proportional to 
exp(Ea/kT), where Eg is the energy gap. Measurements of the change with pressure of the characteristics 
of a junction in a single crystal of germanium indicate a change ARo/Ro of 12.5 percent, corresponding to a 
change A£g of about 3.1 10~ ev, for a pressure change of 10,000 Ibs/in*. Analysis of measurements made 
at temperatures between 16.5°C and 20.5°C give values of Eg averaging about 0.72 ev. These values are in 


agreement with those obtained from the change in intrinsic resistivity with temperature and pressure. 





I. INTRODUCTION 


N the energy level structure of the diamond-type 

lattice, such as that of silicon or germanium, the 
energy gap, Eg, between the valence-bond and conduc- 
tion bands increases with decreasing atomic spacing 
and therefore with pressure.' Direct evidence for this 
effect comes from the increase in intrinsic resistivity 
with pressure as observed by Miller and Taylor.’ Shifts 
of the energy bands with dilation have been related® 
to the mobilities of the conduction electrons and holes. 

It is generally necessary to make measurements of 
intrinsic conductivity at elevated temperatures. On 
the other hand, Shockley’s theory‘ of the p—n junction 
indicates that the junction resistance should depend 
critically on Eg and thus on pressure even at room 
temperature. Some preliminary measurements, made 
both at the Bell Telephone Laboratories and at the 
University of New Hampshire, confirmed this effect.5 
Measurements have now been repeated under more 
carefully controlled conditions on a junction whose 
current-voltage characteristic is close to theoretical.® 

The junction was formed by bombarding high- 
purity n-type germanium with a-particles. The effect 
of the bombardment is to produce acceptor centers 
and thus convert the n-type material to p-type in a 
depth corresponding to the range of the a-particles in 
the germanium. Probe electrodes were introduced so as 

* The measurements of resistance under pressure were made 
with equipment built under contract between the University of 
New Hampshire and the Bureau of Ordnance of the Navy. 

1G. E. Kimball, J. Chem. Phys. 3, 560 (1935) (diamond); J. F. 
Mullaney, Phys. Rev. 66, 326 (1944) (silicon). 

2 P. H. Miller and J. Taylor, Phys. Rev. 76, 179 (1949); and 
Julius H. Taylor, Phys. Rev. 80, 919 (1950). 

3 W. Shockley and J. Bardeen, Phys. Rev. 77, 407 (1950); 80, 
72 (1950). The data reported here were discussed in the second of 
these. 

* W. Shockley, Bell System Tech. J. 28, 435 (1949). 

5W. Shockley, Electrons and Holes in Semiconductors (Van 
Nostrand Company, Inc., New York, 1950), p. 309 and following. 

* For a comparison between theory and experiment of the 
current-voltage characteristic of a junction formed in a different 


way see Teal, Sparks, and Buehler, Phys. Rev. 81, 637 (1951); 
Croucher, Pearson, Teal, Sparks, and Shockley, ibid. 


to measure only that part of the voltage drop which 
occurs across the junction itself. 

According to Shockley’s theory,‘ current flowing at 
not too large reverse voltages consists mainly of holes 
which diffuse to the junction from the n-type side and 
electrons which diffuse to the junction from the p-type 
side. These currents depend on the concentration of 
holes, fn, in the n-type and of electrons, mp, in the p- 
type sides, both of which vary as exp(—E¢/kT). In 
the forward direction, holes flow from the p-side to the 
n-side and electrons from the n-side to the p-side. For 
not too large voltages in either direction, the expression 
for the total current flow is 


T=1,+1,=Io(exp(eV/kT)—1), (1.1) 
where 


Ih= (Dohrn /Ly)+Dny La), 


and e=electronic charge (1.6X10~-* coulomb), 
= diffusion constant of holes in n-type material. D,, 
=diffusion constant of electrons in p-type material, 
L,=diffusion length of holes in n-type material, L 
=diffusion length of electrons in p-type material, 
pn=concentration of holes in n-type material, n,=con- 
centration of electrons in p-type material, V = difference 
of potential applied to junction, k= Boltzmann’s con- 
stant (8.69X10-' ev/deg), and T=absolute tem- 
perature. 

Statistical theory shows that the product of the con- 
centrations of holes and electrons without regard to 
impurities depends on Eg,’ thus 


NP p= Pan,=A exp(—Eg¢/kT), 


(1.2) 


(1.3) 


where ”,= concentration of electrons in n-type material. 
pp,=concentration of holes in p-type material. 

Since m, and p, are substantially constant near room 
temperature in germanium, p, and m, must each vary 
with exp(—Eg¢/kT). Thus assuming that the other 


7 See, for example, reference 5, p. 245. Actually, the factor A 
varies as 7*, but this variation is slow compared with the 
exponential. 
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Fic. 1. Circuit diagram of measuring equipment. 


factors do not vary rapidly with temperature, J 
xexp(—E¢/kT). The expected increase of Eg with 
pressure will be evidenced by a decrease in 7) and an 
increase in junction resistance. The current /o is closely 
related to the resistance, Ro, and in the low voltage 
limit, 


Ro= (kT /elo). (1.4) 


In subsequent analysis we use Ro, which can be obtained 
rather directly from the experimental data, rather than 
Io, to estimate the variation of Zg with pressure. Thus 
we take 

Ro=A exp(E¢/kT) (1.5) 
and assume that the effect of changes in A with pressure 
is negligible compared with changes in Eg. Because of 
the large value of the exponent® (Eg~0.72 ev, kT 
~0.025 ev), a very small percentage change in Eg will 
have a large effect on Ro. 


II. PREPARATION OF THE p—n JUNCTIONS 


The p—m junctions were prepared by bombarding 
high purity n-type germanium with a-particles.? A 
disk 0.3 cm in diameter and 0.05 cm thick was cut from 
an ingot of single crystal germanium having a re- 
sistivity of 8 ohm-cm. One side was bombarded for 72 
hours with a collimated beam of 5.3-Mev polonium 
a-particles amounting to 6X10° particles per square 
cm per hour. This converted a surface layer 1.9 10 
cm deep to p-type, thus forming a p—n junction at this 
depth below the surface. 

After electroplating rhodium electrodes on either 
side of the disk, the electrode on the n-type surface 
was soldered to a brass disk suitable for mounting in a 
type A transistor shell. A small circular cut about 0.01 
cm in depth was then made through the remaining 
rhodium electrode, the p-type layer of germanium, the 
p—n junction, and into the n-type germanium thus 
forming a circular p—m junction 0.16 cm in diameter 


8 Reference 5, p. 22. 

® W. H. Brattain and G. L. Pearson, Phys. Rev. 78, 646 (1950) ; 
and W. E. Johnson and K. Lark-Horovitz, Phys. Rev. 76, 442 
(1949). 


BARDEEN, 


AND PEARSON 

with ohmic electrodes attached. The germanium sur- 
face formed by the circular groove was etched with a 
mixture of hydrofluoric and nitric acids to clean off the 
debris and give the p—» junction a high reverse voltage 
characteristic. 

The completed sample was mounted in a standard 
type A transistor shell as shown schematically in Fig. 1. 
Phosphor bronze spring contacts bear on the p-type 
rhodium electrode, and on the n-type germanium at the 
bottom of the circular groove. A third electrical con- 
nection is made through the metal shell to the rhodium 
electrode on the n-type germanium. This permits po- 
tential probe measurements directly across the p—n 
junction without introducing errors due to potential 
drop in the body resistance of the n-type germanium. 


Ill. EXPERIMENTAL PROCEDURE AND RESULTS 


The fundamental experimental data obtained in this 
study are the potential differences across the p—n 
junction during passage of a fixed dc current of about 
30 microamperes in both the forward and the reverse 
directions under varying conditions of temperature and 
pressure. As shown in Fig. 1, a Leeds and Northrup 
type K potentiometer in conjunction with a selector 
switch was used to measure the p—» junction potential 
difference, as well as the voltage drop in the standard 
resistance R, and the thermoelectric voltage of a copper- 
constantan thermocouple soldered to the junction case. 

Pressure was applied in a steel cylinder containing 
an axial chamber 0.875 inch in diameter and 3.0 inches 
long. The outer surface of the cylinder was jacketed 
with copper around which passed copper cooling and 
heating coils. The heating current was controlled by a 
thermostatic element in good thermal contact with the 
copper jacket as tap water circulated through the cool- 
ing coils. The temperature inside the test chamber, as 
measured by the copper-constantan thermocouple, 
could be regulated to a few hundredths of a degree by 
this means. The test chamber was filled with SAE No. 
10 oil which transmitted the pressure applied by a 
hand-operated pump of 0.125 inch piston diameter. 
Pressure was measured by a bourdon gauge which was 
calibrated against a “dead weight” piston at frequent 
intervals. The readings were accurate to +25 lb/in2 
over a range from 0 to 10,000 Ib/in.? 

The three leads from the p—n junction and the two 
from the thermocouple were brought out of the pres- 
sure chamber through a 0.125-inch diameter copper 
tube, the inner end of which had been flared to about 
twice its diameter. The leads were sealed into the copper 
tube with De Khotinsky cement, the flare serving to 
support a conical wedge of cement against the outward 
thrust of the oil. The tube passed through two pairs of 
split steel disks, separated by a Neoprene washer, which 
were compressed by a plug threaded into the pressure 
chamber. Outward movement through the pressure 
seal was prevented by a metal collar soldered to the 
copper tube. 





RESISTANCE OF p-n 

Two series of measurements were made. In the first 
series, the resistance of the p—n junction (R=V/J) 
was measured as a function of temperature for a con- 
stant current of 30.91 microamperes in both forward 
and reverse directions while pressure was varied in 
steps of 2000 Ib/in.? from atmospheric to 10,000 lb/in.*. 
(The analysis in terms of the rectification theory is 
given in Sec. IV.) As shown in Fig. 2, R increased with 
pressure and decreased with temperature for both the 
forward and reverse directions of current flow. At 17 
degrees centigrade the increase in resistance between 
one atmosphere and 10,000 Ib/in.* is 26.7 percent in 
the reverse direction, and 13.6 percent in the forward 
direction, while at 21 degrees centigrade the increases 
are 23.8 and 11.0 percent, respectively. At one atmos- 
phere the decrease in resistance between 17 degrees 
centigrade and 21 degrees centigrade is 43.4 percent in 
the reverse direction, and 26.1 percent in the forward 
direction, while at 10,000 Ib/in.? the decreases are 44.7 
and 27.8 percent, respectively. 

In the second series of measurements, the resistance 
of the p—n junction was measured as a function of 
pressure at a fixed current of 30 microamperes and a 
constant temperature of 18.55 degrees centigrade. The 
data, which are shown in Fig. 3, indicate an increase in 
resistance of 18.5 percent in the reverse direction and 
an increase of 11.5 percent in the forward direction 
between one atmosphere and 10,000 lb/in.*, the change 
being approximately linear. The data of this series are 
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Fic. 3. Resistance (V/J) versus pressure characteristic of p—n 
junction for a constant current of 30.00 microamperes in either 
direction and a fixed temperature of 18.85 degrees centigrade. 


considered the more reliable for determining the effects 
of pressure, since the current was determined with 
greater accuracy and the temperature stabilization ap- 
peared to have been more successful. 

The resistances, which are plotted in Fig. 2 and Fig. 3, 
are the ratios V/J rather than the differential values 
dV /dI. From these we have estimated the differential 
resistances, Ro, for the limit J-0, as described in the 
following section. 


IV. ANALYSIS OF DATA 


Resistance measurements were made for fixed values 
of the current in both the forward and reverse direc- 
tions. For purposes of analysis we have extrapolated 
between these values to get the resistance, Ro, in the 
limit J-0. This was done by the following method. By 
differentiating (1.1) with respect to J and then setting 
V =0 we find 


Ro= (dV /dI)o= (kT /elo). (4.1) 


In the following we shall use a reduced current 
x=(I/Io). We want to determine the resistance in the 
limit x0 from measurements made at small fixed 
values of x in both the forward and reverse directions, 
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Fic. 4. Resistance extrapolated to V=0 versus pressure for 
p—n junction at 18.85 degrees centigrade. 


From (1.1) we have 


(eV /kT) =log(1+x)=x—}2°+425—---. (4.2) 


The voltage/current ratio is 


R=(V/I)=Ro(1—}x+}22—---). (4.3) 


Let Ry; be the resistance in the forward direction (x 
positive) and R, be the resistance in reverse direction 
(x negative). Using (4.3) we find 


R.+-R;s= 2Ro(1+322+ 4 -), 


The value of x to use in the correction factor can be 
obtained from 


R,—Rys=Ro(x+ "2 *), 


x~2(Ry— Ry)/(Rot+ Ry). (4.5) 


Values of Ro estimated from the values of R, and 
R; in Fig. 3 are shown in Fig. 4. The change in Ro with 
pressure is approximately linear, and is approximately 
1.25 percent for 1000 lb/in.? 

If it is assumed, as seems reasonable, that the change 
in Zo, and thus of Ro, results almost entirely from the 


BARDEEN, 


AND PEARSON 


change in Eg with pressure, we have 
RP) exp[Eo(P)/kT] 


Ro(0) exp[Eo(0)/kT] 





and for small changes 
ARo/Ro~AEg/kT. (4.7) 


A change ARj/Ro of 1.25 percent corresponds to a 
change AEg of about 3.1 10~ ev at room temperature. 
The dilation for 1000 lb/in.* is about 710-5, so that 
the rate of change of energy gap with dilation is about 


dEg/d logu= —3.1X10-*/7 X 10-°= —4.5 ev. 


This value is in good agreement with those based on 
earlier measurements on p—m junctions quoted in 
reference (3) and also with those of Miller and Taylor 
based on changes in intrinsic conductivity with pressure. 

The value of Eg can be estimated from the tempera- 
ture variation of Ro. If Ro(T) corresponds to the value 
of Ro at temperature 7 at a fixed pressure, we have 


log Ro(T+AT)/Ro(T) = — (Eo/kT)(AT/T). 


From the data of Fig. 2 we have estimated the values 
of Ro given below: 


T=16.5°C 
T = 20.5°C 
T=16.5°C 
T=20.5°C 


P=1 atmos 
P=1 atmos 
P= 10,000 lb/in.? 
P= 10,000 lb/in.? 


Ro= 497 
Ro= 343 
Ro= 590 
Ro= 390. 


These values give Eg=0.69 ev for P=1 atmos and 
Eg=0.75 ev for P=10,000 Ib/in.? It is not believed 
that the differences in Eg at the two different pressures 
are significant; a change of only about 0.003 ev is to 
be expected. These values of Eg are in reasonable agree- 
ment with the value 0.72 ev estimated from the change 
in intrinsic resistivity with temperature. 

The observed pressure and temperature variations of 
the resistance of the p—m junction are in good agree- 
ment with Shockley’s theory of the current-voltage 
characteristic and previous estimates of the energy 
gap and its change with pressure. The measurements 
thus provide a further confirmation of the theory. 
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The hyperfine structure coupling of the magnetic moment of 
the nucleus with the magnetic moment of the electronic cloud of a 
paramagnetic ion gives rise to a Schottky specific heat anomaly 
at an appropriate temperature. For the cobaltous ion in a single 
crystal of cobalt ammonium sulfate this temperature is about 
0.1°K. In the region where the specific heat goes as A/T? and 
where the Curie law x=C/T holds, one can make measurements 
of A by means of an ac mutual inductance bridge which measures 
the susceptibility of the paramagnetic salt. The method of meas- 
urement consists in superposing a dc magnetic field on the salt 
already in the ac field of the bridge. This de field depresses the 
susceptibility an amount depending on the parameter C/A which 
is therefore a constant of the material being investigated. If one 
knows the Curie constant, then one has A immediately. This 


I. INTRODUCTION 


HE existence of hyperfine structure coupling for 

paramagnetic ions in the solid state was sug- 
gested independently by Rose! and Gorter.*? That this 
coupling should cause a splitting of the energy levels 
of the system and consequently give rise to a Schottky*® 
specific heat anomaly was pointed out by Garrett,‘ who 
corroborated his interpretation with experimental work 
on powdered copper potassium sulfate and powdered 
cobalt ammonium sulfate. 

Because of the paucity of information on paramag- 
netic single crystals and because of its importance in 
quantitative treatments of the solid state, our inves- 
tigations on the specific heat anomaly due to the hyper- 
fine structure coupling in cobalt ammonium sulfate 
were carried out on single crystals. 


Il. THEORY 


In paramagnetic salts there are several types of 
interaction, any and all of which may remove degen- 
eracies. The main interactions are (1) interaction of the 
paramagnetic ion with the strong crystalline electric 
field (Stark effect) caused by the water dipole environ- 
ment, (2) exchange interactions between electrons of the 
paramagnetic ion and other electrons in the crystal, 
(3) interaction between neighboring paramagnetic ions, 
often called the dipole-dipole interaction, (4) hyperfine 


* Presented in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Catholic University, Washing- 
ton, D. C. Presented at New York Meeting of American Physical 
Society, February 3, 1951 [Phys. Rev. 82, 343 (1951) ]. 

+ This work was performed under the auspices of the U. S. AEC. 

t This work was performed while the author was a Graduate 
Fellow of the Oak Ridge Institute of Nuclear Studies. 

§ Now at Ohio State University, Columbus, Ohio. 

1M. E. Rose, Phys. Rev. 75, 213 (1949). 

2C. J. Gorter, Physica 14, 504 (1948). 

3 W. Schottky, Z. Physik 23, 448 (1922). 

*C. G. B. Garrett, Nature 163 (1949); thesis, Trinity College 
(1949, unpublished). 


measured A, however, is made up of two contributions: (a) that 
arising from the nuclear-electronic coupling and (b) that arising 
from the dipole interaction of neighboring paramagnetic ions. The 
(b) contribution is a function of concentration of the ions, so that 
by making measurements of A at various dilutions and plotting A 
as a function of dilution, one obtains an intercept by extrapolation 
to infinite dilution which is the part of A due to nuclear specific 
heat. The thermodynamic measurements made thus give a nuclear 
specific heat of C,7?= 16.1 10~R, where R is the gas constant, 
which is in excellent agreement with C,7?=16X 10-'R calculated 
from microwave data. It is observed that pure cobalt ammonium 
sulfate has a Curie point at ~0.125°K, while the diluted salts do 
not possess one in the same temperature region. 


structure coupling and quadrupole coupling between the 
electronic “clouds” of the paramagnetic ions and their 
own nuclei, (5) interaction between nuclei of adjacent 
paramagnetic ions. The interaction (4) is the chief 
concern of the present paper. 


Stark Effect 


The effect of the crystalline field can be treated as a 
perturbation on the free ion. If one writes the hamil- 
tonian of the spin system as 


H=> >; Ki, (1) 
where JC, is the hamiltonian of the ith paramagnetic ion 
and the sum is taken over all ions, then 3; will have 
the form, 


Hi=Hot+d(L-S)+ V+ 8(L+2S)-H, (2) 


where 5 is the hamiltonian of the free ion without spin 
orbit coupling, \(L-S) is the spin-orbit interaction, V is 
the potential of the crystalline field, and the last term 
describes the influence of an external magnetic field H; 
B is the Bohr magneton and L and S are the angular 
momenta operators for the orbital motion and spin. 
Higher terms proportional to H? and to (L-S)* for ions 
which, when free, have Russell-Saunders coupling are 
neglected. Pryce® and Jauch® have recently given alter- 
native approaches utilizing the eigenvalues of an ob- 
servable involving only spin variables, with the energy 
levels correct to the second order. 

In the case of ions of the iron group, the incomplete 
d-shell is not screened; and because of the lack of 
screening, the spin-orbit coupling is strongly affected by 
the crystalline electric field. 

In cobalt ammonium sulfate Co(NHy,)2(SO,)2:6H,0, 
the waters of hydration form an octahedron around the 
Cot+ ion, and one can treat the Co++-6H,0O unit as a 


5M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950) 
* J. M. Jauch, ORNL 813 (1950), unpublished. 
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nonlinear “‘molecule.” Since the “molecule” does have 
cubic symmetry, one must consider the Jahn-Teller 
effect.’ Jahn and Teller considered a molecule in a state 
with a degenerate energy level as being a result of some 
symmetry property. Their group-theoretical arguments 
showed that such a state cannot be stable, and therefore 
a distortion will occur which will lead to a state with 
lower symmetry removing the original degeneracy. 
Van Vleck® applied this theorem to Cot+-6H,O and 
showed that such a deformation removes all degeneracy 
except the Kramers® degeneracy. 

The configuration of Cott is 1s? 2s? 2p* 3s? 3p* 3d? 
and the state according to Hund’s rule is *F 9/2. It has 
been calculated by Laporte’ that the parameter A for 
the spin orbit coupling in the hamiltonian given by Eq. 
(2) is A=180 cm™. 

In a cubic field the orbital F level (L=3) is split 
according to Ds=T2+T'4+T's with the I',-level lowest. 
In salts of the Tutton group where the symmetry of 
the field is predominantly tetragonal the lowest cubic 
level splits into a doublet and a singlet '5=I's+T’ with 
the singlet lying lower. Introduction of the spins makes 
the degeneracy of the tetragonal levels four times as 
much, but the strong spin-orbit coupling splits these 
levels into Kramers’ doublets according to A2Dy= I +Tz 
and ED;=21,.+2l; giving again six doublets. Pryce® 
has shown that the tetragonal splitting is smaller than 
the LS coupling splitting. This is the result of the almost 
complete cancellation of the contributions of the second- 
and fourth-order terms in the series expansion of the 
crystalline potential. The splitting between the two 
lowest doublets is estimated to be about 300 cm™ in 
cobalt ammonium sulfate so that the contribution of 
the Stark splitting to the specific heat below 1°K is 
negligible. This is one reason for choosing this particular 
salt. The higher levels influence the properties of these 
paramagnetic salts only indirectly through their in- 
fluence on the lower levels. 


j ' 
FREE ION +| CUBIC + | TETRAGONAL cup NUCLEAR +| DIPOLE + WEAK MAG +) STRONG 
Co** FIELe FELD fp SPIN | DOE | FIELO MAG. FIELD 


Fic. 1. Energy level scheme for Co** in cobalt ammonium sulfate. 


7H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 220 
(1937). 

$ J. Van Vleck, J. Chem. Phys. 7, 72 (1939). 

9H. A. Kramers, Proc. Acad. Amsterdam 32, 1176 (1929) ; 33; 
959 (1930). 

© Q. Laporte, Z. Physik 47, 76 (1928). 
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Exchange and Dipole Interactions 


It is convenient to treat these two interactions simul- 
taneously as was done by Van Vleck." The results of 
his calculation show that the specific heat arising from 
these interactions is given by 


C.= (NK)(Q/O)[g23eNI(T+1)/k E/T, (3) 


where N is Avogadro’s number, g is the splitting factor, 
8 is the Bohr magneton, J is the total angular momen- 
tum quantum number, & is the Boltzmann constant, 
T is theabsolute temperature, and (isa lattice geometry 
factor. 

As is always the case when k7>>splitting, the specific 
heat goes as 1/7? and one can write the dipole-dipole 
specific heat as 

C,=App/T’, (4) 


where App is a constant. The exchange terms are 
neglected here because, as will be seen later, there is 
experimental evidence that exchange effects in cobalt 
ammonium sulfate appear to be negligible. 

It is interesting to consider the effect of magnetically 
diluting the already dilute paramagnetic salt. This dilu- 
tion can be accomplished by replacing some of the 
paramagnetic ions by diamagnetic ions. Experimentally 
this can be accomplished by co-crystallizing isomorphous 
salts. 

It can be shown that the dipole-dipole specific heat 
and the exchange specific heat vary linearly with 
random dilution. This suggests the important experi- 
mental procedure of measuring the specific heat in 
crystals of varying dilution and extrapolating the 
measured results to infinite dilution, thereby elimi- 
nating any contribution to the specific heat from phe- 
nomena which are functions of concentration.” The 
effect of the dipole-dipole coupling is not to give sharply 
defined lines in the energy level scheme but rather to 
broaden the lines because of the production of large 
numbers of levels of the order 2% which form a band 
of width approximated by §?/N, where 6 is the Bohr 
magneton. This is indicated in the energy level scheme 
shown in Fig. 1, by placing dashes above and below the 
sharp lines in the spectrum. 


Interaction between the Nucleus and 
Electron Cloud 


The interaction between the nucleus and electrons 
can be broken down into at least three parts: (a) mag- 
netic interaction of the nuclear magnetic moment with 
the moment due to electron spin and unquenched 
residual orbital angular momentum of the electron, (5) 
nuclear quadrupole interaction with the gradient of 
the electric field in the electron ‘loud, and (c) coulom- 
bic interaction. 

We consider here only the interaction given by (a). 


Assuming that both the nuclear spin and electron spin 


4 J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937). 
” R. Benzie and J. Cooke, Nature 164, 837 (1949). 
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magnetic moments can be treated as dipoles, one can 
write down immediately the interaction energy as 


Wy, s= — (Bp1/r)(1-S— (3(1-r)(S-r)/r*)—I-L], (5) 


where yu; is the nuclear magnetic moment, I, S, and 
L are the usual angular momentum operators, and 
r is the radius vector with modulus r. A simple cal- 
culation shows that the I-L term in cobalt ammonium 
sulfate is negligible, the splitting being of the order 
10-8 cm“. 

If one now assumes that the electric field surrounding 
the ion is cylindrical in symmetry about the z axis (it 
is actually tetragonal in cobalt ammonium sulfate), 
one can integrate (5) over space in cylindrical coor- 
dinates, getting” 


Hrts= A *7,S.+ B(S.1,+Sy,l,), (6) 


where A* and B are determinable from microwave 
measurements. 

If quadrupole terms are included, the hyperfine 
structure hamiltonian given by (6) must include another 
term given by 

Hqusa=O{IP—3I(T+1)}. (7) 
Indications are that Q is very small in cobalt ammonium 
sulfate. 

Setting up the energy matrix by means of Eq. (6) 
shows, from symmetry considerations of the diagonal 
elements, that the hyperfine structure in cobalt am- 
monium sulfate is composed of 7 doublets and 2 singlets. 
(See Fig. 1.) The off-diagonal elements given by the 
second member of the hamiltonian of (6) produce such 
a small perturbation for cobalt ammonium sulfate that 
the energy level system may be considered at eight 
equally spaced doublets with an over-all splitting of 
0.084 cm~'. The values of A* and B are 0.024 cm and 
0.0028 cm-", respectively. 

On the high temperature side of the Schottky anomaly 
the hyperfine structure contribution to the specific heat 
is given by” 


Cy=R(he/kT)[$(A™+ 2B*)S(S+1)7(I+1)], (8) 


where k= Planck’s constant and c=velocity of light. 
The specific heat calculated from Eq. (8) is given by™ 


CyT?/R=16X10= Ay. (9) 


One could, in principle, measure this specific heat by 
making measurements on crystals possessing an ion 
having a nuclear spin, repeating the measurements 
using an isotope of the ion without nuclear spin, and 
taking the difference as the nuclear specific heat. The 
present measurements have been made using the 
random dilution technique. Cobalt is monoisotopic and 
is an excellent ion for the present purposes. 


Ill. ENTROPY CONSIDERATIONS 


There are several advantages to using a single crystal 
in measurements at low temperatures, among which one 


3B. Bleaney, Phys. Rev. 78, 214 (1950). 














FOMILO GAUSS / DEGREE) 


Fic. 2. Entropy removal upon magnetization 
along various magnetic axes. 


of the most important is the fact that the entropy is 
known very accurately. In addition, in the case of a 
magnetically anisotropic crystal like cobalt ammonium 
sulfate, the crystal can be so oriented that a larger 
portion of the entropy can be removed along one axis 
than another. In cobalt ammonium sulfate with its 
g-factors|| of 6.2, 3.0, and 3.0 along the Ki, Kz, and K; 
magnetic axes, respectively, the entropy removal is con- 
siderably greater along the K; axis. 

From microwave measurements it is known that the 
ground state of the Cot* ion in cobalt ammonium 
sulfate is a Kramers’ degeneracy doublet which is 
tractable as an S=} system and which can be split by 
means of a small magnetic field. 

Since the crystal is magnetically anisotropic, the 
energy is given by 

W=+40, (10) 


9=(X(ginHe)*}!, (11) 


in which gj, is the tensorial g-factor, H, the applied 
field in the &th direction, and 8 the Bohr magneton. 
From this it follows that the entropy is given by 


S/R=(In{2 cosh(80/2kT)} 
— (B0/2kT) tanh(86/2kT)]. (12) 


The calculated electronic entropy removal upon mag- 
netization at ~1°K along the principal magnetic axes 
is shown in Fig. 2, from which it is evident that a much 
greater entropy removal for a given H/T can be effected 
along the K, axis. The present experiment was per- 
formed by suspending the crystal with the KA» axis 
vertical and the K, axis in the horizontal plane free to 
rotate so that it would be parallel to the applied mag- 
netizing field. It is interesting to note that a directional 
magnetic specific heat may exist in an anisotropic 
crystal, and it is hoped to pursue this point experi- 
mentally at a later date. 

As usual in measurements below 1°K, the temperature 
T+ was obtained by extrapolation of the Curie law. 


|| Note added in proof:—The g-values of 6.2 and 3.0 are ionic 
values; the crystalline g-values are g;= 5.71, go=3.00, and g.= 4.34 


where 
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Assuming, as previously mentioned, that the ground 
electronic state is S=4, one can write the Curie constant 
along a principal axis as 


Ci= Ng2S(S+1)6°/3k, (13) 


where g; is the g-factor along a principal axis 7. From 
Eq. (13) with S=}, g;=3.0, the calculated Curie 
constant C2 is 0.852 for a mole of cobalt ammonium 
sulfate along the Ke axis. 

The Curie constant was checked experimentally by 
obtaining susceptibility-temperature calibration curves 
for a single crystal of chrome potassium alum whose 
Curie constant per mole is well known (1.760) and for 
the pure cobalt ammonium sulfate crystals along their 
K» axis. Knowing the ratio of the slopes of these curves 
and making appropriate mass corrections, we have 
determined the Curie constant C2 of the cobalt am- 
monium sulfate to be 0.858. This figure has been used 
in the calculations throughout this paper. The single 
crystals of cobalt ammonium sulfate were ground to 
spherical form (~13.5-mm diameter). They were the 
best of the crystals left after continuous culling from 
several hundred seed crystals. 


IV. METHOD OF MEASUREMENT 


Consider now a paramagnetic salt at liquid helium 
temperatures. In the salt there are three separate 
statistical systems, with separate temperatures, namely, 
the lattice and the electronic and nuclear spins. Since 
an alternating current mutual inductance bridge is the 
actual measuring device, the observed susceptibility is 
frequency dependent. At low frequencies, the observable 
is the isothermal susceptibility xo because heat transfer 
between the lattice and spin can take place. At high 
frequencies the adiabatic susceptibility x, is the ob- 
servable, considering the spin system along and as- 
suming the nuclear electronic spin relaxation time to be 
small compared with the period of the measuring field. 
The dispersion at intermediate frequencies can be ex- 
plained in terms of a relaxation time of the spin-lattice 
system." 

The present experiment, however, below 1°K is such 
that both the lattice and spin can oscillate at the same 
frequency. As the temperature is decreased below 1°K, 
the ratio of C,/Cs, where Cz is the lattice and Cg the 
spin specific heat, respectively, becomes very small; i.e., 
the lattice thermal capacity is negligible. Thus the ob- 
servable susceptibility will be the adiabatic suscepti- 
bility x,, and dispersion phenomena completely irrele- 
vant to the measurements. 

If one assumes that the Curie law is valid (x=C/T) 
and that the specific heat is given by A/T, it can be 
shown that* 


XsH=Xo0(1—32H?), (14) 


where xsy is the adiabatic susceptibility in a field H, 
xoo is the isothermal susceptibility in zero magnetic 


“HC, j. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Inc., New York, 1947). 
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field, H is a superposed constant magnetic field and = 
is defined by 


Idx dx C 
ct EN (15) 
xdTdS A 


= 
= 


in which S is the entropy, T is the temperature, and x 
is the susceptibility. 

The application of the steady field has two effects, 
namely, (1) decreasing the isothermal susceptibility by 
production of reversible warming effects, and (2) de- 
pressing xs below xo. The two susceptibilities would be 
equal only in zero field but at the temperature Ty. 

In terms of the measured quantities Eq. (14) can be 


rewritten as 
-(- disse) "Bed (16) 


where 91 is the mutual inductance due to the salt, so 
that if one knows the Curie constant, a measurement of 
= gives A immediately. Thus, the superposition of a 
steady magnetic field of proper magnitude on the ac 
magnetic field of the bridge enables one to measure the 
tail of the Schottky specific heat anomaly without 
recourse to calorimetry. 


V. CRYSTALLOGRAPHY OF HEXAHYDRATED 
COBALT AMMONIUM SULFATE 


The crystal structure of cobalt ammonium sulfate 
hexahydrate has been studied by Halla,'® and in greater 
detail several isomorphic salts have been studied by 
Hofmann." Detailed analysis of x-ray data has enabled 
one to draw a fair picture of the unit cell. In Fig. 3 is 
shown a view of the unit crystal structure, the 5 axis 
being normal to the plane of the paper. It might be 
pointed out here that the legend of Fig. 63 in Struk- 
turbericht”’ is incorrect in that the a and c vectors have 
been interchanged. This projection demonstrates what 
Hofmann calls the pseudocubic structure of the salt. 

These isomorphic salts are monoclinic, contain two 
molecules in the unit cell, and have arrangements de- 
veloped from the space group C2,.° All atoms, except 
Co*+, are located in the general position [+(x, y, z); 
+(x+4,4—y,2)]. The Cot+ atoms are located at 
(000; $ 4 0). As pointed out by Wyckoff,'* however, this 
arrangement cannot be correct because although the 
NH,-—O and Cot+—H,0 separations are satisfactory, 
the sulfate oxygens belonging to the different SO, groups 
are much too close together. The given values of the 
O-—O distance are about 2.1A, while the minimum per- 
missible distance should be ~2.7A, indicating a varia- 
tion of the order 0.5A, a quantity which is not 
negligible. 

‘’F. Halla and E. Z. Mehl, Z. anorg. u. allgem. Chem. 199, 
379-383 (1931). 

16 W. Hofmann, Z. Krist. 78, 279-333 (1931). 

‘7 Strukturbericht, Band IT (1928-1932), p. 94. 


18 R. Wyckoff, Structure of Crystals (Reinhold Publishing Cor- 
poration, 1931), second edition, p. 93. 
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For an adequate quantum-mechanical treatment of 
the properties of the salt, the wave function of the 
paramagnetic ions must be known accurately. This calls 
for a much better picture of the crystal structure than 
is available at present, and to this end the problem is 
being investigated by Dr. Max Bredig and Mr. B. S. 
Borie of the Metallurgy Division of ORNL, who have 
begun preliminary fourier analysis of the x-ray pictures 
taken of single crystals grown in this laboratory. 

The three crystallographic axes (a,b,c) are very 
nearly in the ratio (3, 4, 2). The a axis makes an angle 
of 106° 56’ with the ¢ axis in cobalt ammonium sulfate. 
The Co** ions lie in the points mentioned previously 
and are surrounded by an octahedron of water mole- 
cules, four of which lie nearly at the corners of a square 
at a distance of about 1.9A from the Co**+ and the 
other two slightly farther away at about 2.15A. The 
electric crystalline field per ion then should have ap- 
proximately tetragonal symmetry about the line 
joining the more distant waters. As already indicated, 
however, there are two Co** ions per unit cell and in a 
spatial average over the crystal one has two tetragonal 
axes equally inclined to the ac plane. The angle between 
the tetragonal axes and the ac plane, in cobalt am- 
monium sulfate, is about 33°. 

It is known from microwave measurements that mag- 
netic anisotropy exists, and it is necessary to correlate 
the readily identifiable crystallographic axes with the 
magnetic axes. In Fig. 4 are shown views of a crystal 
drawn from an actual specimen grown in the laboratory. 
It is not a perfect crystal, in that all faces are not 
equally developed; but it is a typical crystal. In (a) is 
seen a view taken along the crystallographic 6 axis. 
Note the well-defined ac axes. In (b) is shown a side 
elevation and also in (c) in the directions indicated. In 
(d) is shown a perspective view of the entire crystal. 
The circles in Fig. 4 (a) and (b) show from what portion 
the spherical samples actually used in the experiment 
were cut. The view given by (b) determines what size 
crystal must be grown to obtain a sphere of given 
diameter. The dotted line in (a) shows the direction of 
the principal magnetic axis K, with respect to the 
crystallographic axis. This was determined by placing 
the crystal in a strong magnetic field (~5 kilogauss) at 
room temperature and observing the orientation of the 
crystal suspended along various axes. Observe also that 
the K, axis is very nearly, within a few degrees, the 
short diagonal of the parallelogram representing the ac 
plane of the crystal. Furthermore, it was found that the 
K, axis is in the ac plane, in good agreement with 
Bleaney ei al.! 

The relationship between the various axes—crystal- 
line electric field, magnetic, and crystallographic—is 
shown in Fig. 5. Note that the K, axis lies in the ac 
plane and that the major projections of the tetragonal 
axes lie along it. 


19 Bleaney, Penrose, and Plumpton, Proc. Roy. Soc. (London) 
A198, 406 (1949). 
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Fic. 3. Crystal structure of cobalt ammonium sulfate. 


Paramagnetic absorption measurements” indicate 
that g-values have tetragonal symmetry the values of 
which are 6.2, 3.0, and 3.0, respectively, and these values 
have been used in the calculations in this paper. 

The crystals used in the present experiments were 
grown from saturated solutions in a constant tem- 
perature bath. Growth rate was controlled by keeping 
moistened paper covers on the beakers. The diluted 
crystals were grown by mixing together saturated 
solutions of the isomorphous salts. The resultant 
crystals were checked by means of x-rays, and the 
dilution was found to be random indeed. No evidence of 
order could be found in the Mg diluted salt, and the 
tacit assumption is made that Zn behaves in a similar 
fashion. The magnetic dilution was performed using Zn 
and Mg as the dilution ions. The manufacturer’s speci- 
fications for the cobalt ammonium sulfate lists, as 
impurities: Fe=0.001 percent, Ni=0.06 percent and 
Zn=0.005 percent (J. T. Baker Chemical Company, lot 
No. 41548). Analyses of impurities in the isomorphous 
salts are not available. 


VI. APPARATUS AND EXPERIMENTAL PROCEDURES 


The measurements were carried out below 1°K, and 
this necessitated the use of the adiabatic demagnetiza- 


a 
¢. 


Fic. 4. Actual crystal grown in the laboratory. 


2 B. Bleaney and D. J. E. Ingram, Nature 164, 116 (1949). 
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Fic. 5. Relationship of axes in cobalt ammonium sulfate. 


tion technique. The magnet used in the adiabatic 
demagnetizations was a large Weiss-type electromagnet. 
The field was very uniform over a cylindrical volume, 
and variation was negligible over the diameter of the 
spherical single crystal of ~13.5 millimeter diameter. 

The current through the coils was controlled to 0.1 
percent by means of an amplidyne-controlled saturable 
reactor. The maximum magnetic field over the 2-inch 
gap was about 13 kilogauss at slightly less than 6-kw 
input. The magnet was mounted on a carriage and 
track and could be rolled away when necessary. 

The present cryostat was constructed so that the 
sample could be changed quite easily, even during a 
run, if one could afford the loss of the helium boiled off 
by inserting a relatively warm sample. The details of 
the cryostat are shown in Fig. 6. The measured heat 
leak to the salt was 3.6 ergs per minute. 

The loss rate of liquid helium as measured over an 
eight hour period was 22.6 cc per hour. The liquid 
helium could be pumped down to 0.95°K. 

The experimental measurements were made with an 
ac mutual inductance bridge of the Hartshorn type, 
which was first applied to low temperature methods in 
the paramagnetic relaxation experiments of DeHaas 
and DuPré.*!~* 

The circuit is shown in Fig. 7, where it can be seen 
that the primaries and secondaries are connected in 
series with common points as shown. The secondary 


*1W. J. DeHaas and F. K. DuPré, Physica 6, 705 (1939). 
# D. DeKlerk, thesis, Leiden (1948), unpublished. 
* TD. Bijl, thesis, Leiden (1950), unpublished. 
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consists of, in addition to the mutual inductance, 
secondary coils, an amplifier, tuned circuit, cathode 
follower, and the detector, a vibration galvanometer 
tuned to 35 cps. The amplifier contained a specially 
designed filter having a resonant frequency of 35 cps 
and a bandwidth ~4 cps. A cathode follower, essentially 
an impedance transformer, was required to match the 
output of the amplifier to the galvanometer. The ac 
bridge method is chosen because it enables one to 
measure both components of a complex susceptibility 
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Fic. 6. Details of cryostat design. 
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NUCLEAR EFFECTS IN 
simultaneously and rapidly. A low frequency was 
required because one does not desire complications 
arising from spin-lattice relaxation in the salt. 

It can be shown that the real and imaginary parts of 
the susceptibility denoted by x’ and x’’, respectively, 
can be measured in arbitrary units without calibrating 
for absolute susceptibilities. Thus one gets 


x’=(C/K)Am (17) 
and 


x’ = (C Kw)(ARz), (18) 


where C is the Curie constant, w is 2 times the fre- 
quency, K is the slope of the temperature calibration 
curve in the liquid helium temperature region, SM is the 
mutual inductance in arbitrary units, and R.¢ is defined 
by Retre=rite/(Rotritre), where ri, r2, and Ry are 
shown in Fig. 7. 

The results presented here were obtained in 16 helium 
runs and well over 100 demagnetizations, the results 
being quite reproducible. 

Demagnetizations were made from various H/T 
values, and during the ensuing warm-up time many = 
values could be obtained. The measurements were 
taken over a period of about 45 minutes, after which it 
was assumed temperature inhomogeneities might exist. 
Because of the very small heat input (~0.06 erg/sec), 
the warm-ups were very slow and good values of the = 
parameter could be obtained. 

Since at the very low temperatures, the effects of the 
earth’s magnetic field could be quite large, two measure- 
ments were always made, one with the superposed 
constant magnetic field directed upward and one with 
the field downward. The =-parameter was calculated 
from the equation, 


1 get a 
 3HPL Mt Ms I 


(19) 


where If is the susceptibility in arbitrary units with 
the applied field up and 31%» is the susceptibility the 
salt would have if the field were not applied, and 
similarly for NJ. The Mt» were obtained by plotting 
from the normal warm-up curve with no applied field. 

In our case the constant magnetic field was supplied 
by a double-layered solenoid, operating on storage 
batteries, the magnitude of the fields being 1 to 75 gauss. 


VII. EXPERIMENTAL RESULTS 


The measured values of = for pure cobalt ammonium 
sulfate plotted against 7* (see Fig. 8) show that it is 
indeed a constant in the region of about 0.125 to 0.6°. 
Its value, as calculated from the average of several 
dozen points, is 2.43X10~® gauss~*. Above 0.6°K it 
decreases slightly because of the effect of the lattice. 
Using the value of 2.43 10~-* gauss~? for = and the 
Curie constant of 0.858, one obtains for CT? a value of 
42.5<X10-'R. Assuming exchange and quadrupole 
effects are negligible, this value of CT? is made up of 
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Fic. 7. Bridge circuit for measurement of complex susceptibility 


two contributions, namely, dipole-dipole coupling and 
hyperfine structure coupling specific heats. 

Because of the extreme anisotropy of the crystal, the 
calculation of the dipole-dipole specific heat with Eq. 
(3) is not feasible. By the aforementioned dilution 
procedure, however, one can reduce the dipole-dipole 
contribution and obtain two equations with two 
unknowns, Aw and App. The values measured on the 
Zn diluted salt were not so accurate as those for the 
pure salt, because of the faster warm-up rate, but 
averaging several dozen points gives a good result. The 
warm-up rate of the Mg diluted salt was relatively more 
rapid and consequently the measured Z-values had a 
larger spread, although the constancy of the parameter 
was evident. The results of the =-measurements are 
tabulated in Table I, and the resultant curves are shown 
in Fig. 8. If one defines the Curie point as that tem- 
perature at which hysteresis absorption commences, this 
temperature is 7*=0.120°. Note the sudden increase in 
= due to saturation effects as one reaches the Curie 
point. From this it would appear that the 77* rela- 
tionship is linear (T= 7*) in cobalt ammonium sulfate 
down to about 0.125°K. 

In Table I and Fig. 8 are also shown the final 7* 
temperatures reached on demagnetizing from H/T 
equal to 13.5 kilogauss/degree. The pure crystal went 
through a maximum in susceptibility and its decrease 
below the Curie point indicates that cobalt ammonium 
sulfate becomes antiferromagnetic. No susceptibility 
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Fic. 8. = as a function of 7*. The vertical dashed lines show 
T* final after demagnetizing from same H/T (13.5 kilogauss 
degree). 
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TaBLe I. Chemical data and specific heat values for single 
crystals. 








Rela- 

tive Weight 
Weight conc. of = X10* percentage 
(grams) Co*t* (gauss) of Cott Ae 


14.91 42.55 
x10-* 


Crystal T;* 





Pure CAS* 2.461 1.0004 2.43 


0.117 


CAS diluted 
with ZAS» 
CAS diluted 
with MAS* 


27.45 0.059 


0.048 


2.729 0.436 3.76 6540.2 


2.351 0.174 5.01 2.640.1 20.61 








* Cobalt ammonium sulfate. 

» Zinc ammonium sulfate. 

¢ Magnesium ammonium sulfate. 

4 The theoretical percentage of Co** in CAS is 14.91 percent; the 
gravimetric sample analysis was 14.9 percent. 

©A=CT?/R. 


maximum was found for the diluted salts but much 
lower 7* final temperatures were reached because of 
the decreased dipole-dipole interaction. An indication 
of the behavior of cobalt ammonium sulfate at very low 
temperatures is given in Fig. 9, which shows x’ and y”’ 
plotted against time as a parameter. The heating in this 
region is due entirely to absorption, because the natural 
heat leak was negligible in magnitude as compared to 
that supplied by the ac field. While only a few points 
are shown on the curves, there are actually many 
hundred points measured all along the curve. This 
curve (x’’) is of use in the calculation of absolute T 
below the Curie point. The curve is actually a composite 
of about a dozen warm-up curves all of which were 
readily reproducible. 

In Fig. 10 are shown the final results in plotting the 
values of the specific heat constant in terms of concen- 
tration of the Cot* ion. The intercept gives the nuclear 
contribution to the specific heat CT?/R, and the value 
of 16.1 10~‘ is in excellent agreement with the value 
16X 10~‘ derived from microwave measurements.!* The 
value of A from © is in good agreement with that 
derivable from the slope of S/R against 1/27* in the 
region above 7*=0.5°K. A representative selection of 
demagnetization data are shown in Table II, where H; 
is the initial field in kilogauss, T; is the initial tem- 
perature, and 7;* is the temperature reached upon 
demagnetization. Remembering that the demagnetiza- 
tion is adiabatic and assuming (a) that the entropy 
(H=0) is given by S=So+}(A/T*), where A is the 
specific heat constant, and (b) that T=7*, one can 
calculate the entropy removal on magnetization at 7;; 
some experimental values are represented by points in 
Fig. 2. The points do not fall on the calculated entropy 
removal curve, but below it. If the assumptions (a) and 
(b) are true, then one can fit the experimental data with 
an equation exactly like Eq. (12) but with a g-factor of 
6.55. The curve so calculated is given by the dotted line. 


VIII. DISCUSSION 


The agreement of the thermodynamic measurement 
of the nuclear specific heat with that calculable from 
microwave data is good. The concentration coordinates 
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used in Fig. 10 are the most probable values of the con- 
centration. The chemical analyses of the dilute salts 
were made polarimetrically and colorimetrically with 
an accuracy of +3 percent. This uncertainty of absolute 
concentration would shift the intercept up or down 
somewhat, so that the best one can say is that the 
nuclear specific heat is (16.1-+0.3) x 10~4R. 

The absence of a Curie-Weiss constant A seems to 
indicate that exchange is very small, and this is sub- 
stantiated by microwave data.”° It can be shown that 
if the susceptibility follows a Curie-Weiss law instead 
of a Curie law that the Garrett parameter has the form, 


==C/A(1+ xA/C)*, (20) 


where C and A are as previously, x is the susceptibility, 
and A is the Curie-Weiss constant. From Fig. 8 and 
Eq. (20) it can be seen that the constancy of & indicates 
that A<0.005°K down to about 0.125°7*. 

The change in slope of both x’ and x”’ in Fig. 9 seems 
to indicate that one is over a specific heat hump, and 
it would be of interest to investigate this point. Unfor- 
tunately, the magnetic fields available for the experi- 
ment at present are not sufficient to pursue the point 
further. 

The crystals were spherical in shape, and no correction 
for shape in the 7* values have been included. The usual 
shape demagnetization factors are calculated on the 
assumption of an isotropic substance with the ions 
placed at the points of a cubic lattice and are certainly 
not applicable in the present case of an anisotropic 
monoclinic lattice. 

An interesting point, determinable from Fig. 8, is 
that the slow decrease of the value of the =-parameter 
with temperature indicates that the factor B in the 
lattice specific heat C_.= BT® is very small or that the 
spin-lattice relaxation time is no longer short compared 
with the period of the ac measuring field. Susceptibility 
measurements at various frequencies would distinguish 
between the effects. 

The diluted salts showed no hysteresis absorption, no 
maximum in susceptibility, and no saturation effects in 
the temperature region available with the present 
magnet. Measurements of the Curie points in the 
diluted salts may shed some light on the mechanism 
that produces antiferromagnetism in cobalt ammonium 
sulfate. It is very astonishing that antiferromagnetisms 
should occur, since the exchange effects seem to be very 
small. The Curie-Weiss A<0.005° seems to be much 
too small to be felt at the Curie point temperature of 
about 0.12°K. One might infer dipole-dipole coupling 
as a possible mechanism, a process which has achieved 
considerable success in the theory of ferroelectricity. An 
alternative is that the Curie point is due to nuclear 
interaction; but, since this is an internal interaction, it 
does not seem probable that it can cause large scale 
cooperative phenomena. Neutron diffraction experi- 
ments by Wollan, Strauser and Shull,” of the Oak Ridge 


* Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
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Fic. 9. Real and imaginary components of susceptibility using time as a parameter. 


National Laboratory, on even-even isotopes show anti- 
ferromagnetism for substances in which there are no 
nuclear moments, but this does not exclude the possi- 
bility of hyperfine structure coupling or quadrupole 
coupling as a mechanism in cobalt ammonium sulfate. 

Assuming the measured nuclear specific heat of 
16.1 10~4R to be the true value, this leaves for the pure 
cobalt ammonium sulfate a dipole-dipole specific heat 
of 26.4X10-4R, which is some 40 percent higher than 
that calculable from Van Vleck’s formula given by Eq. 
(3) using g’= 18.8. As pointed out previously, the Stark 
specific heat is zero. 

The experimentally determined g-value along the K, 
axis is 6.55, which is some 5 percent higher than the 
published values from microwave measurements. This 
would increase the susceptibility along K, by about 
10 percent. 

It would be very desirable to continue the investiga- 
tion of cobalt ammonium sulfate single crystals, pure 
and diluted, since the disparity of the g-factors along 
the various magnetic axes make the crystals almost 
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Fic, 10. C7? as a function of Co** concentration, 


ferromagnetic and because information may be ob- 
tained on antiferromagnetism-producing phenomena. 
The author is happy to acknowledge the grant of a 
fellowship from the Oak Ridge Institute of Nuclear 
Studies to pursue this research. To name those persons 
who have been of assistance in this problem would be 
equivalent to giving a roster of personnel at the Oak 
Ridge National Laboratory, but the author is especially 
indebted to Dr. L. D. Roberts, Dr. S. Bernstein, and 
Dr. M. E. Rose for numerous helpful discussions, to 
Dr. E. O. Wollan and Dr. A. H. Snell for kind use of 


TABLE II. Entropy calculated from demagnetization data. 








Hi 
(kilogauss) T?* 
0.803 
0.345 
0.272 
0.174 
0.148 
0.114 


0.625 
1.25 


a 0.989 
d 0.989 
; 1.005 
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the facilities of the Physics Division, to Dr. Max 
3redig and Mr. B. S. Borie for aid in crystallography, 
to Mr. P. Thomason for chemical analyses, and to Mr. 
R. A. Erickson and Mr. J. H. Kahn for assistance with 
the measurements. It is a deep pleasure to express 
gratitude to Dr. J. G. Daunt of Ohio State University, 
consultant to the Laboratory, who suggested the 
problem and was a constant aid throughout the problem, 
theoretically and experimentally, and to Dr. K. F. 
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Electrical Properties of Sodium Tungsten Bronze* 


E. J. Hurprectse,t D. B. Barker,ft aNp G. C. DANIELSON 
Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowa 
(Received June 4, 1951) 


With the addition of sodium atoms the ferroelectric insulator WO; acquires metallic properties. We 
have grown single crystals of NazWOs; using a method developed at the Linde Air Products Company. 
Chemical analyses for sodium concentration showed x=0.66. The electrical resistivity was found to have a 
value of (1.9+0.2) X 10~‘ ohm-cm at 0°C and to decrease approximately linearly with decreasing tempera- 
ture in the range 20°C to —160°C. The Hall coefficient was found to have a value of (—5.1+0.2)x10™ 
cm'/coulomb at 20°C and to decrease slightly with decreasing temperature. This value for the Hall co- 
efficient indicates one electron carrier for each sodium atom added to the crystal. Using Pauli’s theory 
of paramagnetism for free electrons in simple metals the calculated magnetic susceptibility is 0.53 10~. 
The value observed by Stubbin and Mellor for a sodium concentration corresponding to x=0.9 was 
0.45X 10-*. Using the free electron theory of metals, the following properties have been calculated: elec 
tron mobility and mean free path, energy at the surface of the Fermi distribution, thermal conductivity, and 


electronic specific heat. 


1. INTRODUCTION 


ODIUM tungsten bronze is one of a series of non- 

stoichiometric compounds whose general chemical 
formula is R.WOs3, where R represents an alkali metal 
and «x lies between zero and one. Higg' and Straumanis* 
have shown by x-ray diffraction studies that the struc- 
ture of these compounds is cubic and that the lattice 
constant increases as x increases. When x is zero, 
Matthias® has shown the crystals to be ferroelectric 
like BaTiO;, which has a similar crystal structure. 
Both Higg and Straumanis have described the re- 
markable color changes from blue to red to yellow as x 
increases. However, there has been some uncertainty 
regarding the nature of the high electrical conductivity. 
Higg reported the bronze to be a semiconductor of 
high conductivity between 20°C and 350°C. Straumanis 
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Experimental arrangement for resistivity measurement. 





* Contribution No. 147 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the AEC. 

+ Now at International Business Machines Corporation, Pough- 
keepsie, New York. 

t Now at Research Laboratory of Electronics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

1G. Z. Hagg, Nature 135, 874 (1935). The perovskite structure 
(when x=1) was first suggested by W. F. de Jong, Z. Krist. 81, 
314 (1932). 

2M. E. Straumanis, J. Am. Chem. Soc. 71, 679 (1949). 

3B. T. Matthias, Phys. Rev. 76, 430 (1949). ‘ 


and Dravnieks' reported a different conduction behavior 
based on their experiments with sintered masses. The 
present investigation was undertaken to determine the 
sign, number, mobility, and energy distribution of the 
charge carriers by measuring the resistivity and Hall 
coefficient of single crystals. 


2. CRYSTAL GROWTH 


‘Crystals of sodium tungsten bronze were prepared 
according to the chemical reaction: 


3Na2WO.+ 2WO;+ W—6Na.WOs3. 


The method was developed at the Linde Air Products 
Company.’ Measurements were made on cubes about 2 
mm to an edge. Chemical analyses* of random samples 
indicated the percentage of sodium by weight to be 
6.18+0.14, from which x was calculated to be 0.664 
+0.015. Consequently, approximately two-thirds of the 
sodium sites were occupied. 


3. ELECTRICAL CONDUCTIVITY 


The resistance of a 2-mm crystal of the bronze is 
about one milliohm, which makes the comparable 
resistance of the crystal holder and connecting wires a 
disturbing factor. After experiencing some trouble in 
measuring the resistances directly with a Kelvin double 
bridge, a null direct current potential measurement with 
a known current flowing through the crystal was 
employed. The best electrical contacts were obtained 
by washing the crystals in 48 percent hydrofluoric acid 
to clean the surfaces and facing the electrodes with a 
layer of indium, which could be easily pressed against 
the clean crystal face. Using this technique it was 
generally possible to reproduce a room temperature 
measurement after cooling a crystal to — 160°C. The 


4M. E. Straumanis and A. Dravnieks, J. Am. Chem. Soc. 71, 
683 (1949). 

5 Private communication by E. O. Brimm. 

® Chemical analyses were made by the Ames Laboratory 
Analytical Chemistry Group directed by C, V, Banks. : 
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experimental arrangement is shown in Fig. 1. Potential 
measurements were taken on the crystal and on a 
standard resistance in series with the crystal in the 
temperature range 20°C to —160°C. Temperatures 
were measured with a copper-constantan thermocouple 
making good thermal contact with one of the crystal 
electrodes. 

The resistivity as a function of temperature is shown 
in Fig. 2. All crystals exhibited the positive temperature 
coefficient of resistivity characteristic of thermal scat- 
tering in metals. The mean resistivity of these three 
crystals at 0°C is (1.90.2) 10~* ohm-cm. The mean 
temperature coefficient of resistivity in the temperature 
range 20°C to —160°C is (2.1+0.4)10~ per degree 
centigrade. Principal sources of error are probably (a) 
contact resistance at the crystal faces and (b) inaccurate 
dimension measurements owing to irregularities in the 
crystal shape. 


4. HALL COEFFICIENT 


A direct current method, which was initially em- 
ployed in attempting te determine the Hall coefficient, 
proved unsuccessful owing to spurious thermal voltages 
larger than the Hall voltage. In order to eliminate these 
spurious effects (including the Ettinghausen effect) an 
alternating current method was used. Similar methods 
have been described by Smith,’ by Wood,* and most 
recently by Leverton and Dekker.’® 

A block diagram of the Hall equipment is shown in 
Fig. 3. A ten-cycle-per-second current of approximately 
ten amperes was passed through the crystal. The Hall 
voltage was amplified through a narrow-band amplifier 
and measured on a Hewlett-Packard type A vacuum- 
tube volt meter. The sign of the Hall coefficient was 
determined by use of the electronic switch and oscillo- 
scope. The voltage divider paralleling the standard 0.1- 
ohm resistor was used to determine the primary current. 
In practical units the Hall coefficient is given by the 
equation 


Ry=108V yt/IH cm*/coulomb. 


The Hall voltage Vy appears in the numerator and the 
crystal current J in the denominator. By measuring 
both Vy and J through the amplifier, the gain of the 
amplifier canceled, eliminating the necessity for an 
auxiliary determination of this unknown quantity. The 
value of the resistor was chosen as 0.002 ohm in order 
that the impedance and voltage conditions at the input 
of the amplifier would be approximately the same for 
both measurements. 

The Hall voltage was obtained by means of the three 
probes as shown. Two probes were connected through 
a low resistance helipot, the center tap of which was 
connected through the primary winding of a ten-cycle 
transformer to the third probe on the opposite side of 

7A. Smith, Phys. Rev. 35, 81 (1912). 


8 L. A. Wood, Phys. Rev. 41, 231 (1932). 
°W. F. Leverton and A. J. Dekker, Phys. Rev. 80, 732 (1950). 
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Fic. 2. Resistivity of sodium tungsten bronze (Nao.s6«WOs). 


the crystal. After adjusting the center tap for minimum 
voltage with zero magnetic field, readings were taken 
with a field of approximately 10,000 oersteds applied 
successively in opposite directions. The probes were 
made of 0.010-inch tungsten wire which was sharpened 
by inserting a heated end into potassium nitrite. The 
spring tension in the wire held the probes securely 
against the crystal. For Hall measurements at reduced 
temperatures a stream of chilled helium gas was passed 
over the crystal holder assembly. 

A Consolidated Model 23-104A electromagnet fur- 
nished a stable field for the Hall measurements. The 
current lead-in wires were brought to the holder through 
a one-half-inch iron pipe which served as a rigid support 
for the holder and as a magnetic shield for the wires. 
The three probe leads were enclosed in a flexible steel 
conduit to minimize pick-up from stray magnetic fields. 

The algebraic sign of the Hall voltage was obtained 
through the use of the electronic switch and oscilloscope. 
By comparing the phase relationship between the cur- 
rent and the Hall voltage for metals of known sign 
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Fic. 3. Block diagram of Hall equipment. 
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TaBLe I. Hall coefficient measurements. 








Mean Isenberg Hall 
Hall Cur Field Thick- correc- coefficient 
voltage rent (A) ness tion (Rx) cm, 
Material (VaG)* (1Gr)* oersteds (#) cm _ factor coulomb 


Copper 0.085 0.13 +9190 0.043 0.90 —5.9(10-5) 
0.070 0.13 —9190 0.043 0.90 —4.9 (10-5) 





Magnesium 0.097 0.12 +9190 0.035 0.89 —6.0 (10-5) 
0.140 0.12 —9190 0.035 0.89 —8.7 (10-5) 


Nao.cs6WOs 53 0.18 +9800 0.168 0.92 


—4.6 (107*) 
(Crystal A) 0.273 0.18 —9800 0. 0.92 —49 


(10-* 


Nao.esWO; 0.15 +9800 0. 0.93 —5.5 (10~*) 
(Crystal C) 0.347 0.15 -—9800 0. 0.93 —5.3 (10~) 


*G is the gain of the amplifier and r =1.74(10~7) is the voltage divider 
ratio 


with the phase relationship for the bronze, the sign was 
definitely established to be negative. Hence, the charge 
carriers are predominantly electrons rather than holes. 

The Hall coefficients listed in Table I have been 
corrected for the length to width ratio of the samples as 
described by Isenberg, Russell, and Greene.’® The Hall 
coefficient for copper and magnesium polycrystalline 
sheet metal were measured to test the sensitivity and 
reliability of the equipment. Reasonably good agree- 
ment was obtained with values taken from the Jnter- 
national Critical Tables. The average value for the Hall 
coefficient of these bronze crystals is (—5.1+0.2)x10— 
cm*/coulomb. The decrease in the Hall coefficient with 
decrease in temperature was approximately 0.2 percent 
per degree Centigrade in the temperature range 25°C 
to —80°C. 


5. ELECTRON AND SODIUM CONCENTRATIONS 


In the free-electron theory of metals the Hall coeffi- 
cient Ry is related to the concentration of charge 
carriers » by the expression, 


Ry=+1/nlel, 


in which |e) is the electronic charge. The positive sign 
is chosen for hole conduction and the negative sign for 
electron conduction. Inserting our experimental value 
for Ru, 


n=—1/Ry/|e| =(1.2340.05)10” electrons/cm*. 


The concentration of sodium atoms in Nao.ssWOs, using 
a molecular weight of 247.2 grams and a density of 
7.169 g/cm*, is 1.16(10”) sodium atoms per cm*. 
Therefore, it appears that each sodium atom con- 


10 Tsenberg, Russell, and Greene, Rev. Sci. Instr. 19, 685 (1948). 


tributes its one valence electron to the conduction 
band, which is empty in the insulator WOs;. It seems 
probable that these compounds exhibit a continuous 
transition from insulator to normal metal with in- 
creasing sodium content. However, we have not been 
able to verify this continuity of transition for want of 
single crystals with substantially different sodium 
content. 


6. ELECTRONIC PROPERTIES 


Other electronic properties can be calculated from the 
free-electron theory. The mobility of the electrons at 
0°C from the product of the Hall coefficient and 
electrical conductivity is u=Ryoz=2.7 cm*/volt sec. 
The mean free path at 0°C is 1=h/2e(3n/x)$p=13 
10-8 cm. The mobility and mean free path are both 
considerably smaller than these values for most pure 
metals. 

The energy of the electrons at the surface of the 
Fermi distribution is Ep= (h?/2m)(3n/8x)!= 3.1 10-" 
ergs= 1.9 ev, where the effective mass m is taken as the 
electronic mass. 

The paramagnetic susceptibility from Pauli’s theory 
for free electrons in simple metals is 


x= (3/2)n8?/Er=0.53X 10-8, 


in which 8 is the Bohr magneton. Stubbin and Mellor" 
report an experimental room temperature value for the 
magnetic susceptibility of Nao..WOs3 as (0.45+0.03) 
X10-*. This agreement lends some reliability to the 
application of free electron theory to these compounds.” 

Using the Wiedemann-Franz ratio, the thermal con- 
ductivity at O°C is 2.0(10-*) watts/cm degree. The 
electronic contribution to the specific heat is 


y=NrkRT/'2Er=2.2X10-RT, 


where NV is Avogadro’s number. 

The authors appreciate the assistance of W. C. 
Caldwell, who was largely responsible for the design of 
the Hall equipment, and R. G. Morris, who helped 
obtain some of the measurements. For many crystal 
specimens and for the method of growing these crystals 
we are indebted to E. O. Brimm and his associates of 
the Linde Air Products Company. 


1 P, M. Stubben and D. P. Mellor, J. Proc. Roy. Soc. N. S. 
Wales 82, 225 (1948). 

2 Note added in proof:—The agreement must be considered 
somewhat fortuitous even for perfectly free electrons, since the 
orbital diamagnetism of the electrons as well as the exchange 
and correlation contributions have not been included. See F. 
Seitz, Modern Theory of Solids (McGraw-Hill Book Company, 
Inc., New York, 1940), p. 599. 
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Boundary Effects in the Striated Positive Column 
RicuHarp G. FowLer 
Department of Physics, University of Oklahoma, Norman, Oklahoma 
(Received July 26, 1951) 


URING experiments on the luminosity which has been ob- 

served in side tubes connected to tubes in which low pres- 
sure spark discharges! are being studied, a phenomenon relative to 
glow discharges was noticed to which the author has seen no 
reference in the literature. Occasionally, owing to switch leakage, 
weak glow discharges occurred in the main discharge tube prior 
to the closing of the switch which set off the spark discharge. 
This glow discharge exhibited striations in hydrogen gas, which 
changed position gradually as the current of the discharge in- 
creased because of increasing potential of the condenser. 

At the junction of the main and side tubes, a remarkable property 
of the striations was observed. Although stable striations could 
exist on both sides of this junction, no striation ever existed at A, 
the dotted position in Fig. 1, where the bounding wall is incom- 
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Fic. 1. Branched discharge tube exhibiting a striated glow discharge. 


plete on one side. Striations were stable on either side of the 
opening, clinging to the complete walls of the main tube, and even 
bowing out into the region of instability. But when the vicissi- 
tudes of increasing current compelled striation S,; to move, it 
moved abruptly and very quickly to position $2. In all other 
positions the striations moved slowly and smoothly along the tube. 

It is suggested that the striations can only exist when completely 
bounded on their periphery by matter, so that any theory of 
striations must make use of the concept of boundary conditions. 


1 Fowler, Goldstein, and Clotfelter, Phys. Rev. 82, 879 (1951). 


Beta-Inner Bremsstrahlung Angular Correlation 
T. B. Novey 
Argonne National Laboratory, Chicago, Illinois 
(Received August 10, 1951) 


URING an extension of previous measurements! of the 

angular correlation between the 885-kev beta-branch and 
the 85-kev gamma in Tm!”, a strongly interfering effect was ob- 
served which has been established as being due to the angular 
correlation between beta-particles and gamma-radiation emitted 
during the beta-emission process. 
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Fic. 1. P® bremsstrahlung NaI(T1) scintillation spectrometer 
differential pulse-height analysis. 


The theory of this inner bremsstrahlung has been developed by 
Knipp and Uhlenbeck? for allowed spectra and extended to first- 
and second-forbidden transitions by Wang Chang and Falkoff.’ 
The theories predict gamma-emission predominantly in the di- 
rection of electron emission. The theoretical angular distribution 
is not sensitive to the nature of the interaction process in beta- 
decay. 

In order to eliminate true beta-gamma coincidences, the effect 
was studied in P®, which emits no monoenergetic gamma-radia- 
tion. The source was mounted in a thin film in a 7-inch diameter 
plastic vacuum chamber to avoid air scattering of the beta- 
particles. The beta-particles were detected by a stilbene crystal, 
} inch thick X1}-inch diameter, mounted on a 5819 photomulti- 
plier tube. The crystal was in the vacuum, an O-ring real to the 
face of the photomultiplier being used as a vacuum seal. A 0.2- 
mg/cm? aluminum foil was placed over the stilbene crystal to 
increase the collection efficiency of the light pulse and to prevent 
rapid sublimation of the stilbene. 

The beta-detector, source, and vacuum chamber rotated as a 
unit with respect to the gamma-detector, which consisted of a 
thallium-activated sodium iodide crystal, 4 inch thick X 1 }-inch di- 
ameter, mounted on a 5819 photomultiplier tube. A gamma pulse- 
height analysis of the continuous gamma-radiation from a P® 
source is shown in Fig. 1. The cutoff in the neighborhood of 40 kev 
is due to absorption of the gamma-radiation in the plastic chamber 
wall, which is sufficiently thick to absorb all of the beta-particles. 

The intensity of the gamma-radiation is low (one gamma of 
energy greater than 40 kev for several hundred beta-particles). 
It is thus necessary to use a fairly fast coincidence resolving time 
in order to obtain a true coincidence rate comparable to the chance 
coincidence rate and still maintain good angular resolution, i.e., 
a solid geometry factor of 0.5 percent of 0.06 steradian. By double 
delay line shaping of the relatively slow rising NaI pulse (ca 0.25 
usec) a pulse of 0.08-usec width was obtained. In spite of a loss of a 
factor of six in pulse height due to the shaping, a considerable 
advantage in average pulse height was realized compared with 
anthracene for gamma-energies below 250 kev, mainly owing to 
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Fic. 2, P® Beta-inner bremsstrahlung angular correlation. 
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the high photoelectric absorption coefficient in sodium iodide 
below this energy.‘ 

The stilbene beta-pulses were shaped with a shorted delay line 
to a width of 0.03 usec, and an over-all resolving time of 0.11 usec 
was obtained in the coincidence circuit. 

The angular correlation measured is shown by the open circles 
in Fig. 2. 

The theoretical angular correlation as given by Wang Chang 
and Falkoff is 

d(0, 6, w) /dQ=2 sin*0/2xw(1— 8 cosé)?, 


the probability per unit solid angle for an electron with velocity v 
to emit a quantum of a frequency w at an angle @. 

This was averaged over an experimental beta-distribution and 
over the range of detection of the gamma-ray : 

d Epmax (Ea N(Es) (sin _. E 
7° Jo Fx: E, (1—Bcosé)? ” ye 
. 2 cin? 
=¢ f Bamax 15.65/40 kev) N (Es) dE, 
0 (1—8 cosé)? 
the probability per unit solid angle for a quantum of energy greater 
than 40 kev to be detected at an angle 0. 

The result of numerical integration of the above expression was 
normalized to the experimental result at 30°. It can be seen that 
the data are in excellent agreement with the theory. 

A recent article’ on the intensity and energy distribution of 
inner-bremsstrahlung mentioned a preliminary experimental 
affirmation of the angular correlation as found in this work. 

1T. B. Novey, Phys. Rev. 78, 66 (1950). 

2J. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1936). See also F. 
Bloch, Phys. Rev. 50, 272 (1936). 

*C. S. Wang Chang and D. L. Falkoff, Phys. Rev. 76, 365 (1949). 

* Details of this pulse shaping have been submitted for publication to the 


Review of Scientific Instruments. 
5 L. Madansky and F. Rasetti, Phys. Rev. 83, 187 (1951 


On the Interaction in Pb of the Secondaries 
Produced in Penetrating Showers* 


G. M. Brancu and G. COoccont 
Cornell University, Ithaca, New York 
(Received July 23, 1951) 


URING the months from August, 1949, to January, 1950, 

the cloud-chamber assembly sketched in Fig. 1. was oper- 
ated at Echo Lake, Colorado (altitude 3260 m, average pressure 
706 g cm™), in order to measure the collision mean free path 
(m.f.p.) in Pb of the secondary particles produced in penetrating 
showers and to investigate the nature of the penetrating particles 
in extensive air showers. 

Here we give the results of the first experiment. The two cham 
bers, 24 in. X12 in. 12 in., were filled with argon at about atmos- 
pheric pressure, and each contained five 4-inch Pb plates; they 
were located one above the other and separated by a slab of Pb 6 
in. thick. Stereoscopic pictures were taken with a single camera on 
70-mm film. The master pulse triggering the expansions was 
generated whenever a coincidence 2A+3B among two or more of 
the counters of tray A and three or more of the counters of tray B 
was registered. 

In the analysis of the pictures obtained, only the cases were con- 
sidered in which a penetrating shower was generated either in the 
plates inside the upper chamber or in the 6-in. absorber between 
the chambers, showed in the lower chamber penetrating particles 
recognizable as coming from a common center, and was not ac- 
companied by dense air showers. Among the particles belonging 
to the showers thus selected, the ones considered for the measure- 
ment of the collision mean free path were required to fulfill the 
following conditions: (a) to be minimum ionizing and to be 
scattered less than 1° in crossing any plate (except for cases judged 
to be nuclear scatterings, when the particles were deflected less 
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Fic. 1. Diagram of dual cloud-chamber assembly. 


than 1° in every plate but one, and more than 10° in that one 
plate) and (b) to cross at least the middle three plates of the lower 
chamber in the case of non-interacting particles. In the case of 
interacting particles the direction of the particle in the space was 
determined by reprojection on translucent screens, and was re- 
quired to be such as to cross the middle three plates in the illumi- 
nated region. Since particles ionizing 2 times minimum would 
have been recognized, and since scattering angles larger than 1° 
were measurable, condition (a) ruled out particles of momentum 
smaller than ~Mc or ~2 Bev/c, whichever is larger. 

The observed number of plate traversals without interaction by 
particles fulfilling the conditions (a) and (b) was N =1977, while 
the number of interactions observed was AN» =91. If the condition 
(b) is modified so as to consider the traversals and interactions in 
one plate only if the particle is observed to traverse at least the 
preceding plate,’ the total number of such traversals without 
interaction is V = 2568, and the number of observed interactions 
ANo=111. The observed collision m.f.p. A is then 


xh a [354439 g cm™ of Pb, 
A=h/In(1+ANo/N) |376+40 g cm™ of Pb, 


where h=15.9 g cm™ is the thickness of the Pb plates averaged 
over the zenith distribution of the particles. The errors given are 
the statistical ones. The two values practically coincide. 

A is certainly larger than the real collision m.f.p., 4, because 
an appreciable number of interactions occurring inside the plates 
do not give rise to secondaries of energy sufficient to escape from 
the plates and be seen. 

The correction can be evaluated with the aid of Fig. 2, where 
is plotted the number of interactions observed to start at various 
depths inside the plates.2 The point where the interaction oc- 
curred inside the plates was identified with the common point of 
origin of the secondary tracks. From Fig. 2 it clearly appears that 
many of the interactions occurring inside the plates were lost. 
An examination of the particles emitted shows that the ratio of 
the number of heavy prongs to that of light prongs sharply de- 
creases when the interaction occurs more deeply inside the plate; 
this indicates that the less energetic interactions are more likely 
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Fic. 2. Distribution of observed nuclear interactions in the lead plates. 


to be lost. The factor K by which it is necessary to multiply AN» 
in order to obtain the real number of interactions, AN, in our case 
turns out to be K=2.1+0.3. The uncertainty in K arises from 
both the statistical errors and the extrapolation. With this correc- 
tion we deduce \ to be 


\=172+29 g cm™ of Pb, 


a value quite close to the geometric m.f.p. 

The value of K is expected to decrease strongly when the thick- 
ness of the absorber is decreased. With plates of }-in. Pb one can 
anticipate a value K=~1.1. In fact, Gregory and Tinlot*® with 
plates of }-in. Pb found A=172+20 g cm™. 

In the past years several authors (see bibliography in the paper 
of Gregory and Tinlot) obtained much higher values for \ in Pb; 
probably the reason for the discrepancy with the present determi- 
nation is due to the fact that generally they used thick absorbers 
inside the chambers and did not select energetic secondaries, 
hence making the number of missed interactions too high to per- 
mit accurate correction. The same conclusion was reached by 
Lovati ef al.,4 who found a value A=200+50 g cm™ Pb using 
plates 0.5 mm thick. 

* This work was supported in part by a grant from the Research Cor- 
poration. 

1 This prevents consideration of interactions and traversals in the top 
plate of the lower chamber, but makes the discrimination against electrons 
and low energy particles more effective than if all single traversals and 
interactions were counted. 

2 W. W. Brown and A. S. McKay, Phys. Rev. 77, 342 (1950). 


3B. P. Gregory and J. H. Tinlot, Phys. Rev. 81, 675 (1951). 
* Lovati, Mura, Succi, and Tagliaferri, Nuovo cimento 8, 271 (1951). 


A Dual Cloud-Chamber Study of Extensive Air 
Showers* 
G. M. Brancu 
Cornell University, Ithaca, New York 
(Received July 23, 1951) 

URING the fall of 1949 the dual cloud-chamber assembly 
described in the preceding letter was operated at Echo Lake, 
Colorado, to obtain photographs of penetrating particles in ex- 
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tensive air showers. The counter tray A, indicated in Fig. 1 of 
the previous letter,! was removed; and two unshielded trays, X 
and FY, each of about 500-cm? area, were placed at distances of 
about two meters from the cloud-chamber assembly. About 400 


Fic. 2. An extensive air shower containing a coherent particle generating the 
nuclear cascade beginning in the fifth plate of the upper chamber. 
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good photographs were obtained with the simple fourfold coin- 
cidence (X+ Y+B+C), for which only one counter was required 
to be struck in each tray. 

The cloud-chamber photographs demonstrate the occurrence of 
strongly interacting nucleonic particles in air showers and thus 
provide qualitative verification of the interpretation of recent 
counter experiments. These photographs also show that nuclear 
cascades contributing to the electronic cascade development exist 
within air showers at mountain altitudes. 

The projected angular distribution of penetrating particles 
relative to their corresponding air shower axes was measured in 
173 selected photographs showing air showers of sufficient electron 
density to indicate the inclination of the shower axis within one 
degree and showing one or more counter-age penetrating tracks in 
the lower chamber. The result is shown in Fig. 1. The smooth 
curve is the calculated shape of the distribution of random mesons 
which has been fitted to the data at large angles where few pene- 
trating particles associated with air showers are expected to occur. 
This analysis shows that at angles of less than 10° in projection 
92 percent of the observed penetrating particles are coherent with 
air showers. About three-fourths of the coherent penetrating 
particles are deviated less than 3° from the shower axis; i.e., they 
are scattered less than 3° in the air and lead above the lower 
chamber and hence have momenta greater than 2 Bev/c. 

An approximate analysis of the observed flux of charged pene- 
trating particles into a strongly interacting component (protons 
and pi-mesons) and a weakly interacting component (mu-mesons) 
can be made from the relative numbers of traversals and nuclear 


Fic. 3. Large numbers of electrons and slow heavy particles emerge from 
each of the lead plates in the lower chamber along the axis of this mixed 
shower. The primary of this local mixed shower traveled parallel to the 
energetic electrons in the air shower and passed through the upper chamber 
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interactions observed in the plates of the lower chamber. (The 
numerous electron tracks prevent similar consideration of the 
upper chamber.) In 134 selected photographs, 15545 coherent 
externally incident penetrating particles (parallel to the shower 
axis within 10°) were observed to make 606+ 20 traversals of lead 
plates in the lower chamber, producing three local penetrating 
showers and two local mixed showers. A background of 1545 
random mesons has been subtracted from the total number of 
penetrating particles observed; the expected number of chance 
interactions is negligible (<0.01). Assuming that the V-com- 
ponent of energy sufficient to produce local penetrating showers 
has a geometric collision mean free path in lead, the number of 
traversals expected to yield the five observed interactions is 
53424, or 8.643.8 percent of the total number of traversals. 
Taking into account the absorption of the V-component in travers- 
ing the apparatus to reach the lower chamber by using the inter- 
actions mean free path for single energetic N-component particles 
measured by Walker, Walker, and Greisen,? one estimates the frac- 
tion of energetic V-component in the flux of air shower penetrating 
particles incident on the apparatus to be 26+10 percent. Similar 
results were deduced in shielded counter studies of the penetrating 
particles in air showers.5~* 

Examples of photographs of air showers containing strongly 
interacting particles are given in Figs. 2 and 3. Many of the photo- 
graphs showed large numbers of energetic electrons in the lower 
chamber, as in Fig. 3, which could not have developed through the 
29 radiation lengths of lead in the intermediate layer by means 
of pure electromagnetic cascades. The observation of locally 
generated mixed showers in air showers incident on the apparatus 
suggests that similar processes occur in the air also. 

* This work was supported in part by a grant from the Research Cor- 
poration. 

1G. M. Branch and G. Cocconi, Phys. Rev. 84, 146 (1951). 

2 Walker, Walker, and Greisen, Phys. Rev. 80, 546 (1950). This measure- 
ment gives the appropriate mean free path for the present application, 
since here as well as in their experiment the detected particles were required 
to emerge from the absorber singly. Coherent groups of penetrating particles 
diverging from some point of generation in the absorber were not con- 
sidered. 

3K. Sitte, Phys. Rev. 78, 721 (1950). 

4 Greisen, Walker, and Walker, Phys. Rev. 80, 535 (1950). 
5 C, B. A. McCusker, Proc. Roy. Soc. (London) A63, 1240 (1950). 


Diffuse X-Ray Scattering by Disordered 
Binary Alloys. II 


WiLtiaM J. TAYLOR 


Department of Chemistry, Ohio State University, Columbus, Ohio 


Received August 6, 1951) 


HE analysis of diffuse x-ray scattering in disordered binary 

alloys presented recently! may be extended as follows. Let 
k, L denote the kth site in the Lth unit cell, and denote by [kk’, M] 
the set of site-pairs, &, L and k’, L—M, where M remains fixed, 
while L assumes all possible values (Z and M represent number 
triples). The sets [kk’, M] and [k’k, —M] are identical, since the 
ordering of the pairs is immaterial. The two types of atoms will 
be denoted by A and B, while X will be used to represent either 
an A or a B atom. The atom symbol will be primed if the atom is 
at the &’th site, unprimed if at the &th site. Let wyx-™ be the frac- 
tion of site-pairs in the set [kk’, M] for which the th site is 
occupied by X and the &’th site by X’. There are four such param- 
eters, waa, wan™, etc., and their sum is, of course, unity. It is 
evident that these parameters satisfy the additional identities, 


M M— 


WXA +wy pa! =xx* M — k’ (1) 


wax ™+wexy“=xx*, 

where xx* is the fraction of all sites of the kth type (&th sub- 
lattice) which are occupied by atoms of type X (X=A or B), and 
similarly for xx-*’. In the present discussion, we regard the xx* 
as known, either from measurements of long-range order, or from 
the stoichiometry of the crystal, in the absence of long-range order. 
Of the four relations, Eqs. (1), three are independent, so that one 
additional independent relation is required to determine the four 
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parameters, wxx™. If k=’, then, as can be shown from Eqs. (1), 
wap™=wga™, so that there are only three distinct parameters. 
However, Eqs. (1) then reduce to two independent relations, so 
that an additional relation is still required. 

It follows from Eqs. (6) and (8) of reference 1 that the fourier 
coefficients of the diffuse scattering (in reciprocal space) may be 
put in the form 
oy (2) 


arg = 2( eeu! — cere 


, 
where 2% was defined as 
=waa"+wae™. (3) 


Also (see the following paragraph), we have 


Skee 


See =Xa*x ag +xp xp, (4) 


where 2” is the limiting value of zxx- as the “magnitude” of M 
increases indefinitely. Equations (2), (3), and (4), together with 
the value of axx™ calculated from diffuse scattering data, provide 
the additional relation required for the individual determination of 
the four parameters, wxx™ (three, for k=’). 

We now define the conditional probability pxx- as the prob- 
ability that the k’, L—M site is occupied by X’ if the &, L site is 
occupied by X. Since the probability of the latter event is xx*, 
it is obvious that 

wxx M=xx*pxx™, (5) 
The four probabilities pxx-“ may therefore be calculated if the 
wxx-™ are known. It may be seen, either directly, or from Eqs, (1) 
and (5), that pxa-™+pxa-™=1. We also note that pxx "=xx-", 
which, with Eqs. (3) and (5), justifies Eq. (4). 

It has been remarked that the sets [kk’, M] and [k’k, —M ] are 
identical, and therefore, wxx- =wx-x~™. However, if k#k’, the 
set of probabilities, px-x~™, that the k, L site be occupied by X if 
the k’, L—M site is occupied by X’, is, in general, distinct from 
the set of probabilities, pxx-’, defined in the predeeding para- 
graph. For a general set, [kk’, M], there are, therefore, four 
additional probabilities, which may be obtained from the re- 
lations, 

wxx “=xy*' py x ™, (6) 
If k=k’, Eqs. (5) and (6), and the relation was” =wga™, yield 
pasa“ =paa™, pas“ =pap™, etc., so that there are only four 
distinct probabilities in this case. In the absence of long-range 
order, all sites will usually be equivalent, and the simplification 
k=k' will be applicable. However, pas“=pea™, only if 
xa*=xp t=}. 

The preceding analysis is sufficient to establish the equivalence 
of the treatment given in reference 1 and the formulation of 
Cowley,? for the special case which he considers (absence of long- 
range order). Cowley’s parameter aimn is equivalent to (a1;“/a1:°), 
or a;“/4xaxg, in the present notation (here k=k’=1). The 
writer regrets that in his original article it was implied that 
Cowley’s treatment was not entirely correct. 

1W. J. Taylor, Phys. Rev. 82, 279 (1951). 

J. M. Cowley, J. Appl. Phys. 21, 24 (1950). 


High Energy Nuclear Photoeffect in Carbon 
D. WALKER* 
Vewman Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received March 15, 1951) 


PREVIOUS letter! (referred to as I) described an investiga- 

tion of the high energy protons emitted by a carbon target 
under bombardment by bremsstrahlung from an electron synchro- 
tron operated at (19545) Mev. The method used for investigating 
the energy distribution of the protons has since been described in 
more detail. In I an approximate method was used to measure the 
bremsstrahlung beam intensity. Subsequently, J. W. DeWire and 
J. C. Keck compared the bremsstrahlung intensities as measured 
by that method and by counting electron pairs ejected from a gold 
foil. These measurements showed that the values marked on the 
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Fic. 1. Integral proton spectra. The normalized number (N) of protons 
with an energy exceeding E, plotted against E. Lines of the form N =NoE-* 
are not fitted mathematically to the spectra but serve to illustrate the rate 
of fall-off of N with increasing E. Errors are statistical probable errors. 
Angles are laboratory angles. 


cross-section scale in I should be divided by 1.44. The scale values 
are then correct within the limits of +40 percent instead of the 
factor of 3 given in I. 

It is of interest to compute the total nuclear cross section for the 
production of high energy protons. (For consistency in the figures 
we use the same scales as in I.) Figure 1 shows the relative integral 
proton spectra at 135°, 90°, 60°, and 30° to the bremsstrahlung 
beam, corrected for the loss of proton tracks in the earlier photo- 
graphic plates of the stacks due to the fact that Ilford C2 plates 
record only protons with residual energies less than about 50 Mev. 
No statistically significant numbers of protons were observed at 
energies 10 Mev higher than the highest energy points plotted. 
The experiment does not yield information about the proton 
spectra at lower energies down to a few Mev, although there were 
indications that the integral spectra at lower energies could be 
represented by an m much less than 5. (The experimental condi- 
tions ruled out the confusion of protons with other high energy 
particles from the target, except for the possible presence of deu- 
terons or tritons. There appears to be no reason, however, why 
deuterons or tritons could account for more than a small fraction 
of the observed tracks, Moreover, near the upper energy limit of 
the recorded proton spectrum, the range-energy relations dis- 
criminate against deuterons or tritons.) Figure 2 shows the differ- 
ential cross section per steradian (do/dQ) plotted as a function 
of the angle of emission (6) for protons with energies (£) greater 
than 70 Mev and greater than 90 Mev. These cross sections are 
computed directly from the corresponding points in Fig. 1. Total 
nuclear cross sections (#7) are obtained by graphical evaluation 
of o=(1/1.44) fo"2x siné(do/dQ)dé. It is assumed that do/dQ 
does not diverge strongly for 8<30° or @>135°. For E>70 Mev, 
we obtain o = (2.31.6) X 10-** cm? per unit Q, and for E>90 Mev, 
o=(9+6) X10-** cm? per unit Q. The errors given for o are esti- 
mated maximum possible errors. 

As implied in I, the strong forward bias in the angular distribu 
tion of the high energy protons requires, because of momentum 
considerations, that only a small subgroup of nucleons be involved 
in the primary interaction with a high energy photon. Levinger* 
has pointed out that the results are in qualitative agreement with 
a two-nucleon (“quasi-deuteron”) model for the interaction. From 
the point of view of momentum, the results could also be con- 
sistent with a sub-group as large as an a-particle. (Tamor* has 
used an a-particle model in discussing the emission of high energy 
protons by nuclei which have captured negative x-mesons.) The 
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Fic. 2. Differential nuclear cross section of carbon for the production of 
high energy protons plotted against the angle of proton emission. The 
differential cross section is expressed as cm? per steradian per unit Q. 
Errors are probable errors 


cross section is too large to admit Compton recoil protons as a 
main effect, while, in addition, the high energy protons at large 
angles would not be produced by the Compton effect. 

A synchrotron energy near 200 Mev is advantageous for study- 
ing the high energy photoeffect. It is about as high an energy as 
can be used while avoiding possible complications due to appre- 
ciable photomeson production.§ 

* Now at Birmingham University, England. . 

1D. Walker, Phys. Rev. 81, 634 (1951). In this previous letter, on line 7 
of paragraph 3, “less than’’ should be changed to ‘exceeding.’ 

? D. Walker. Rev. Sci. Instr. 22, 607 (1951). 

J. Levinger, Phys. Rev. 82, 300 (1951). 


+S. Tamor, Phys. Rev. 77, 412 (1950). 
> McMillan, Peterson, and White, Science 110, 579 (1949 


Radiative Corrections to the Intensities 
for Hydrogenlike Atoms 
T. Tati 
Tokyo Bunrika Daigaku, Tokyo, Japan 
Received August 14, 1951) 
HE radiative corrections to the transition probabilities for 
the transitions of excited hydrogenlike atoms with single 
photon emission are calculated, in nonrelativistic approximation. 
The hamiltonian, which has been studied by Pauli and Fierz,' 
is used, and it is 
H=(p 2m) + V(q- ikD x (B8V)tex(ax—ax*))+ZxKax*axhcek, (1) 
where p and q are the momentum and coordinate of the electron, 
V(q) is the electrostatic potential energy, ax and ax* are destruc- 
tion and creation operators for a light quantum with wave number 
K, ex is a unit vector in the direction of pelarization, m is the ob- 
served mass of the electron, and 
h=[(2xh/mc)(e/me*) }. 
We expand the second term of Eq. (1) and obtain? 
V(q) —idAD K(R8V) “(ax —ax*) gradxV(q) 
— $d? {Dx (k2V) Max —ax*) gradx}*V(q) 
4. ir { Dx (RV) i(ax—ax*) grad«}*V(q)+ eee, 
where gradx =ex- grad. ‘ 
The fourth term of expansion (2) gives the main contribution to 
the transition which we now consider. Other terms contribute to 
cancel the infrared divergence. We rearrange the operators ax 
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and ax* in the fourth terms of Eq. (2), using the commutation 
relations [ax, az*]=6xx, and choose the following single-photon 
emission terms: 

ne ewe ee 
e uM VIRB mS 


X Viq)(axtépmt+artiuxt+am*bxr) 


(gradx grad, grad w) 


y 


1 , 
~ BV gradx V(q)ax* 
K 


cme Oe 
=}hi = 7 (grad,)? 
L VE 


1\3 
nd 3 ot fae ae , + ) 

=t5,hBa 4 (;) gradx V(q)ax*, (3 
where B is the Bethe term, /j,“dl/l=log(mc*/hcko). We replace 
the AV(q) by the charge density of nucleus p(q); then Eq. (3) 
becomes as follows: 


i(2/3m)eMBU x(k?V) > gradxp(q)ax*. (4) 


The transition probabilities per unit time for the transitions of 
hydrogenlike atoms from the excited state y4 to the lower state 
Wa, caused by the interaction term (4), are 
? 2 > 

at = MBE f {gradxp(q)} a8 |*dQ (5) 
where {gradxp(q) | a8= J Wa(q)(gradxe(q))Wa(q)dq. The quantity 
y is proportional to the inverse of &. The smaller the energy differ- 
ence between two levels of the atom, the greater is the transition 
probability between the levels with one-photon emission due to the 
radiative correction. 

The value of y depends on the size and shape of the charge dis- 
tribution p(q). If the charge has uniform spherical distribution of 
radius R, then we have 


y 


p=p(r)=py=3e/4xR® for r<R, p=0 for r>R, 
gradxp = p»d(r — R) cosd, 
{gradxp} an=S poalR, 8, ¢) cost a(R, 0, ¢) R*dQ 
=(3e/4r) f/R WW i(R, 6, ¢) cosby a(R, 6, ¢)dQ, 
and ¥ is given by 
1. # cl rls ° 
y= Bt | | —W 4(R, 8, ¢) cosPa(R, 8, g)d2|. (6) 
"2x5 htc? kis RY ¢) costs * 

Breit and Teller’ calculated the probability for the 2s—1s 
transition of hydrogen with the emission of two photons and ob- 
tained 1/7 sec for the mean life of the 2s state. The 2s; state of 
hydrogen is raised by the radiative reaction and is 0.03 cm™ 
higher than the 2/; state.‘ For the probability of the 2s;-2p; 
transition caused by the radiative reaction, Eq. (6) gives the 
value 2X 10‘ sec™!. Here we assume B= 10, and R is much smaller 
than the Bohr radius. 

tW. Pauli and M. Fierz, Nuovo cimento 15, 167 (1938). 

? This method in the nonrelativistic radiation theory is discussed in 
detail by T. A. Welton, Phys. Rev. 74, 1157 (1948). This method was also 
stated by the author at a seminar in theoretical physics of Tokyo Bunrika 
Daigaku, May, 1947 


4G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 
‘W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 (1947) 


Mixed Invariants in Beta-Decay and 
Symmetries Imposed on the Interaction 
Hamiltonian 


H. A. ToLHoek aAnp S. R. bE Groot 
Institute for Theoretical Physics, The University, Utrecht, Netherlands 
(Received June 21, 1951) 


HE interaction hamiltonian, which is used in the theory of 

beta-radioactivity, can be a linear combination of the scalar 

(1), vector (2), tensor (3), axial vector (4), and pseudoscalar (5) 
interactions. If we put 


Vix=(b* "Or ¢)0 *Qy (k=1, ---, 5), (1) 
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then Vi+V«* give the usual five operators for the 8-interaction. 
We have previously taken as interaction hamiltonian a linear 
combination! 


V=G 2 Ci(Vit+Vi"), (2) 
k=1 
in which the constants C, must be real in order that V be hermi- 


tian? Trigg and Feenberg‘ have given the generalization to the 
(hermitian) linear combinations using complex constants Cy 


V=G > (CiVit+Cr*V;"). (3) 
kml 


Using the conventional transformations of the wave functions 
in the Dirac equation,‘ it is easily verified that the interactions 
according to Eqs. (2) and (3) are invariant for (continuous) 
lorentz transformations, reflection of space, and reversal of time. 

We now give two types of symmetries that can be imposed on 
the interaction. 

I. First condition of symmetry.—The interaction energy must 
be invariant, if we transform all four particles to the anti-particles. 
(This is done by taking charge-conjugated solutions.*) In this way 
a transformed interaction 


V'=G6 2 S (Cu*Vit+- CV a 5 (4) 
k=1 


is obtained from Eq. (3). Biedenharn and Rose have obtained this 
result by employing Wigner’s time-reversal operator, a procedure 
equivalent to the use of charge conjugation here. In order that 
Eqs. (3) and (4) have the same meaning, the coefficients C, must 
be real, so that Eq. (3) reduces to Eq. (2). This is especially clear 
if we consider the lower sign expressions (5) occurring in the formu- 
las, taking the polarization into account (see below). These 
expressions would change their sign, when taking everywhere the 
“anti-particles,’”6 

IT. Second condition of symmetry.—We give two alternative 
formulations a and 6 of a second condition of symmetry, proposed 
earlier. (a) The processes of negatron and positron emission must 
be symmetrical in such a way that if coulomb interaction is neg- 
lected, the expressions for the interaction energy Hg~ and Hg* are 
equal (possibly with the exception of a phase factor e“) if the 
following conditions are satisfied: the wave functions of the 
emitted (positive and negative) electrons and neutrinos must be 
physically equivalent, and ¥y(p) and ¥;(m) for negatron emission 
must be respectively the same as ¥y(m) and ¥;(p) for positron emis- 
sion (7 initial; f final; m neutron; p proton). (b) The interaction 
energy must be invariant (or differ only by a phase factor e‘®), 
when we take positions as real particles, negatrons as holes, and 
perform a corresponding change for the neutrinos, but not for 
the nucleons (see formulas (65), (70), and (75) of reference 1). 

The consequences of symmetry principle // are as follows: 
1. Using (2), we have either combinations of S, A, and P only, 

or combinations of V and T only. 
2. Using (3), one obtains,‘ with «= «6=«,= 


CA CitCiCi* = if (k, /=1, .o. (5) 


—1, and e=e=1, 
ee= Fl 


We have also calculated the transition probabilities for 8-emis- 
sion taking into account the orientation of the nucleus, the polar- 
ization of the emitted electron, and the e—» angular correlation 
(for allowed transitions).? We then get cross terms that differ in 
sign for 8* and 8 emission, with coefficients (5), but for k, /=1, 2, 
3, 4 only. The pseudoscalar (k= 5) gives no cross terms with the 
other invariants for allowed transitions, as the selection rule for 
the parity of its matrix element is different from that for the other 
invariants. 

If we now compare these results with the consequences (5) of 
the symmetry principle, we come to the following conclusion: 
the condition, that the transition probability for allowed transi 
tions (taking the polarization of the electron into account) has 
no terms that differ in sign for 6+ and 8~ emission, is already 
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equivalent to the symmetry principle // (except for a possible 
admixture of the pseudoscalar interaction). 

(We may remark here that a common change in the phases of 
the Cy, viz., Ce’=e'"Cy, is a purely formal change for which the 
expressions |C,|?, Re(CxC;*), and Im(C;C;,*), which occur as 
coefficients in the final formulas, are invariant.) 

1S. R. de Groot and H. A. robe, "tara 16, 456 (1950) 

— Fierz, Z. Physik 104, 553 (19. 

. Michel, Proc. Phys. Soc. ‘Lperton) AG63, 514 (1950). 
‘C. L. Trigg and E. Feenberg. Phys. Rev. 82, 982 (1951) 
oan <n Revs. Modern Phys. 13, 203 (1941), pp. 220-222 
L. Biedenharn and M. E. Rose, Phys. Rev. 83, 459 (1951). We prefer 
to use yo conjugation, and we mean Racah's time-reversal operator 


(see reference 5) in the preceding paragraph. 
7H. A. Tolhoek and S. R. de Groot, Physica 17, 81 (1951) 


The Natural Radioactivity of Rubidium 


Curran, D. Drxon, anp H. W. WILSON 
Department of Natural Philosophy, The University, Glasgow, Scotland 
* (Received August 15, 1951) 


NCERTAINTY regarding the decay process' of Rb*’ and 

its rather unique position in regard to 8-theory seemed 
good reasons for investigating the radiation with a large propor 
tional tube spectrometer.? The internal diameter was 5.5 in. and 
the fully effective length’ 10 in. The operating pressure was 5 
atmospheres of argon +20 cm of methane. The tube was shielded 
with 2 in. of lead and an array of Geiger tubes could be put in 
anticoincidence for protection from cosmic radiation. The source, 
RbCl spread uniformly over the inner surface of a cylinder of 
aluminum acting as cathode, covered an area of between 800 and 
900 cm?. Two thicknesses were employed, 1.5 mg/cm? above 40 
kev and 0.128 mg/cm? for lower energies. 

The §-spectrum observed is shown by the full curve in Fig. 1, 
constructed from three sets of observations which overlapped each 
other, two with the thicker source and one with the inner (indi 
cated by triangles). Extra detail near the end point is shown in 
the inset figure. A Kurie plot is given in Fig. 2 where, as in Fig. 1, 
the limiting energy Ep is found to be 275 kev, considerably higher 
than the generally accepted value! of about 130 kev. However the 
very unusual shape of the spectrum no doubt contributed to the 
failure of the rather tentative earlier attempt to analyze it cor 
rectly. No maximum is observed on the curve, Fig. 1, and the 
intensity increases rapidly with decreasing energy down to at least 


s. ¢ 


1400 800 








250 300 


NUMBER OF PULSES PER ENERGY INTERVAL 








5O oO _ = s«50 200 20 30 350 KEV 


Fic. 1. Beta-spectrum of Rb*’. 
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10 kev, below which point we have not pursued our observations. 
The average energy is only 44 kev. The known spins of both ground 
states involve a spin change AI =3(3/2-49/2) and the ft value 
(log ft= 17.6 for Eo=275 kev, half-life r=6.15X 10" yr) indicates 
a definitely third-forbidden transition. The very remarkable de- 
parture of the Kurie plot from the straight line qualitatively agrees 
with expectations for the case AJ =3, yes. Calculation‘ of the re- 
quired correction factor Csr has not been attempted, although the 
adjustment might well prove successful. 
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Fic. 2. Fermi plot of Rb® beta-spectrum. 


The absence of conversion electron peaks implies simple decay, 
but to verify this a search for K or L x-rays was carried out with 
the same equipment. Careful examination of counting rate as the 
discriminator level was varied through 1.8 kev failed to produce 
any evidence of LZ x-rays, while the spectrum observed with 
aluminum (58 mg/cm?*) covering the source to absorb #-rays 
showed that the intensity of K x-radiation corresponded to about 
one quantum per 500 §-particles. Unambiguous allocation to 
Rb or Sr was not possible. A scintillation spectrometer gave an 
upper limit of the y-quantum per 5X 10° B-rays.5 Both of these 


Paste I. Decay data for natural 8-emitters. 








Half-life 
Source Eo(Mev) 7(10!° yr) log ft 





0.275 6.15 17.6 
1.36 0.11 18.05 


0.215 18.02 
or 0.4 2.4 or 18.91 


0.043 400 17.73 
0.011 5 13.73 








low intensity radiations could be due to bombardment of the source 
by 8-particles, and we conclude that the process Rb*’—Sr*?+8- 
is a simple ground to ground-state transition, contradicting some 
previous findings. The conversion peaks described by Ollano*® 
would appear to be statistical fluctuations, and previously ob- 
served 8—e coincidences’ perhaps had their origin in reflection. 

With the thin source we found that 0.10075 g of RbCl gave 1477 
counts per min. Applying corrections for reflection® at the sup- 
port (+7.5 percent) and self-absorption (—4.5 percent), the half- 
life is 

r=(6.1540.3) X10" yr, 

in good agreement with the latest value measured directly’ and 
that deduced from the uranium-lead method,® 
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Our new value for Eo increases logft to 17.6 and shows, when 
tabulated with recent data" for the other natural sources (Z<80), 
a notable grouping of logft values near 18 (see Table I). Nd! 
seems exceptional, but preliminary work" shows Libby’s data” 
are probably wrong and E» may greatly exceed 11 kev. Further 
examination is necessary but Nd!® may prove consistent in ft, 
and a considerable gap will exist between ft for these elements 
and that for the nearest neighbor, Be!” at log ft= 13.65. 

We should like to thank Professor P. I. Dee for his interest and 
encouragement in this work. A fuller account will be published 
elsewhere. 

1 Nuclear Data, National Bureau of Standards circular 499 (1950). 

? Curran, Angus, and a Phil. Mag. 40, 36 (1949). 

3A. L. Cockroft and S. C. Curran, Rev. Sci. Instr. 22, 37 (1951). 

‘E. Greuling, Phys. 61, 568 (1942). ’ 

5 We are indebted to Mr. R. C. ea for this result. 

*Z. Ollano, Nuovo cimento 18, 11 (194 

7 Haxel, Houtermans, and Kemmerich, 2 Physik 124, 705 (1948); Phys. 
Rev, 74, 1886 (1948). e 

8 Conference on Absolute 8 Counting, National Research Council, Nuc. Sci. 
Ser. Prelim. Rep. No. 8 (1950), papers by B. P. Burtt and L. Yaffe. 

*F. Strassman and E. Walling, Ber. deut. chem. Ges. 71, 1 (1938). 

10 A, M. Feingold, Revs. Modern Phys. 23, 10 (1951). 

Private communication from Professor T. P. Kohman shows that 
independently he has adopted a rather similar method for the same type of 
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data for Nd'*. 
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Acoustic Streaming and the Conservation of 
Angular Momentum* 
P, J. WESTERVELT 


Research Analysis Group, Physics Department, Brown University, 
Providence, Rhode Island 


(Received July 23, 1951) 


N this note we derive a quantity related to the rate at which 
angular momentum is transferred from an acoustic wave to a 
lossy medium; as Eckart! has recently pointed out, this transfer of 
angular momentum generates time-independent vorticity. In 
the interest of simplicity inviscid diabatic flow will be considered, 
although it is necessary to take into account viscous forces if the 
streaming velocity is to be calculated from the transfer of angular 
momentum. The artifice of attributing acoustic losses (including 
those due to shear viscosity) to the diabatic character of the flow 
simplifies the argument without altering its validity. 
Euler’s equation of motion may be written! 
(dpu/dt)+p(u-V)u+uV-pu=—Vp. (1) 


Equation (1) may also be written in terms of the flux of momen- 
tum density dyadic puu 


(dpu/dt)+V-puu= —Vp. (2) 


We now assume, with Eckart, that the solution to Eq. (2) is the 
sum of a first- and a second-order term, u; and us, respectively, 
where uw; is irrotational and has a simple harmonic time de- 
pendence. Upon taking the curl of Eq. (2), there results 


VX podu2/dt = —(0/dt) (ur. XVei1) —VXV- pou, (3) 


where we denote the equilibrium density by po, and in which p, 
represents the density associated with the solution u, to the first- 
order equations of motion. The time average of the right-hand 
side of Eq. (3) is equal to 


—VXV-(potitts)av, (4) 


which is related to the average rate at which angular momentum 
is communicated from the wave to the medium. In the steady 
state, conservation of angular momentum requires that (4) be 
balanced by stresses arising from the streaming of the fluid. It is 
pertinent to note that (4) is the curl of the divergence of the 
average value of Brillouin’s* radiation stress tensor. Should the 
fluid be homogeneous, po may be taken outside the differential 
operators. For a homogeneous medium with V Xu, =0, we have 


VX V+(pottti)av= pol V(V- us) X uy Jay. (5) 
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In the special case of a homogeneous viscous isobaric fluid where 
u; is assumed to satisfy the first-order Navier-Stokes equations 
with yo the viscosity coefficient, Eq. (5) reduces to 


VXV- (potty = (—440/30)[Vo1X V(9p1/ dt) Inv, (6) 


an expression obtained by Eckart! for the forcing term responsible 
for the generation of vorticity. 

Fox and Herzfeld’ have implied that the linear wave momentum 
is responsible for streaming. It is clear that the wave momentum 
equals the average flux of momentum in general only for plane 
progressive waves, in agreement with the statement of Fox and 
Herzfeld that the concept of wave momentum is useful only in 
cases where the wave pattern can be approximated locally by 
plane waves. 

Finally, in discussing second-order velocities, it is important-to 
understand certain paradoxes that can arise in alternating flow. 
Letting u represent the velocity in fixed coordinates and dd/dt 
the velocity in moving‘ coordinates, the following transformations 
relate the two velocities (to second order in the variables) : 


=(dd/dt)—(fdd/at)-Vad/at, dd/dat=u+(fudt)-Vu. (7) 


Mass velocity is usually denoted as the product of the density and 
the particle velocity, pu. It is important to realize that a non-zero 
mass velocity does not necessarily imply a streaming velocity. 
A simple example results when in two-dimensional cartesian co- 
ordinates, dd/dt is given by 


0d/dt=i sinkx sinwt+j sinky coswt. (8) 


For this solution, representing crossed standing waves, it is easily 
verified that the average mass velocity (pu), is non-zero. Yet the 
particles of the fluid oscillate about a fixed mean position; hence, 
there is no streaming associated with the solution [Eq. (8) ]. 

In a plane progressive wave represented by 


0d/dt=i sin(wt—kx), (9) 


it can be verified‘ that both dd/dt and pu are zero on the average, 
while the average of u is non-zero, yet there is no streaming asso- 
ciated with this solution. 

The author acknowledges with thanks the helpful discussions 
he has had with W. L. Nyborg concerning this note. 

* Work supported in part by ONR contract. 

1C. Eckart, Phys. Rev. 73, 68 (1948 

?L. Brillouin, Les tenseurs en mec on et en élasticité (Dover Publica- 
tions, New York, 1946), p. 290. 


*F, Fox and K. H. Herzfeld, Phys. Rev. 78, 156 (1950). 
4P. J. Westervelt, J. Acoust. Soc. Am. 22, 319 (1950) 


Thermoelectric Power of Carbons and Graphite 
Econ E. LoeBNEerR* 
Department of Physics, University of Buffalo, Buffalo, New York 
(Received July 20, 1951) 


HE thermoelectric power of carbon and of graphite has been 
investigated a number of times, and results giving scattered 
values varying in magnitude and sign based on a platinum stand- 
ard have been reported. The kind of samples, their preparation, 
and heat treatment were seldom mentioned. 

To clarify this, a study of the thermoelectric power, its origin, 
and its dependence upon heat treatment was undertaken. In the 
initial phase of this work it was decided to determine the emf’s 
at room temperature using CP platinum leads as a standard. The 
6-inch long carbon and graphite samples were placed between two 
graphite blocks. One block was electrically heated by a nichrome 
coil and the other was cooled in a water bath. A gradient of be- 
tween 1 and 5°C/inch was maintained along the samples. The 
junctions were separated about 44 inches and their temperatures 
were determined with two Alumel-Chromel thermocouples. All 
emf’s were read on a type K potentiometer. 
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Fic. 1. Thermoelectric power of petroleum coke products. §§-—Labora 
tory prepared petroleum coke 1; Laboratory prepared petroleum coke 
2; &—Laboratory prepared petroleum coke rods; O—National Carbon 
Company baked rods, batch 1; @—National Carbon Company baked rods, 
batch 2; ®—National C ‘arbon Company baked rods, batch 3. 


The results of measurements on petroleum coke products are 
plotted in Fig. 1. Three kinds of laboratory prepared cokes and 
three batches of National Carbon Company baked rods were 
heat treated to temperatures ranging from 700°C to 3000°C. 
Rods from batch 2, after being heat treated to various values ¢., 
were reheated to higher temperatures. The thermoelectric powers 
of all the rods were determined before and after heat treatment. 
All the above emf’s are negative and their absolute values show 
an interesting variation with heat treatment. Part I of the curve 
starts with high values for cokes heat treated to 700°C, for which 
the resistivity is low enough to make measurements possible, and 
drops to a minimum at about 1400°C. Part II increases to a 
maximum at about 2200°C and part III drops again to lower 
values. 

A limiting value of minus 4.5 microvolts/°C was observed 
for a Ceylon graphite piece, which has been made by compressing 
highly purified Ceylon graphite powder. As platinum is negative 
on the absolute thermoelectric scale at room temperature, the 
negative thermoelectric effect for graphite shows a higher mobility 
for electrons than for holes. This is in disagreement with the 
widely quoted result of a positive Hall effect in graphite reported 
by Onnes and Hoff.' Since a positive thermoelectric power has 
been found by the author using an impure natural Ceylon graphite, 
it seems probable that Onnes and Hoff used an impure graphite. 
As is evident from Fig. 1, for samples treated to higher tempera- 
tures than 2200°C a larger scattering of results was observed. For 
a few graphitized samples much lower values were observed, but 
no excessive negative values were recorded. 

A coke of the amorphous type has been investigated and showed 
a shallower minimum and a much less pronounced maximum. 

The general trend of the observed curve agrees best with the 
proposed explanation on the electronic conductivity of graphite 
and carbons.? The treatment dependence in part I is characterized 
by an increasing number of excess electrons supplied into the 
conduction band by the free valencies after a gradual elimination 
of hydrogen from the complex hydrocarbons. This is followed in 
part II by a decrease of the relative number of excess electrons 
due either to crystallite growth causing a diminution in the num- 
ber of peripheral free bonds or to impurities being driven out of 
the lattice or both. The last part of the curve gives evidence of 
the decrease in the energy gap AE with heat treatment. Above 
2200°C, kT is ~AE and additional electrons are activated from 
the lower into the upper band. 

It is a pleasure to acknowledge the friendly advice and guidance 
of Professor S. Mrozowski and valuable assistance given by other 
members of the Physics laboratory. 

* B'nai B'rith Hillel Foundation scholar. 


1H. K, Onnes and K. Hoff, Proc. Royal Acad. Amsterdam 17, 520 (1915). 
2S. Mrozowski, Phys. Rev. 77, 838 (1950), 
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Gamma-Ray Spectrum from the Deuteron 
Bombardment of C!** 


L. M. Baccettt anp S. J. Bame, Jr. 
Rice Institute, Houston, Texas 
(Received August 6, 1951) 


HE gamma-ray spectrum from the deuteron bombardment 
of C® has been measured by Thomas and Lauritsen.' Using 
a magnetic lens spectrometer, they observed the Compton elec- 
trons produced in a beryllium converter by gamma-rays from a 50 
percent enriched C" target bombarded with 1.58-Mev deuterons. 
The gamma-ray energies thus measured are listed in Table I. 


TasLe I. Gamma-ray energies and yields from C" +d. 


Yield* Yield> 
Energy* per 10° Energy” per 10° 
(Mev deuterons (Mev) deuterons 


0.729 40.022 
1.643 +0.004 
2.318 +0.008 

3.05 +0.09¢ 
3.390 +0.010 3.40+0.15 
3.9(?) 
5.056 +0.025 5.04 +0.09 
5.69 +0.050 


6.115 +0.030 6.10 +0.10 





* Results of Thomas and Lauritsen using a 50 percent enriched C™ 
target, Ea =1.58 Mev 

> Results from pair spectrometer using a 35 percent enriched C"™ target, 
Ea=1.65 Mev, uncorrected for relative abundance of the isotopes. 

¢ Line from C'(d, p)C™, uncorrected for relative abundance of the 


isotopes 


Since the cross section for production of Compton electrons is 
decreasing at higher energies, it was thought worthwhile to meas- 
ure this spectrum with a pair spectrometer. 

A 180° magnetic pair spectrometer designed and constructed by 
Terrell? was used. A thick target of carbon enriched to 35 percent 
C® (kindly presented to us by Professor H. C. Urey) was bom- 
barded with 1.65-Mev deuterons from the Rice Van de Graaff 
accelerator, and the gamma-rays were observed at 90° to the beam. 
A 31 mg/cm? tin radiator was used. Figure 1 shows the spectrum 














Fic. 1. Gamma-ray spectrum from C¥+d, obtained with a 180° 
magnetic pair spectrometer. 


obtained with a no radiator background subtracted. Three strong 
lines appear at 4550, 7850, and 9570 gauss-cm, and a weak line 
appears at about 5150 gauss-cm. The line at 4550 is due to 
Cd, p)C®. Applying peak shift corrections, the line energies 
were calculated and are listed in Table I. The lower energy lines 
found by Thomas and Lauritsen were not detected in the present 
experiment due to the low efficiency of a pair spectrometer below 
3 Mev. The 5.69-Mev line was not resolved; however, the broad- 
ness of the upper energy lines suggests that this line may be pres- 
ent. The counting efficiency of the spectrometer was calibrated? 
at 2.62 Mev using a Th C” source, and at 4.5 Mev using a Po— Be 
source. Using these efficiencies along with a calculated efficiency 
at 9.0 Mev, the yields for the different lines were calculated and 
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are shown in Table I. These yields are for a 35 percent enriched 
C8 target and are uncorrected for relative abundance. The 6.10- 
Mev line has been assigned! to C¥(d, p)C™ because it is also ob- 
served at Ez~0.6 Mev where only this assignment is energetically 
possible, while the 3.40- and 5.04-Mev lines have been assigned to 
C¥(d, n)N™. 

* Assisted by the joint program of the ONR and AEC. $ 

t Now at the Los Alamos Scientific Laboratory, Los Alamos, New Mexico. 

!R. G. Thomas and T. Lauritsen, Phys. Rev. 78, 88 (1950); Hornyak, 
Lauritsen, Morrison, and Fowler, Revs. Modern Phys. 22, 336 (1950). 

2 J. Terrell, Phys. Rev. 80, 1076 (1950); J. Terrell and G. C. Phillips, 
Phys. Rev. 83, 703 (1951) 


Applicability of the Renormalization Theory and 
the Structure of Elementary Particles* 
Suoicut Sakata, Hiroomt UMezaAwa, AND SusuMU KAMEFUCHI 
Institute of Theoretical Physics, Nagoya University, Nagoya, Japan 
(Received July 23, 1951) 


OME of the fundamental difficulties in the theory of ele- 

mentary particles have been circumvented by the develop- 
ment of the renormalization theory. As we have pointed out in 
previous papers,' this theory should be regarded as an abstract 
formalism, behind which the concrete structures of the elementary 
particles lie hidden. So long as the renormalization procedure is 
successful, it is unnecessary to know the detailed features of the 
structures; but, as soon as defects of the renormalization theory 
become obvious, we must seriously consider the structures of the 
elementary particles. 

As is well known, one of the most striking defects of the re- 
normalization theory is found in the problem of the anomalous 
magnetic moment of the nucleon. In fact, none of the four types of 
the meson theory has yet been able to explain this anomaly. 
However, it seems to us that it is still too early to accept this as 
conclusive, since it is always possible to add a magnetic moment 
of Pauli type having finite or infinite value in accordance with the 
idea of renormalization. If such an addition were made, the great 
success of the renormalization theory in quantum electrodynamics 
would also be regarded as merely accidental. In the philosophy of 
renormalization, there is no reason why we should exclude the 
possible existence of a magnetic moment of Pauli type in the case 
of the electron 

If the structure of the elementary particles were known, the 
qualitative differences among the various types of interactions 
would surely be clarified. However, in the present stage, we must 
content ourselves with a more formal or phenomenological classi- 
fication of the interactions. Although the renormalization theory 
treats all kinds of interactions in the same manner, it has become 
clear*~ recently that they may be classified into two groups, which 
give rise, respectively, to different situations: (a) those interac- 
tions which can be renormalized by assuming the coexistence of a 
finite number of interactions belonging to the same group and (b) 
those interactions which require the further introduction of in- 
finitely many interaction terms having successively higher deriva- 
tives of the field quantities. The electromagnetic interaction of the 
electron and the scalar interaction of the scalar meson with a 
nucleon are examples of the former group, while the electromag- 
netic interaction of the vector meson? and the direct interaction 
between spinor particles* belong to the latter. 

If there were only interactions belonging to the first group, the 
renormalization theory would form a closed system in the frame 
of the present quantum field theory. However, as the existence of 
the direct interaction between spinor particles is indispensable for 
interpreting beta-decay experiments, it seems premature to con- 
tent ourselves with the success of the renormalization theory in 
quantum electrodynamics. The assembly of the infinite number of 
interactions having successively higher derivatives is equivalent 
to a nonlocal interaction, which is intimately connected with 
the structure of the elementary particles. 
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In order to classify all the interactions in this way, we have 
investigated the condition for the “closing” in the renormalization 
theory as applied to the most general type of interaction. Let the 
number of field quantities U* of the field (a), and the maximum 
number of the derivation operators which operate on the U"(a=1, 
2, --+) in the interaction hamiltonian H,(/=1, 2, ---) be &* and 
a), respectively, and let the asymptotic form of the fourier ampli- 
tude A*(p) of the propagation function of the field (a) be p>*~ for 
large p. Then, the condition for the closing is given by 


K,= —2,4(b°+2)k%+4—a,:20 (/=1,2,---). (1) 


The results so far obtained for various cases by actual calculations‘ 
are found to be compatible with the conclusions from condition (1). 

Now, in connection with the requirement (1) concerning the 
limit of applicability of the renormalization theory, it is of interest 
to recall Heisenberg’s® classification of interaction types into first 
and second kinds. According to his considerations, when the 
coupling constant is of the dimension /* with m>0, the present 
quantum field theory cannot give correct results for phenomena 
relating to a wavelength shorter than / (in this case the series ex- 
panded in powers of the coupling constant does not converge).® 
Such phenomena are regarded as being closely connected with the 
so-called “universal length ro,”’ and so with the structure of ele- 
mentary particles. 

Now, it can be verified that m is equal to — K;, whose value is 
the criterion for the applicability of the renormalization procedure. 
This important fact gives the physical basis for condition (1) and 
also clarifies the reason that the renormalization theory has suc- 
ceeded in the electrodynamics of the electron. 

In view of condition (1), we may classify the interaction types 
as follows: (a) the case in which the renormalization procedure 
gives a consistent closed theory, i.e., interaction of the first kind 
of Heisenberg with n= —K=0, (b) the case in which the re- 
normalization procedure gives a consistent closed theory, i.e., 
interaction with n= — K <0, (c) the case in which the renormaliza- 
tion fails, i.e., interaction of the second kind of Heisenberg with 

=—K>0. 

For the closing of the theory type (a) occasionally requires the 
further introduction of type (b). As an example of such cases, we 
may mention the interaction between a nucleon and a scalar 
meson via scalar coupling, where a \¢*-term is required. Type (c) 
corresponds to the case in which the perturbation expansion does 
not converge. 

* Read at the Nagoya meeting of REKS (the Kansai Poanats of the 
E reget Particle Theory Group), held on February 6, 19 

Sakata, Prog. Theor. Phys. 2, 145 (1947); S. Sakata and if. 
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2H. Umezawa and R. Kawabe, Prog. 
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4 See references 2 and 3; and M. Neuman and W. H. Furry, Phys. Rev. 
76, 1677 (1949); F. J. Dyson, ibid. 75, 1736 (1949); P. T. Matthews, Phil. 


Mag. 41, 185 (1950); Phys. Rev. 81, 936 (1951); F. Rohrlich, Phys. Rev. 
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The a—y Angular Correlation in the Decay 
of Radiothorium* 


J. K. Bewinc,t B. T. Feo, ano I. HALPERN 


Laboratory for Nuclear Science and Engineering, and Department of Physics 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received August 7, 1951) 


HE most reasonable energy level diagram for those levels in 
RdTh and ThX that are displayed in the a-decay of RdTh 

is given in Fig. 1. This arrangement of levels is based on a number 
of measurements of the various radiations involved in the a-decay. 
The @ fine structure was measured by Rosenblum and co-workers.' 
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Fic. 1. Energy levels in the decay of RdTh. 


They found only the two a-lines shown, except that the line a; 
showed a broadening that would be consistent with the existence 
of the close doublet at the ground state of ThX. This doublet is 
suggested by the observations of two gamma-rays (of energies 
83.3 and 86.8 kev) by Surugue and Tsien? and by Riou.’ The con- 
version coefficients for the y’s can be computed from their data 
and they both correspond to electric quadrupole transitions. It is 
likely that the spins J, and J, are equal to zero because the nuclei 
involved are even-even. All these data together imply that all the 
levels have the same parity. 

The measurement of angular correlations between successive 
nuclear decay radiations is a means of checking a given set of 
assumptions concerning the spins and parities of the levels in 
volved. In the case of the natural radioactivities, e.g., RdTh, 
many data have been accumulated. It was felt that an a—y 
angular correlation in this case, would have the property of con- 
firming or denying the validity of the accumulated picture 
(Fig. 1) in all of its details. The results of a previous attempt‘ to 
measure this correlation were not sufficiently reliable for this 
purpose. 

In the present experiment scintillation counters were used for 
both the a- and y-detectors. A large number of runs, each lasting 
several hours and including angles in all four quadrants, were made 
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Fic. 2. The observed correlation with both y-rays. W(@) is the least 
squares fit to the data. Sin?2é is the theoretical correlation corresponding to 
the spin sequence 0-+2 7.0. The two curves are normalized to the same 
total coincidence rate. 
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Fic. 3. The separate correlations of the 83- and 87-kev photons. The data 
for the five angles, from which Ws3 was constructed, were known only to 
about 10 percent. The errors on the individual points for Ws are closer to 
50 percent, since they were obtained by a subtraction procedure. 


on thin sources of RdTh freshly separated from the equilibrium 
mixture of RdTh and its decay products. Various checks showed 
that possible spurious effects of long-lived radioactive impurities 
and of the build-up of removed activities were negligible. The 
experimental chamber was lined with lead to reduce effects of 
photon scattering. As a further precaution, differential discrimina- 
tion was used on both the a- and y-pulses. 

It was possible to confirm a number of features of the decay 
scheme in Fig. 1. Absorption measurements of the coincidences 
showed that the y’s have energies between the K edges of gold and 
lead (81 and 88.5 kev) and that their intensity relative to a’s is 
roughly as expected, The fact that the coincidences are observable 
with a 0.3 usec resolving time implies that the y-multipolarity is 
probably no higher than electric quadrupole.’ The large cos‘#é 
term in the observed correlation indicates that the radiations are 
at least quadrupole. These results are thus in agreement with the 
implications of the conversion coefficients on the nature of the y- 
radiation. It was also possible to confirm that the y-rays do not 
occur in cascade 

The observed correlation between the a’s and both y’s was very 
pronounced and is shown in Fig. 2. It was also possible to obtain 
a relatively rough idea of the separate correlations for the two 
y-rays by the use of thallium absorbers (the K-edge of T1 falls 
between the two y’s). These results are given in Fig. 3. The ob- 
served correlations are fairly close to those expected for the spin 
assignment J2=0, J3;=2, but the differences are significantly out- 
side the experimental error. 

\ number of attempts were made to account for these differ- 
ences. Partial reorientation of the excited ThX nucleus, before 
y-ray emission, could account for the differences between the ob- 
served correlation and the one with the spin sequence 0-42-40. 
However, these interactions which we have been able to consider 
do not appear to be sufficiently strong to induce reorientation in 
the required time. Other level schemes (some admittedly inconsis- 
tent with accepted data) including a large number of reasonable 
(and unreasonable) spin assignments were considered in computa- 
tions of new correlation functions in order to find a better fit than 
the one above. Mixtures of different angular momenta for both the 
a- and y-emissions were also considered. It has not, however, been 
possible to find a really convincing fit. In fact, most of the com- 
puted correlations are not nearly as sharp as the observed one. It 
is felt that the sequence 042740 must play a prominent role in 
the RdTh decay. 

The authors are greatly indebted to Mrs. E. W. Backofen for 
the generous performance of the many chemical separations that 
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were required, and to Miss M. Karakashian and Mrs. P. Halpern 
for their help with the computations. 

* This work was supported in part by the joint program of the ONR 
and AEC. 

t+ Now with the ONR, London, England. 
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The K-Capture/Positron Branching Ratio in Cu 
E. PLASSMANN AND F. R. Scott 
Physics Department, Indiana University, Bloomington, Indiana 
(Received August 6, 1951) 


HE K-capture/positron branching ratio in Cu has been 
measured in a 180° magnetic spectrometer by comparing 
the relative intensities of the K Auger electrons and the positrons. 
The branching ratio for this isotope has been reported by several 
investigators, but previous to this letter only Cook and Langer 
have obtained a ratio by comparing relative Auger electron and 
positron intensities. Improved techniques in the detection of low 
energy electrons and in source preparation® have made it possible 
to obtain more reliable data. 

The copper activity was obtained in the cyclotron by bombard- 
ing a copper probe with 8-Mev deuterons. Then approximately 
0.1 mg of active copper, removed from the tip of the probe, was 
placed in a platinum boat which was the filament of a vacuum 
evaporator. The spectrometer source was prepared by thermal 
evaporation of the metallic radioactive copper from this filament 
in a vacuum. This source, estimated to be 5 micrograms/cm? 
thick, was deposited on a double layer of zapon 15 micrograms 
cm? thick and was grounded by means of a previously evaporated 
and extremely thin copper film. By overlapping points throughout 
the experiment, a single half-life of 12.9 hours was observed, 
indicating the absence of any noticeable impurities. 

The measurements were made in a 15-cm radius of curvature, 
shaped magnetic field spectrometer.® A zapon side window counter 
was used as a detector. The zapon film was supported by a Lectro- 
mesh grid, and the 2-cm total pressure in the counter was main- 
tained constant by means of a cartesian monostat system.’ 

Figure 1 shows the K Auger electron lines at 6.56 kev and 7.48 
kev which correspond to K-2L and K-L-M energy differences in 
nickel.? Part of the line width is attributed to the unresolved 
energy difference between Ly; and Ly; electrons. The normal 
resolution from monogenergetic electrons from a thin source 0.3 
cm wide is 1 percent in this spectrometer. The absence of any 
appreciable low energy tail indicates that there was negligible 
source absorption at this energy. 

The positron intensity was obtained by taking measurements 
in the region below 250 kev with the zapon side window counter. 
This data was then analyzed into a Fermi plot with the appro- 
priate corrections for screening.’ The resulting straight line was 
extended to the known end-point energy of 657 kev. The complete 
momentum distribution for the positrons was obtained from this 
Fermi plot. From this a ratio of 1.18+0.10 is found for the in- 
tensity of the K Auger electrons to the intensity of the positrons. 

To obtain the K capture/positron ratio for Cu, this K Auger 
electron/positron ratio must be divided by one minus the fluores- 
cent yield in nickel. If the value of 0.38 is used for this fluorescent 
yield,’ the K-capture/positron branching ratio of Cu® is 1.90 
+0.20. Recently, West and Rothwell'® measured the fluorescent 
yield in krypton and obtained a value 20 percent higher than 
previously reported. Using their value and extrapolating to Z= 28, 
a fluorescent yield of 0.45 is obtained for nickel. This gives a 
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Fic. 1. K Auger electron distribution of Cu™ 
K-capture/positron ratio of 2.18+0.20 for Cu™. When this is 
corrected for the 5 percent branching to the 1.35-Mev excited 
state of nickel, the K-capture/positron ratio to the ground state 
is 2.07+0.20, in excellent agreement with the theoretically pre- 
dicted value of 2.08." 

The authors wish to thank Professor Lawrence M. Langer fer 
suggesting the problem and for his encouragement and advice. 
This work has been assisted by a grant from the Frederick Gard- 
ner Cottrell Fund of the Research Corporation and by the joint 
program of the ONR and AEC. 
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A Steady-State Transient Technique in 
Nuclear Induction* 


R. Braprorp, (¢ 
University of Wyoming, Laramie, Wyoming 
(Received July 30, 1951) 


CLay, AND E. Strick 


NEW nuclear resonance transient phenomenon was initially 

observed by Bradford! and theoretically justified by Ueh- 
ling,? and is now under investigation in our laboratory. Previous 
investigators** have described “turn on” transients corresponding 
to a discontinuous variation of the amplitude of the radiofre 
quency field. These investigators worked with times between 
transients that were effectively infinite compared with the time 
constants, 7; and T2, of the nuclear system. The present. transient 
phenomenon is observed during the time between radiofrequency 
pulses when this time is of the order of the nuclear relaxation 
time, T;. The new transient consists of the expected “free” decay 
following removal of the rf field, plus an attenuated mirror image 
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Fic. 1. 0.001M MnS0x,; pri 400 cps; 3500 usec sweep 


of this decay, inverted in sign and running backward in time from 
the onset of the next pulse. This phenomenon occurs as a result 
of the establishment of a “steady-state” transient in the presence 
of magnetic field inhomogeneities. A typical photograph of the 
complete phenomenon is shown in Fig. 1. 

Uehling has described a solution of the Bloch® equations with 
suitable boundary conditions, specialized for a ‘“delta-function” 
periodically repeated rf field pulse, normalized so that siny /'H dt 
over the pulse is unity, followed by an integration of this solution 
over the magnetic field inhomogeneities. His result for the tran- 
sient between pulses in the rotating coordinate system before 
introduction of field inhomogeneities is 


M2! =C[e7!T: sinAr cosAt+(1—e77/T: cosAr) sindtJe~"/7: (1a 

M,'’=C((1—e-7/ 7: cosAr) cosAt—e~7!/7? sinAr sinAt]e~"/7: (1b) 
where 

CaM (1—e"!?: 
and A=yH,—w. A reasonable form for the normalized weight 


factor, g(A), due to magnet inhomogeneities is the uniform dis 
tribution g(A) =1/A,, where A,, is the “width” of the rectangular 


[1—e* Tx1—e77/T1) cosAr—e7 7 T/T 2] 
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Fic. 2. 0.01M MnS0,;prf 100 cps; 2500 usec sweep. Curve (a): 
Am) gauss ~0. Curve (b): (Am) gauss ~0.23. Curve (c): (Am) gauss ~0.37. 
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field distribution. Integrating this result over the magnetic field 
inhomogeneities in the “natural” frame w’=yHo, in which the 
limits of A are —4A,, to +44, and ignoring the variation of C 
with A, the result is 


M,'=0 (2a) 


t 7,Sin(bam) (err) 7,84 Am(7 —#) J (2b) 
4 Amt 44,n(7—t) © 

A controlled leakage of frequency w from the free running base 

oscillator in the transmitter is present in the receiving equipment ; 

thus there exists a predominate carrier of amplitude A. In the 
laboratory frame, the resultant rf voltage to be detected is 


M,=M,/ sinw’t+A sinot, 


M,'=Ce 


where w’—w=6, the nominal angular frequency off resonance. 
Since A>M,’, and }(w'+w)~w, this reduces to 


M,=[(A+2M,/’ cos(}ét) ] sinwt. (3) 


Thus M, appears as an amplitude-modulated carrier. M,' ap- 
pears as the envelope of the cos(}ét) beat, and the first term in 
Eq. (2b) is just the normal free decay while the second term de- 
scribes the mirror signal. 

Equation (2b) indicates a convenient means for determining 
the homogeneity of the magnet, i.e., the mean gradient of the field 
over the sample region. This effect is shown in Fig. 2, in which the 
inhomogeneity was varied by placing a small screwdriver blade a 
few cm from the sample. 4», can be calculated by noting the time 
interval between the end of the pulse and the first zero of sin(4Aé). 

These equations can be used for an experimentally simple de- 
termination of 7. For proper experimental conditions, the ratio 
M,'(r) to M,'(0) reduces to 


M,'(r)/M,/(O) =e727/72, (4) 


This technique is particularly useful for 7,>10~° sec, a region 
common to many liquids and usually obscured by magnet in- 
homogeneities. We are in the process of using this method for the 
measurement of T, for a series of related liquid hydrocarbons. 

* Supported in part by the AEC. 

1 R. S. Bradford, thesis, University of Washington, 1951. 

2 E. A. Uehling, private communication. 

3H. C. Torrey, Phys. Rev. 76, 1059 (1949). 

‘E. L. Hahn, Phys. Rev. 76, 461 (1949); Phys. Rev. 77, 297 (1950); 
Phys. Rev. 76, 145 (1949); Phys. Rev. 80, 580 (1950). 

*F. Bloch, Phys. Rev. 70, 460 (1946) 


Lagrangian S-Matrix 
W. K. Burton* . 
H. H. Wills Physical Laboratory, Royal Fort, Bristol, England 
(Received August 8, 1951) 


CHWINGER! has constructed an elegant and concise formu- 

lation of lagrangian field dynamics in which he shows [Eq. 
(2.133) of reference 1] that the result of applying two independent 
variations in structure to the lagrangian operator is to change the 
transformation function by an amount 


, ” . s 71 
HYG", o1! Le o2)= (ihe)? f dx, f 
o, o 
Xdxo(or’, o1| (6VLGay JOPLEx2]) 4. / £2", a2). (1) 
Here, | £2’’, a2) is the eigenket of a complete commuting set £2 of 
operators constructed from the field operators on a spacelike sur- 
face a, etc., and the bracket symbol is defined by 
A(x,)B(x2) if (x1)o>(x2)o, 
(A (x1) B(xe)), = 1 ( ei ( to ( 2/0 (2) 
B(x2) A (x1) ul (x2)0>(x1)o, 
which is an invariant concept, provided the operators involved 
commute when x; — X2 is a spacelike interval, and the positive sense 
of time is preserved. 
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This result can be generalized at once to give 
r t bs ib bad | 
8. - BME", ay | f0"", oe) = (8/hc)” ri dx,:- J, 
Kdxnlhr’, o1| (6VLEx1]- «5M LExn])4| £2", ¢2), (3) 


which leads to a simple construction of the S-matrix in lagrangian 
form. Suppose the lagrangian is £+)L* where d is a numerical 
parameter. Then, if £ and £‘ are regarded as fixed, ($1’, o1| £2", o2) 
is a function of \; the variation in structure now to be considered 
comes about by varying A, and for this case Eq. (3) becomes 


‘ Fy oy 
(d"/dr"){$1', o1| $2", ox) = (4 he)» f dx--- f 
XK dxnltr’, o1| (L*Lx1]- + LL ]) 4] $2", 2). (4) 


The bras and kets in Eq. (4) refer to a system with the lagrangian 
£L£+ AL. We now invoke Taylor’s formula, 
A a 
f(A+1)= TF ——/H(r), (5) 
: amo 1 ‘an 
subsequently putting A=0. This gives (f1', o1| £2”, 02) for a sys- 
tem with a lagrangian £+L' in terms of a series in which the bras 
and kets refer to a system with a lagrangian £: 


> 1/i\" py ~0, 
(1, a1 os; o2)/= p> Na. J dxy--- f 
n=o NC. 3 o 


XK deni’, o1| (L*Lx1]- - LL, ])4| £2", 2). (6) 


Hence, the S-matrix is given by 


S= 2+(4) dxf dx, (L'Cx1J---L‘Lxn))4. (7) 
J J = . 


nao! 


1 J. Schwinger, Phys. Rev. 82, 914 (1951). 

* Seconded from I.C.I., Ltd., Butterwick Research Laboratories, The 
Frythe, Welwyn, Herts, England. Now at Department of Natural Philos- 
ophy University of Glasgow, Scotland. 


Erratum: Spectrometer and Coincidence 
Studies on Np** 
|Phys. Rev. 79, 410 (1950) | 
M. S. FREEDMAN, A. H. JAFFEY, AND F. WAGNER, JR. 
Argonne National Laboratory, Chicago, Illinois 


N Table I the conversion coefficients of the 0.1028-Mev 

gamma-ray relative to the 0.258-Mev beta-ray were incor- 
rectly reported to be 4.7 percent (M) and 7.5 percent (L). The 
correct figures are 2.5 percent (M) and 3.9 percent (ZL). 


Half-Lives of Cu®®, Cu®‘, Fe®’, and Ce!" 
Rospert P. SCHUMAN AND ANITA CAMILLI 
Knolls Atomic Power Laboratory, Schenectady, New York 
(Received August 7, 1951) 


N the course of our work, the half-lives of Cu®*, Cu®, Fe®*, and 

Ce'* have been determined with considerable precision. The 
half-lives of the copper isotopes were determined on samples of 
electrolytic copper foil irradiated with water-moderated radium 
beryllium neutrons. The Fe** sample was from a cyclotron irradia- 
tion unit, free of Fe®*, obtained from the Isotopes Division of the 
Atomic Energy Commission. The Ce sample was obtained by 
the radiochemical isolation of cerium from fission products after a 
decay of over one year so that the sample would be free of Ce. 
The counting has been done with a flow proportional counter 
(nucleometer) using an external sample counter. All counts were 
checked against a standard to insure a constant counting effi- 
ciency. 

We have obtained a half-life of 5.124-0.05 min for Cu®, in good 
agreement with the values of 5.18+0.10 min by Cameron and 
Katz,' and 5.05 min by L. Meitner,? but differing from the value 
of 4.34+0.03 min by Silver.’ An irradiation was made of a Cd- 
shielded Cu foil which showed that most of the activation was due 
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to thermal neutrons; the Cd-shielded Cu foil also showed a 5-min 
half-life. Our value for the Cu®™ half-life is 12.7440.07 hr, in 
agreement with the present literature.‘ 

Our value for the half-life of Fe® is 45.140.2 days. The decay 
of the sample has been followed for over eight half-lives, and does 
not show any tendency to tail out into a longer half-life. The Ce’ 
sample has been followed for two half-lives, and shows a half-life 
of 282+3 days. Our half-life for Fe®* is slightly lower than the 
published values of 45.5 days® and 46.3 days.‘ The half-life of 
Ce™ is in general agreement with the literature values of 275 
days, 290 days, and 310 days.‘ 

We have also followed samples of Fe** and Pm'” for a period of 
one year. The Fe®* sample was obtained from the Isotopes Divi- 
sion of the Atomic Energy Commission, and the Pm’ sample was 
radiochemically isolated from fission products. Both samples were 
shown to be radiochemically pure by absorption curves. The 
preliminary value of the Fe** half-life is 3.04+0.15 years, in good 
agreement with the better value of 2.94 yr.* The Pm" half-life is 
2.6+0.2 years, compared with literature values of 2.26 years’ 
and 3.7 years.‘ 

1A. G. W. Cameron and L. Katz, Phys. Rev. 80, 904 (1950). 

2 a Meitner, Arkiv Mat. Astron. Fysik 33A, No. 3 (1946). 

M. Silver, Phys. Rev. 76, 589 (1949). 
‘ * Necloer Data, National Bureau of Standards C pose 4 499 (1950). 
5 J. Govaerts, Bull. Roy. Sci. Liege 12, 555 (19 


*G. L. Brownell and C, J. Meletskos, Phys. Rev. 20. 1102 (1950). 
? Inghram, Hayden, and Hess, Phys. Rev. 79, 271 (1950). 


Microwave Paramagnetic Spectra of Iron 
Alum Salts* 


C. A. WHITMER AND R. T. WEIDNER 
Department of Physics, Rutgers University, New Brunswick, New Jersey 
(Received August 10, 1951) 


HE paramagnetic resonance absorption at 9375 Mc/sec by 

diluted single crystals or iron ammonium alum and iron 
potassium alum has been observed for temperatures of 4°, 77°, 
and 293°K. The spectra show that the splitting of the ground 
state of the iron ion cannot be accounted for by assuming a crystal- 
line electric field of purely cubic symmetry and that the iron and 
potassium salts have markedly different spectra. 

Figure 1 shows the absorption spectra for iron ammonium alum. 
The single crystals, grown from a mixed solution of iron ammonium 
alum and aluminum ammonium alum, contained one iron atom 
for every 38 aluminum atoms. The measurements were made with 
the dc magnetic field perpendicular to the (100) crystalline face 
because the spectra are most highly dispersed for this orientation. 
Earlier measurements! showed that the room-temperature spectra 
were in accord with the theoretical patterns deduced on the basis 
of the splitting of the °S state of the iron ion into a double de- 
generate and a quadruply degenerate level by a crystalline electric 
field of cubic symmetry. The theoretical spectrum fitting the ob- 
served absorption at 293°K is shown by vertical lines in Fig. 1. 
The main central peak was observed, however, to be relatively 
more intense than the theory predicted. A zero-field splitting of 
0.032 cm was deduced for the diluted samples. The five distinct 
peaks in the spectrum at 77°K are incompatible with the theo- 
retical cubic-field spectrum for the choice of any single value of the 
zero-field splitting; the increased breadth of the spectrum over 
that for room temperature suggests, however, that the splitting 
increases in going from 293°K to 77°K. 

The spectrum observed for iron ammonium alum at 4°K is in 
agreement with the measurements of Ubbink, Poulis, and Gorter,? 
who attribute the very weak resonances occurring at fields one- 
half the values for the main side peaks to ordinarily “forbidden” 
transitions in which the magnetic quantum number changes by 
+2. The main side peaks show an asymmetry with respect to the 
main resonance; and the latter is relatively more intense and 
narrow than the main resonance observed at 293°K. If the asym- 
metry in the side peaks is disregarded, the cubic-field assumption 
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Fic. 1. Absorption spectra for diluted iron ammonium alum in the (100) 
orientation. The theoretical cubic-field spectrum is shown in the 293°K 
curve. 


leads to the value 0.036 cm™ for the zero-field splitting. This 
value is in clear disagreement with the value 0.14 cm™, which 
specific heat measurements’ yield for the splitting for tempera- 
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Fic. 2. Absorption spectra for diluted iron potassium alum in the (100) 
orientation. The arrows indicate the positions of absorption peaks. 
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tures from less than 1°K to 90°K. Benzie and Cooke‘ suggest, on 
the basis of specific-heat data, that a noncubic contribution to 
the crystalline electric field splits the °S iron state into three 
equally spaced doublets. 

It might be expected that iron potassium alum, having a similar 
crystalline structure to that of iron ammonium alum, would show 
absorption spectra similar to those of the ammonium salt. In 
other salts the chief effect of replacing the ammonium radical by 
a potassium atom has been a relatively small change in the zero- 
field splitting but no marked difference in the character of the 
crystalline field, and hence, the paramagnetic spectra.’ Figure 2 
shows the spectra observed for iron potassium alum diluted with 
aluminum potassium alum at the same temperatures and for the 
same crystal orientation used for the ammonium salt. No struc- 
ture is observed at room temperature. The positions of broad 
peaks at 77°K and 4°K are indicated by arrows in the figure. 
The 77°K and 4°K spectra differ essentially only in the appearance 
of two additional peaks in the 77°K spectrum. Although these 
spectra are markedly different from the corresponding spectra for 
the ammonium salt and are incompatible with the cubic-field 
assumption, it appears that the splitting undergoes no severe 
changes in the region from 77°K to 4°K. 

Unpublished work by Mr. P. E. Baker of this laboratory shows 
that for a frequency of 9375 Mc/sec aluminum ammonium alum 
has a large dielectric absorption peak at 175°K, whereas aluminum 
potassium alum shows no appreciable dielectric absorption in the 
region of this temperature. This effect may be relevant to the 
differences found in the paramagnetic spectra for the ammonium 
and potassium varieties of iron alum. 

* This work has been supported by the ONR, by the Rutgers University 
Research Council, and by RCA. 
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Behavior in Pb of the Nucleonic Component 
in the Stratosphere* 
Maurice M, SHAPIRO 
Nucleonics Division, Naval Research Laboratory, Washington, D. C. 
AND 


ANDREW F. GABRYSH 
Physics, Catholic University of America, Washington, D. C. 
(Received August 13, 1951) 
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REVIOUS communications'? described an experiment (de- 

noted by I) on the behavior of the star-producing radiation 
in the stratosphere as it passes from air into Pb. It was pointed 
out®* that the transition effects must be strongly influenced by 
geometry, since these effects are due to secondary processes 
generated inside the absorber. Results which support this conclu- 
sion and also confirm other findings in experiment I, have been 
obtained from two “Skyhook” balloon flight exposures.‘ 

Figure 1 shows the Pb block inside of which 6 Eastman NTB3 
(ultrasensitive) emulsions 155 cm and 200y thick were inserted 
vertically in a central slot. As in experiment I, this arrangement 
permitted a measurement of the star frequency at any desired 
depth in the block. The absorber differed from that in I in having 
(a) no covering slab of Pb above the emulsions, and (b) more 
restricted lateral dimensions, particularly in the base which was 
narrower, instead of wider, than the upper portion. 

The apparatus floated for 8 hours at a pressure altitude of 1 to 
4 cm Hg, the time-average pressure “at ceiling” being 2.3 cm Hg. 
Data used in this study were collected only from the upper (wider) 
portion of the block, in order to avoid—or at least to reduce— 
complications introduced by rays incident at large zenith angles. 
As an index of star size we adopted the number of “black” and 
“gray” tracks (grain density>1.4 times minimum). o-stars were 
excluded. 
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Fic. 1. Pb absorber, showing top view and vertical section cutting through 
the emulsions. In scanning the photoplates, star data were gathered only 
from the region DD in any horizontal plane, and from the upper portion of 
the Pb block. Zero-point data were collected from the region directly above 
the Pb. Total depth of the block was 12.5 cm. 


Figure 2, based on 934 stars, gives the relative frequency as a 
function of depth in the Pb for stars with >3 prongs and also for 
small (3- to 6-prong) stars. A prominent feature is the peak at 
27 g/cm*, a depth which agrees closely with that observed in 
two other experiments.'* This agreement is not unexpected, de- 
spite the diverse geometries employed, since the main differences 
between them occurred at depths >40 g/cm*. At shallow depths, 
the several Pb absorbers were more nearly alike. Another interest- 
ing, though minor, feature is the indication of a slight initial de- 
crease in frequency of the small stars, which corroborates a similar 
observation in I. A possible explanation of this effect was suggested 
in reference 2, 

The major difference between the present results and those in I 
is the absence of the broad peak at ~60-70 g/cm? which in the 
previous results suggested that a saturation of the star-producing 
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Fic. 2. Transition effect curves obtained using the absorber in Fig. 1, 
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secondaries sets in at about this depth (see Fig. 3 of reference 1). 
This difference probably stems from the lack of a massive Pb base, 
such as that in I, in which a substantial development of the 
nucleonic cascade could take place. If this interpretation is cor- 
rect, it supports the view that a considerable fraction of the 
secondary star-producing radiation generated in the Pb has an 
upward component.! ® 

In the second stratosphere exposure, the mean pressure altitude 
above 70,000 ft for 7 hours was 2.5 cm Hg. A particularly simple 
geometry was involved: a massive horizontal Pb slab, 30X30 
X 2.15 cm, was sent aloft for a counter experiment.’ This provided 
an opportunity to measure the rates of star production in a central 
location above and below the Pb slab. We used NT4 emulsions, 
200y thick, made by the Kodak Company in England. 

The following ratios of star frequencies below/above the 2.15 
cm Pb were observed: for stars we >3 prongs, 1.74+0.16; for 
small (<6-fold) stars, 1.864+0.22; for large (>6-fold) stars, 
1.55+0.22. Probable errors are given throughout. Our results 
showed no significant difference between vertical and horizontal 
plates above the lead. These values of the raties are larger than 
those obtained in our absorbers having smaller lateral dimensions. 
They agree better with ratios observed by Blau ef al.,° using Il- 
ford C.2 emulsions in a rather shallow absorber. 

We are grateful to Mr. Bertram Stiller for his able help with the 
flights and the emulsion processing, and to Mr. Francis Booth 
for scanning some of the plates. It is a pleasure to acknowledge 
the support and advice of Dr. F. N. D. Kurie. One of us (A. F. G.) 
is indebted to Professor F. L. Talbott for guidance and encourage- 
ment. 

* Phys. Rev. 83, 874 (1951). 

1 Shapiro, Stiller, Birnbaum, = O'Dell, Phys. Rev. 

2 Maurice M. Shapiro, Phys. 83, 456 (1951). 

§ Dallaporta, Merlin, and hes ot abe ro cimento 7, 99 (1950). 

* Chronologically earlier than those in reference 1. These flights, arranged 
with the help of the ONR and the General Mills Laboratories, took place 
on June 21, 1949 and October 15, 1949 at geomagnetic latitude 56°N. 

5 In I (reference 1), the evidence for this peak, though fairly good, was 
not conclusive. The authors nevertheless felt justified in referring to it as 


a definite effect because (a) the confirmatory evidence presented here was 
known to them, and (b) a similar maximum had been observed at ~ 23 
g cm? by Blau, Nafe, and Bramson, Phys. Rev. 78, 320(A) (1950). 
$j. J. Lord and M. Schein, Phys. Rev. 75, 1956 (1949). 
? By Dr. G. J. Perlow, whose kind cooperation is gratefully acknowledged. 
* Marietta Blau (private communication) 
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Statistical Significance of Small Samples 
of Cosmic-Ray Counts 
Victor H. REGENER 


Department of Physics, University of New Mexico, 
lbuquerque, New Mexico 


(Received August 13, 1951) 


T is occasionally desirable in cosmic-ray research that conclu- 
sions of a tentative nature be drawn from a small total number 
of counts obtained in a counter tube experiment. When the num- 
ber m of measured counts is large, it is customary to indicate the 
statistical uncertainty by quoting precision limits located at 
n++/n. This procedure is usually described as giving a probability 
of 0.1587, or roughly 16 percent, that the unknown average num- 
ber of counts a for the duration of the experiment lies below the 
lower precision limit n—4/n, and also a probability of 16 percent 
that a lies above n+4/n. When n is small, this use of the standard 
deviation of a gaussian distribution should, of course, be replaced 
by a similar prescription based on the less easily manipulated 
poisson distribution, but the quoted statement of probability also 
contains the illegitimate assumption of a constant @ priori prob- 
ability for the existence of the average count a on both sides of the 
value m. This difficulty is here briefly examined for the poisson 
distribution, and appropriate precision limits for low values of 
are given. 
If the poisson probability W,=a"e~*(n!)~ for the occurrence 
of just m counts could be interpreted as being a normalized prob- 
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ability density distribution W,(a) for the average count a, an 
integration over W,(a) between appropriate limits of @ would 
appear to give the probability that the average count lies between 
these limits. Inherent in such an interpretation is the illegitimate 
assumption that all average counts a contained between arbi- 
trary limits are @ priori equally probable or, in other words, that 
physical reality contains a population of counting rates which is 
known to be uniformly dense. Fisher! made it clear that ignorance 
of an a priori distribution does not justify the assumption that it 
is constant any more than that it is of any other form.* 

A legitimate procedure for the assignment of precision limits 
has been suggested by Fisher.’ Consider, for example, a total 


TaBLe I. Poisson itm ial oe ond; normal limits for 
p =0.8413, x 
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measured count »=3. It is possible to determine a value a; for a 
hypothetical average count which lies so far below 3 that the 
total probability for the actual count to fall anywhere below 3 
assumes a specified value p. Above 3, another value a2 can be de 
termined so that the total probability for the count to fall any- 
where above 3 assumes again the value p. If p is made 0.8413, 
the result is 1.37 for a;, and 5.92 for a2. The fiducial limits a; and 
a; should replace the customary precision limits for small values 
ot n. 

TABLE II. Poisson fiducial limits and normal limits for 

p =0.9500, xp =1.645. 


Lower limit 
do =0.57 


Upper limit 
dg =1.57 
Poisson 


_fidue ial 


Poisson 
Normal d fiducial 


Normal 


0 
0.05 
0.35 


These fiducial limits are computed by evaluating A in the ex- 
pression 


P=e 4 
m=0 


A™(m!) 


= P=p, , 4=a, in case of the lower limit a), and with 
?==1—p, N=n, A=az in case of the upper limit a2. The identity 


1—P=(N}) 1 f" ANe-4dA =F 


allows‘ the use of published tables for the incomplete factorial 
function F. Tables I and II give poisson fiducial limits for certain 
values of m from zero to 50, as computed from interpolations of 
Pearson’s table’ with p=0.8413 (Table I) and p=0.9500 (Table 
II). For comparison, the tables also contain conventional precision 
limits based on the gaussian distribution, here called normal 
limits, where the probability defined by the statement at the 
beginning of this note now corresponds to 1— p. The poisson fidu- 
cial limits differ from the normal limits by an additive amount d 
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which approaches a constant value do for large values of n. For 
p=0.8413 = 1—0,1587 (Table I) they approach the normal limits 
computed from the standard deviation. The asymptotic values 
dy can be computed explicitly; for the lower limit one obtains 
dy=(x,*—1)/3 and for the upper limit dp=(x,?+2)/3, where xp 
depends on the choice of p and is defined by the appropriate ex- 
pression for the gaussian normal limits n+-xp\/n. 

The author is indebted to Roy Thomas for valuable discussions. 

1R. A. Fisher, Proc. Cambridge Phil. Soc. 26, 528 (1930). 

2 If a constant @ priori distribution were accepted as legitimate, it would 
discredit the established custom of quoting, for the most likely Banyo 
number of counts, the observed number » which is located where t 
probability density function W.a(a) has its maximum. Instead, the median 
or the average value of W»(a) should be used (Fisher, reference 1) ; the most 
likely value for @ would then have to be given as approximately » +2/3 if 
the median were chosen (2/3 is exact for large values of »), or as n+1 if 
the average were chosen. However, the argument should be confined to the 
statement that the probability for the occurrence of just » counts is highest 
for that average count which is numerically equal to ; this supports the 
ec ustomary method for choosing the most likely value of a. 

+R. A. Fisher, Econometrica 3, 353 (1935). 

‘It can be seen that this means, in the case of the upper limit, a return 
to the integration over W.(a) which was rejected above when it was to have 
seved the original purpose of evaluating conventional precision limits. On 
the other hand, the evaluation of the lower limit now consists of an integra- 
tion over Wa-a(a) 

®K. Pearson, Tables of the Incomplete Gamma-Function (Cambridge 
University Press, London, 1934). 


Resonance in the Neutron Cross Section 
of Lithium* 
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(Received August 6, 1951} 


HE total neutron cross section of lithium from 20 to 1400 

kev has been measured by Adair using a neutron energy 
spread of about 20 kev.! A large resonance was found at 270 kev, 
which was interpreted as an excited state in Li® with total angular 
momentum J=2, formed by /=1 neutrons. In connection with 
measurements of the total cross section of nitrogen, using the 
compound LiN;, we have recently remeasured the total cross 
section of lithium. We find a higher value for the maximum cross 
section of this resonance, which agrees well with a J =3 assign- 
ment 

The total cross section of lithium was measured using neutrons 
produced by the Li(p, m) reaction, which are monoenergetic in this 
energy range. The first run was made with 10-kev resolution using 
a metallic lithium scatterer, one inch in diameter and 0.472 10" 
nuclei/cm? thick, encased in a thin-walled (5 mil) steel cylinder. 
The scatterer was placed a mean distance of 12 cm from the 
target in the forward direction and the detector, a one-inch di- 
ameter, propane gas counter was placed a mean distance of 28 cm 
from the target. The data are shown in Fig. 1 as circles. The 
second run, indicated by the solid dots, was done with 5-kev 
resolution under the same geometrical conditions but with a 
scatterer of 0.11810 nuclei/cm* thickness. Corrections for 
target thickness were applied to the neutron energies. The inci- 
dent proton energies are based on the Li*(p, m) threshold calibra- 
tion point of 1.882 Mev. A scattering-in correction was applied 
which increased the cross-section values by 2 percent in the case 
of the long scatterer and was negligible for the short scatterer. 
The resulting data are shown in Fig. 1. 

Since the first excited state of the Li? nucleus is 479 kev above 
the ground state, one can assume that elastic scattering is the only 
process contributing to the cross section. The neutron energies are 
low enough so that only /=0 neutrons will contribute to the po- 
tential scattering, and, in fact, the value given by theory using 
the nuclear radius R= 1.5A'!X 10~ cm agrees well with the value 
indicated by experiment. Since a dip due to interference is not 
observed near the resonance, one deduces that the resonance is not 
excited by /=0 neutrons. Therefore the cross section in the 
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neighborhood of the resonance is given by: 


r,? 


E—E,)?+I,2/4 + potential, (1) 


On, n= WA(21+ )Gnz 


using the conventional notation? The maximum cross-section 
value of the resonance depends on the magnitude and orientation 
of the angular momentum vectors s, /, and I. For a given con- 
figuration of the vectors s, I, and / to form the compound state of 
angular momentum J, the statistical weight factor is 


(27-+1)/C(20+1)(2/+1)(2s+1)]. (2) 


There are cases where two different configurations of the vectors 
s, I, and / can form the same resultant J vector. One then has to 
decide whether the correct value is given by expression (2) or by 
twice that value, i.e., whether the states are degenerate. The 
question of the proper statistical weight factor or the strength of 
the spin-orbit coupling makes the large resonance in lithium 
especially interesting. 
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Fic. 1. The total cross section of lithium. The solid curve is calculated 
from theory for a J =3, | =1 assignment. The dashed curve is calculated for 
a J =3, | =2 assignment. Neutron energies are corrected for target thickness. 


Adair pointed out that the resonance probably has too large 
a width to be attributed to /=2 neutrons. In addition we find that 
the shape (asymmetry) of the resonance does not fit an /=2 
assignment (see below). Therefore, taking the resonance as ex- 
cited by /=1 neutrons, the possible values of J are 0, 1, 2, or 3 
since s=4 and /=}., Using the statistical weight factor (2) the 
max — potential Values for these different J values are calculated 
as 1.3, 4.0, 6.7, and 9.4 barns, respectively, where (Z,)ia» is taken 
as 256 kev and a correction is applied for the 92.5 percent Li’? 
isotopic abundance. The states with J=1 or 2 can be formed by 
two different relative orientations of the vectors s, /, and J and if 
these are degenerate the o¢max—@ potential Values are 8.0 and 13.4 
barns. From Adair’s curve one obtains the value of 6.8 barns, 
which would indicate J=2 and no degeneracy. However, con- 
sidering the resolution employed, one would expect the true value 
to be somewhat larger, thus perhaps supporting the assignment 
J=1 and degeneracy. 

The best curve drawn through our experimental points taken 
with the 5-kev resolution gives a value for omax—@ potential Of 10.0 
barns, which agrees reasonably well with the calculated value of 
9.4 barns for J =3. Unfortunately, this compound state is formed 
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by only one configuration of the vectors s, /, and J and therefore 
cannot yield information on the strength of spin-orbit coupling. 
The solid curve drawn in Fig. 1 is calculated from formula (1) 
taking @potentiat™1.1 barns, (Er)ia»= 256 kev, J=3, /=1, and 
(T'») ia» =40 kev. In computing the curve, the variation of X and 
I’, with energy was taken into account. It is seen that the asym- 
metry of the resonance is nicely accounted for by the variation 
with energy of these two quantities. The dashed curve shows the 
behavior of the calculated curve away from resonance (fitted at 
resonance) for the assignment J =3 but /=2. 

An almost coincident resonance (E,=270 kev) has been re- 
ported for the Li®(m, a) reaction.’ If, by chance, there were a 
large coincident resonance in the or of Li®, calculations indicate 
that its maximum value could not exceed ~10 barns. When multi- 
plied by the relative abundance of Li® (7.5 percent) it would con- 
tribute, at most, 0.75 barn to the or of lithium at the peak of the 
resonance. The presence of such a resonance would, therefore, 
tend to improve the agreement of the calculated and experimental 
curves. 

* Pig work was jointly supported y/ the ONR and the Bureau of Ships. 

. K. Adair, Phys. Rev. 79, 1018 (1950). 
2k K. Adair, Revs. Modern Phys. 2. 249 (1950). 


sj. — _ Biais et al., quoted by Goldsmith et al., Revs. Modern Phys. 19, 
259 (194 


On the Nature of the Superconducting State* 


LaszLo Tisza 


Department of Physics and Research Laboratory of Electronics, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
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N a recent paper! the author advanced the view that the dis- 
cussion of superconductivity requires the use of many-electron 
wave functions. The superconducting transition was considered to 
be somewhat similar to an order-disorder transformation, with a 


characteristic difference. Instead of being frozen in a definite 
position in the crystal, the superlattice describing the ordered 
state is supposed to resonate, say, among w-positions equivalent 
under the translation group of the crystal. An external electric or 
magnetic field would induce a supercurrent provided w=3. The 
case w=2 corresponds to an insulating state. 

The superlattice itself was attributed to the electronic distribu- 


tion alone; in other words the vibrations of the ions around the 
ideal lattice positions were ignored. However, recent experimental? 
and theoretical work* has provided convincing evidence that the 
interaction of the electrons with the lattice vibrations constitutes 
an essential aspect of superconductivity. Therefore, the study of 
the many-electron eigenfunctions has been reopened from a more 
systematic point of view. A detailed paper is now completed for 
publication, the results of which may be summed up as follows. 
Fundamentally a crystal is a collection of electrons and nuclei. 
The usual separation of the electronic and vibrational wave func- 
tions is based on the adiabatic approximation.‘ One solves the 
electronic eigenvalue problem for fixed nuclear positions, and the 
electronic energy provides the potential for the nuclear vibrations. 
The validity of this method depends on the assumption that the 
electronic level is nondegenerate and its separation from the next 
one is large compared to the spacing of the nuclear states. This 
condition is not satisfied for the case of metals; hence a rigorous 
quantitative theory will have to overcome unusual difficulties. 
We have applied symmetry considerations to obtain a qualita- 
tive insight into the possible coupling cases. The usual method of 
considering the metal as a mixture of an electron gas and a phonon 
gas appears only as one limiting case. This state may become un- 
stable, resulting in a phase transition into a state exhibiting a 
resonating superstructure. This has the same symmetry proper- 
ties as the superstructure postulated in reference 1 and could be 
used in a similar fashion to explain superconductivity and the 
well-known increase of the resistivity of certain metals at low tem- 
peratures, On the other hand, the dynamic properties of the su- 
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perstructure are essentially different from those considered earlier. 
The superstructure is produced by the interlocking of the elec- 
tronic and nuclear fluctuations; the coupling is so strong that it 
is no longer possible to consider the nuclear vibration as occurring 
in a fixed potential. 

The present ideas are compatible with the Froéhlich-Bardeen 
conception’ of the nature of the interaction responsible for super- 
conductivity. However, the latter theories lead only to a short- 
range order, whereas we were able to define a parameter of long- 
range order marking the emergence of the above-mentioned super- 
structure. 

The correspondence between the experimental facts and the 
theoretical possibilities provided by the symmetry consideration 
is suggestive. The conclusions obtained can be submitted also to a 
severe experimental test. Our postulated superlattice should give 
rise to x-ray superstructure lines. Existing x-ray investigations® 
are scanty and were carried out in view of finding variations in the 
lattice constant. Hence an x-ray study of the superconducting 
transition would be of considerable interest. 

* This work was supported in part by the Signal Corps, the Air Materiel 
Command, and t NR. 

iL. Tisza, Phys. Rev. 80, 717 (1950). 

2? E. Maxwell, Phys. Rev. 78, 477 (1950); 
Nesbitt, Phys. Rev. 78, 487 (1950). 

+H. Fréhlich, Phys. Rev. 79, 845 (1950); Proc. Phys. Soc. (London) 
A64, 129 (1951); J. Bardeen, Phys. Rev. 80, 567 (1950), 81, 469, 829 (1951) 


4M. Born and R. Oppenheimer, Ann. Physik 84, 457 (1927). 
5 W. H. Keesom and H. Kamerlingh Onnes, Leiden Comm. 174b (1924) 
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A Search for Charge-Exchange Scattering 
of «+ Mesons* 
RicHARD WILSONt AND JOHN P. PEeRRy 


University of Rochester, Rochester, New York 
(Received August 8, 1951) 


XPERIMENTS with photographic plates? showed meson 
tracks which stopped without any apparent nuclear inter 
action. These could be attributed to charge-exchange scattering 
events or to stars where only fast neutrons were emitted. More- 
over, charge-exchange scattering need not always lead to events 
of this type, for some of the scatterings might be inelastic and give 
rise to proton recoils. 
We have made a direct search for charge-exchange scattering 
of 44-Mev x* mesons on Be and D,O. The experimental arrange 
ment is shown in Fig. 1. The scintillation crystals 1, 2, and 3 count 
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Fic. 1. Experimental arrangement 
the incident 50-Mev * mesons defined as previously described.’ 
After passing through the telescope, the mesons have a residual 
energy of 44 Mev and impinge upon targets of Be or D,O. The 
Be target stops the mesons; that of D,O slows them to 20 Mev. 
We look for pairs of y-rays from #® decay by two scintillation 
counter telescopes 4, 5 and 6, 7, each with a Pb radiator of two 
radiation lengths thickness. The fraction of the total solid angle 
subtended is 0.06. We assume the scattering is isotropic. 
Random counts are assessed by means of a channel which re- 
cords the coincidence of a pulse from a coincidence in crystals 
4, 5, 6, and 7 with a delayed meson pulse, This should indicate 
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TaB_e I. Comparison of experimental result with that expected 
for one-millibarn cross sections for Be, D, and O. 
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the main contribution to random events, although it should be 
regarded as giving a lower limit. The resolving time in this channel 
is about 10 times greater than in the “instantaneous” channel. 

The results are shown in Table I. They indicate that upper 
limits on the cross section for charge-exchange scattering may 
reasonably be set at 2 millibarns for Be, 3 mb for D, and 6 mb for O. 

We have checked the operation of the apparatus before and 
after each run by counting cosmic-ray mesons in counters 4, 5, 6, 
and 7 in coincidence in the expected numbers. The counters are 
therefore sufficiently sensitive to detect minimum ionization 
particles. The various delays have been checked both by artificial 
pulses and by placing one of the crystals which normally was in 
the meson telescope so that cosmic-rays were counted by it in 
coincidence with counters 4, 5, 6, and 7. 

Charge-exchange scattering has been calculated for *+m and 
for x~+ under various assumptions about meson theory. We 
consider that at least one neutron in the Be® nucleus may be 
regarded as free because of the energy balance in the reaction 
ax*+Be*—B°+ x°. Evidence for this comes from the anomalously 
high production of x~ by y-rays according to the reaction y-+Be?® 

+*B°+-2-.5 On the other hand, the Pauli exclusion principle may 
reduce the cross section in O'* appreciably because of the energy 
balance in the reaction r*+O!*-F'*+-x°, The exclusion principle 
is also expected to reduce the cross section in D by a sizeable factor 
below the free neutron cross section.* Accordingly, the highest 
cross section would be expected in Be for +* mesons. 

The low upper limit which we find for the charge exchange 
cross section in Be for 44-Mev 2* mesons is to be compared with 
the total scattering cross section (direct plus charge exchange) of 
13.3 mb which Chedester ef al.” find for 85-Mev #~ mesons on 
protons. This would imply that the chief contribution to the 13.3 
mb comes from direct scattering unless the charge-exchange 
cross section increases rapidly with energy. It is hoped to repeat 
our measurements with a more intense x* beam now in prepara- 
tion. 

We should like to thank Professor R. Wilson of Cornell Uni- 
versity for the loan of the beryllium used, Mr. Donald L. Clark 
for the use of his electronic equipment, the cyclotron crew under 
Mr. F. Palmer for the bombardments, and Professor R. E. 
Marshak for his continual encouragement. 

* This work was assisted by the AEC. : 

+ Now at Stanford University, Palo Alto, California. 

1H. Brac and B. Rankin, Phys. Rev. , 916 (1950). 

Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 (1950). 

* Clark, Roberts, and Wilson, Phys. Rev. (to be published). 

and Marshak, Prog. Theor. Phys. V, 634 (1950 
and D. Walker, Phys. Rev. 83, 206 (1951) 


ate communication. 
Sachs, and Steinberger, Phys. Rev. 82, 958 (1951). 
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RALLI and Goertzel,! under the above title, have recently 
set up for the first time the completely quantum-mechanical 
int rnal conversion problem, and have solved it in successive 
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approximations. They verify the first-order correction to Ng, the 
rate of radiation of photons, which Taylor and Mott? obtained by 
semiclassical correspondence principle methods. In this communi- 
cation we call attention to further corrections, of the same order 
in é, to the internal conversion coefficient N./N, which are ob- 
tained when the approximation for NV, is extended to the same 
relative order in e& as Ng. 

Before the higher order expression for NV, can be written down 
correctly, it is necessary to modify the expressions (3q) and (3r) 
of TG for N, and N,—an evident necessity, since they do not 
satisfy the conservation equation, 


N.+Nq=1. (1) 
To remove this inconsistency we re-examine the evaluation 


Uos= U so* (2) 
given in TG.* 
In terms of the matrix elements (2f) of TG, Eq. (B3’) of TG 
may be written‘ 
U o=inHex™ Huo. (3) 


Direct comparison of the defining expressions for Uso and Uns 
(Appendix B, Secs. 1 and 4, of TG) shows Ups to be the complex 
conjugate of Uy, where Uso is obtained from Uso by change 
of sign of n. This change of sign replaces the hankel function of the 
first kind by that of the second kind and reverses the sign of the 
whole expression: 


Uso? = —ixH ys. Hoo = Vos". 
We define 


v2 = aU pUoy, 


which is complex. Redefining y2 as the real part of y2’ validates 
Eqs. (3q), (3r) of TG for V,, Ng and reinstates the conservation 
equation. 
To extend the approximation for NV, we substitute Eqs. (3k), 
(31) from TG into Eq. (3e) of TG. 
In Eq. (3i) of TG this replaces Hig by 
Ayot+ixU pol w= Hin— PHA wHar™, (6) 


where ~ has been inserted as a reminder of the summation over 
the spin states of the continuum electron. For future convenience 
we display the form which Eq. (6) takes when k=w: 


Hol 1— EH toHor J. (7) 


The correction term in Eq. (7) is the TM correction term which 
is referred to in TG. 

In addition to the integration over y-ray energies, Eq. (3i) of 
TG involves a summation over multipoles. If we make the usual 
assumption that in H;o nuclear selection rules annul all but one of 
these (called the principal multipole), then this term of Eq. (6) 
contributes but one term to (3i) of TG. 

In Hi of Eq. (6) this assumption does not hold and there will 
be a (small) number of terms of the multipole summation to 
contend with. We will use =z, to distinguish this summation. 

The consequence of all this is that, in the solution (3i’) of TG 
for Cr, the expression Us is replaced by 

imA ol HA ee — 2 LEA eH kw or” ] (8) 
with k=w. 

In Eq. (8) the order of writing factors has been chosen such that 
the summations refer to repeated subscripts which are adjacent. 

Now, to the same relative order in & the probabilities of ob- 
serving electrons and photons are,’ respectively, 

N= (y1+72)| Heo |22| ape — PL TA tA kwon |? (9) 


Nq= a(mtv2) | Hoo |?|1— PMLA pHa < (10) 


and finally the internal conversion coefficient is 
N. Hoe — 222 DH okH kw ok" 


== x2Z Lee 


: : | 
Ne 1— PEA yy” i: 
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It is not hard to show (though we refrain from doing so here) 
that to this order of approximation the effect of the TM correc- 
tion term in the denominator of Eq. (11) is actually canceled by 
some of the terms in the numerator which correspond to the 
principal multipole. 
henceforth re- 
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1N. Tralli and G. Goertzel, 
tonya to as TG. 
M. Taylor and N. F. Mott, 
(1933), henceforth referred to as T} 
3 Appendix B, Sec. 4, of TG. 
* The superscript (1) indicates that in the matrix element a hankel func- 
tion of the first kind replaces the bessel function. Similarly, we signal the 
presence of a hankel function of the second kind by a superscript (2). 
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Gamma-Ray Spectrum and Yield from Tritium 
Bombarded by Protons* 


R. S. ROCHLIN 
Cornell University, Ithaca, New York 
(Received August 10, 1951) 


HE energy spectrum and yield of the gamma-radiation'* 

from the reaction T*(p, y)He* has been measured with a 
gamma-ray pair spectrometer previously described.4® Tritium 
absorbed in a zirconium target*’ was bombarded by 0.962-0.06- 
Mev protons from the Cornell cyclotron. The proton energy was 
kept below 1.02 Mev so as to avoid a large neutron background 
from the T*(p, m)He* reaction.’ The zirconium used was 5.5 
mg/cm? thick, and contained 0.47+0.05 atom of T* per atom of 
Zr throughout the bombardment. The gamma-rays were observed 
at an angle of 54.5 degrees to the proton beam in the laboratory 
system. 

The energy region from 3 to 22 Mev was surveyed, using a 
0.003-inch Pb radiator in the spectrometer. A single line was ob- 
served at an energy of 20.4+-0.2 Mev. To obtain better resolution, 
additional data were taken around this line with a 0.002-inch Cu 
radiator. The data for both radiators are plotted in Fig. 1. 

Correcting for the effective mean energy of the protons in the 
“thick” Zr target, the doppler effect, and the recoil of the com- 
pound nucleus, we obtain a Q-value for this reaction of 19.7+0.3 
Mev. By calculating the weighted mean Q-values from several 
independent cycles of more precise measurements on other nu- 
clear reactions, Li e¢ a/.° have obtained 19.802+0.008 Mev for 
this Q-value. 

The counting efficiency of the spectrometer decreases rapidly 
for lower gamma-ray energies for the following reasons: (a) the 
cross section for pair production in the radiator decreases; (b) 
each counting channel counts a smaller energy interval; (c) more 
electrons are lost through vertical multiple scattering in the radia- 
tor; (d) the resolution of the spectrometer decreases, dué mainly 
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GAMMA-RAY ENERGY IN MEV 


Fic. 1. Survey of the tritium gamma-ray spectrum. The circles represent 
data taken with a 0.003-in. Pb radiator and the triangles represent data 
taken with a 0.002-in. Cu radiator. Data for the two radiators are nor- 
malized to the same peak height. Standard deviations are indicated for 
each point, 
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to horizontal multiple scattering in the radiator. (The last reason 
is of importance only when considering the height of observed 
peaks, rather than the area under them.) 

Correcting® for these effects, it is estimated that any gamma- 
radiation from the tritium near 10 Mev and } as intense as the 
20.4-Mev line would have been observed if present. Near 6 Mev 
a line would have been observed if about 1.5 times as intense, and 
near 3 Mev only if roughly 40 times as intense. 

The background at low energies shown in Fig. 1 is believed to 
come mainly from degraded radiation arising in the Pb collima- 
tor. The cosmic-ray shower background and accidental coinci- 
dences were found to be negligible. 

The observed line width at half-maximum, which is about 5.4 
percent in the case of the 0.002-inch Cu radiator, can be accounted 
for entirely by the resolution of the spectrometer. The resolution 
would not be significantly improved by the use of a thinner tri- 
tium target, since the target used caused a spread of only 1.1 
percent of the total gamma-ray energy. 

The yield from the T*(p, ~)He* reaction was measured relative 
to the 17.6-Mev gamma-rays from the Li’(p, y) Be’ reaction, using 
the pair spectrometer. The tritium-zirconium target was replaced 
by a thick lithium metal target. The proton energy and angle of 
observation were kept at the values given in the first paragraph. 
The proton beam was measured with a current integrator, and 
the two identical target holders were designed to eliminate error 
due to secondary electron emission. Correcting for the variation 
of spectrometer efficiency with energy, a (T+2Zr)/Li yield ratio 
of 0.016+0.004 was found. 

Argo et al.! made a similar yield comparison, except that they 
observed at 90 degrees and used a detector which counted the 
14.8-Mev lithium line also. Adjusting" our value to their condi- 
tions would give a ratio of 0.012, while they" obtain 0.043. This 
discrepancy may be partly explained by a possible difference in 
the T*/Zr atomic ratio in their target and ours. 

From the lithium data of Fowler and Lauritsen," the absolute 
yield of our tritium-zirconium target at 90 degrees was about 
3X10-"' gamma-ray per steradian per proton. A sin*@ angular 
distribution! was assumed for the tritium gamma-rays. 

In addition to its intrinsic interest for a study of the excited 
He‘ nucleus, the T*(p, y) reaction should prove widely useful as 
a gamma-ray source. It provides the highest energy gamma-rays 
of any known nuclear reaction, is probably monoenergetic, and 
under suitable bombarding conditions can provide gamma-rays 
of an energy known to about 0.04 percent. 

I want to thank Professor B. D. McDaniel for many valuable 
discussions. 

* Work assisted by the ONR. 
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form distribution of T? in the Zr is assum 

10 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 298(A) (1951). 
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Properties of the Isotope Pu*** 


A. Gutorso, AnD F. L. Reynoips* 
Radiation Laboratory and Depastment of Chemistry, 
University of California, Berkeley, California 
(Received July 30, 1951) 


S. G. THompson, K. Street, Jr., 


NVESTIGATION in this laboratory of the higher isotopes of 
plutonium produced by neutron irradiation has provided con- 
firmation of the existence and properties of the new isotope Pu 
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recently reported in this journal by Sullivan e¢ al.1 The work 
reported here was done using the extensively neutron irradiated 
plutonium samples previously described in this journal.? Follow- 
ing the irradiation, the plutonium, americium, and curium were 
separated from each other and from fission products and im- 
purities. The relative amounts of plutonium, americium, and 
curium were measured and the isotopic compositions of the ameri- 
cium and plutonium were determined using a mass spec- 
trograph. The ratio of the numbers of alpha-disintegrations 
from the isotopes Am** and Am** was determined by chemical 
separation with measured yield of the beta-particle emitting 
daughters Np** and Np** and the measurement of their relative 
amounts by differential absorption methods using conventional 
Geiger counters as a means of detection. It was found that the 
ratio of Am**/Am*® was higher by a factor of more than ten than 
in samples of Am™*! which had been subjected to comparable 
neutron irradiations. This result is interpreted to mean that es- 
sentially all of the Am** was formed according to the reaction 
sequence (a) rather than (b). 


(a) Pu*(n, y)Pu®* A Am** 
(b) Am*™"(n, y)Am*(n, y)Am?*. 


The total amounts of the isotopes Pu? and Am** found in the 
irradiated plutonium sample allow a calculation of the cross 
section for the reaction Pu**(n, ~)Pu**. This cross section was 
calculated as very roughly 10 barns, using an estimated value for 
the neutron flux. The cross section is subject to a large error due to 
uncertainty in the estimation of the flux. 

Subsequently, samples of plutonium of relatively large Pu®* 
content were produced as indicated in part by the following re- 
actions : 


electron capture 
a | 


Am**"(n, ~) Am? Pu?®. 

Samples of this plutonium were then irradiated with neutrons 
to produce the isotope Pu**, Following radiochemical purification 
of the plutonium, O’Kelley and Orth* made a rough investigation 
of the radiations of Pu using a beta-ray spectrograph and 
conventional absorption methods. They found the maximum 
energy of the beta-particles to be 0.39 Mev and gamma-ray 
energies of 0.095 Mev and 0.12 Mev, thus confirming the beta 
particle energy of ~0.5 Mev measured by Sullivan e al.! The 
observed half-life of the radioactivity was 5.0+0.2 hours, and the 
amount of it corresponded roughly with the 10*-barn cross section 
estimated above 

We wish to acknowledge the advice and assistance of Professor 
Glenn T. Seaborg whose help contributed greatly to the success 
of this work. 

The successful handling in a safe manner of the radioactivity 
involved was made possible through the use of remote control 
equipment and excellent protective devices provided by Nelson 
Garden and the members of his Health Chemistry group. In this 
connection we especially wish to thank C. M. Gordon, W. G. 
Ruehle, and J. M. Davis for assistance during the experiments. 

* This work was performed under the auspices of the AEC. 

1 Sullivan, Pyle, Studier, Fields, and Manning, Phys. Rev. 83, 


(1951). 
? Thompson, Street, Jr., Ghiorso, and Reynolds, Phys. Rev. 80, 1180 
1950) 
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4G. D. O'Kelley and D. A. Orth, private communication. 


Volkoff’s Massive Spheres 
AMAL KUMAR RAYCHAUDHURI 
Physics Laboratory, Asutosh College, Calcutia, India 
(Received July 26, 1951) 
F one writes the static spherically symmetric line element in 
the form 


dst= —edr’—r(d#@+sin*@dg*)+e'd?. . . (1) 
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where \ and » are functions of r alone, one gets for a sphere of 
constant density p, 

e* = 1—2°+(K/x) (2) 


where x=r/R, R?=3/8mp and K is an integration constant. 

While in the usual Schwarzschild interior solution, K is put 
equal to zero to avoid a singularity at the origin, Volkoff' and 
Wyman? have recently considered interesting solutions with 
K>0 and have found that as K increases the radius of a sphere 
of a given density increases, tending to infinity as K is indefinitely 
increased. However they have restricted their considerations to 
the coordinate radius which has no physical significance. If in 
stead, one considers the proper radius ro given by jo" dr, 
one gets the interesting and rather surprising result that as K 
increases, the proper radius ry decreases monotonically, tending 
to a finite lower limit as K+. From the point of view of radial 
length, therefore, these spheres for a given density have definite 
upper and lower limits to their dimension. 

One may, however, also consider the proper volume given by 
vo=4efi"e*y*dr and this quantity is found to tend to infinity 
as K tends to infinity. 

Another point of some interest in the Volkofi-Wyman solution 
is the influence of the singularity on the field. For weak fields, 
$v’(=4d loggy/dr) gives the newtonian gravitational force and, 
although this approximation breaks down for strong fields, v’ 
always gives qualitatively some idea about the nature of the 
“field of force.” In the Volkoff-Wyman solution, the condition of 
fit gives [Eq. (3.13) of Wyman’s paper } 


m= (4/3)rpri—4KR=M—4KR (3) 
and in the outside space r >rp, e” = 1—2(m/r), so that 


2=(1/r?)(M—4KR). 


by’ =m 
Thus in this region the effect of the singularity is to decrease the 
attractive field. Near the origin, as r-0, with K=0, »’-0, and 
one gets a vanishing gravitational intensity at the center just as 
in newtonian theory ; however, with K>0, v’ tends to + @ as 1/r. 
Thus, in the neighborhood of the origin, the singularity introduces 
an attractive field of force. The presence of an infinite attractive 
field in this region is also apparent from the infinite negative 
pressure gradient. 

Equation (3) suggests an identification of the singularity with a 
negative mass particle; in fact, if p and K together tend to zero 
keeping K/p' constant, the solution degenerates to the 
Schwarzschild solution for a particle of negative mass at the 
origin. The foregoing considerations therefore seem to indicate 
that a negative-mass particle (placed at the center of a sphere of 
positive density) acts as the source of an attractive field at short 
distances and a repulsive field at large distances. 


1G. M. Volkoff, Phys. Rev. 55, 413 (1939). 
2M. Wyman, Phys. Rev. 75, 1930 (1949). 


Threshold for Photoneutron Reaction in Th?*? 
L. B. MaGnusson, J. R. Huizenca, P. R. Frecps, M. H. Stupier, 
Argonne National Laboratory, Chicago, Illinois 
AND 
R. B. DuFFieL_p 
Physics Research Laboratory,* Champaign, Illinoi 
(Received August 6, 1951 


HE mass difference between the 4n+3 and 4n series is ac- 

curately known at lead from various experimental measure 
ments. An accurate value for the Th photoneutron threshold 
would enable one to check alpha- and beta-decay energies by 
closed cycle calculations. 

The method of detecting the (7, ) product nucleus used for 
the U** threshold* was applied in a similar manner for determina- 
tion of the Th™ threshold. Samples of thorium nitrate were bom- 
barded in the betatron x-ray beam at six energies in the range 6,7 
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to 10 Mev. The bombarded thorium was chemically purified to 
remove fission products and thorium daughters. Uniform 25-mg 
samples of ThO: were prepared for counting by igniting painted 
layers of an organic thorium solution. The Th*™ activity was 
measured with a thin window Amperex Geiger tube. The samples 
were covered with an aluminum absorber (7 mg/cm?) to stop alpha- 
particles. Purified, unirradiated ThO, samples (25 mg) gave a 
counting rate of 3 count/min over background (16 count/min) 
with this arrangement. Growth of the Th”* daughters amounted 
to 1 count/min three hours after purification. Observed Th™! 
activities ranged from 2 to 60 count/min. The activities decayed 
with the correct half-life of about 26 hours. The x-ray beam 
intensity was monitored with a Victoreen integrating roentgen 
meter, 

The square root of the total Th*! activity produced in each 
bombardment divided by the total roentgens registered by the 
Victoreen meter, i.e., (A/r)*, appeared to be a linear function of 
bombardment energy within experimental error up to 8 Mev. 
The data are given in Fig. 1. Extrapolation by the method of 
least squares gives a threshold of 6.3540.04 Mev for the 
Th**(y, n)Th*' reaction. This value is in fair agreement with 
6.1+0.2 Mev obtained indirectly by the method of neutron de- 
tection.’ 

* This work was supported in part by the joint program of the AEC 
and ONR. 

! Huizenga, Magnusson, Simpson, and Winslow, Phys. Rev. 79, 908 
(1950); J. A. Harvey, Phys. Rev. 81, 353 (1951); Kinsey, Bartholomew, 


and Walker, Phys. Rev. 82, 380 (1951) 
? Huizenga, Magnusson, Fields, Studier, and Duffield, Phys. Rev. 82, 


561 (1951). 
*R. W. Parsons and C. H. Collie, Proc. (London) A63, 839 
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Theory of Dibaric Particles 


Jane S. PEasE* 
Department of Physics and Laboratory for Nuclear Science and Engineering, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received August 3, 1951) 


N a series of seminars on the self-energy of the vector meson, 
J. Schwinger found it convenient to introduce as a mathe- 
matical artifice a system of spin 1 whose properties were inter- 
mediate between those of the vector meson and those of the 
electron. It is the purpose of this note to discuss the possible 
physical significance of this system. 
A study was made of a quantum-mechanical system postulated 
to obey the equation of motion 


(pyuBu— tk) y =0, 


where 8, was formed from the fusion of two Dirac-like matrices 
' 


By=4(y.+7,) 
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obeying the commutation rules 
1p VO Hy Oy = IAA Buy, 
¥n  ve™ = Ye? y, =0, 
where A‘) +A® = 2. Such a system may be interpreted physically 
as a pair of strongly coupled spin 4 particles of different mass. 
The §’s are represented as 16X 16 matrices using a fusion repre- 
sentation developed by de Broglie.! The present theory is inter- 
mediate between that of Kemmer* (in which A =)\®=1) and 
that of Dirac (in which A“ =2, \® =0), but because of the oc- 
currence of discontinuities does not include either of these ex- 
treme cases. 
The system was found to have the following properties: 
(1) It could exist in either of two mass states, with masses 


m=(k/c)[2/(AaA) J, AS(AMA®)4, 


from which it is evident that the phenomenon of dibarism is 
peculiar to this intermediate case and would occur in neither the 
Kemmer case (A= 1) nor the Dirac case (A=0). 

(2) The spin angular momentum operator had eigenvalues 0, 
+h; we note that the particle is a boson. 

(3) The magnetic moment was similar to that of the Kemmer 
particle, except for an additional term (which vanished for spin 
eigenstates) of value 

+ (che/2k) (AMA) ; 


there thus appear nonzero spin magnetic moments for states of 
zero spin, as might be expected from the fact that one is adding 
magnetic moments of particles of different masses. 

(4) Transitions from the heavier (mass (m+ An) electron masses) 
to the lighter (mass n electron masses) state accompanied by 
gamma-emission were investigated. The lifetime of the heavier 
state, approximately 


(9X 107" /n)(n/An)* sec, 


proved too short to measure except for very small mass difference. 

(5) Coulomb scattering, with and without change of mass, was 
also investigated ; the cross section for the latter case reduced to 
the Rutherford formula as would be expected. 

In its relativistic form, the theory was found to be unrealistic, 
because of the existence of negative energy states which, since the 
particle is a boson, cannot be filled up arbitrarily. These negative 
energy solutions may be accounted for by the binding energy 
associated with the fusion of the two spin 4 particles. It would 
therefore seem that the theory discussed above is meaningful only 
in the nonrelativistic limit. 

The author would like to express her thanks to Professor Her- 
man Feshbach for suggesting the problem and for many stimulat- 
ing discussions. 

* Now at the Rand Corporation, Santa Monica, California 


'L. de Broglie, Actualités sci. et ind. 181 (1934); 411 (1936 
2N. Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939). 


Note on the Relativistic Formula for 
Photoelectric Absorption 


Harvey HALL 
University of Southern California, Los Angeles, California 
(Received August 14, 1951 


ECURRING references! in the literature to the relativistic 

photoeffect formula 

. 3 Zz 
eros iyi g HPL Fat 2aX(1—loga)} (1) 
contain comments which indicate that the degree of validity of 
this formula is not generally understood. The notation of Eq. (1) 
is Heitler’s.? 

The derivation of this formula, published in 1934,* was originally 
criticized by Hulme et al.‘ It appears to have escaped attention, 


ee ii iit : 
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however, that Hulme’s criticism was removed in a rigorous treat- 
ment of the problem for the high energy limit in 1936.5 Heitler in 
perticntne requotes the same criticism in the second edition of 
reference 2 in 1945. Current practice, on the other hand, appears 
to follow the pattern of quoting the criticism stated by Heitler, 
and then of using the formula anyway because it fits the data so 
well. 

It is hoped that the present letter will suffice to establish recog- 
nition of the rigorous treatment on which Eq. (1) is based. 
The Quantum Theory of Radiation (Clarendon Press, 
Oxford, 1945), second edition; Bishop, Collie, Halban, Hedgran, Siegbahn, 
du Toit, and Wilson, Phys. Rev. 70, 113 (1950). 

2 See W. Heitler, reference 1, p. 126. 

3H. Hall, Phys. Rev. 45, 620 (1934). 

‘4 Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. Soc. (London) 


139, 131 (1935). 
5H. Hall, Revs. 


1E.g., W. Heitler, 


Modern Phys. 8, 395 (1936). 


New Aspects of the Pseudoscalar Meson Theory* 
L. L. Fotpy 
Case Institute of Technology, Cleveland, Ohio 
(Received August 16, 1951) 


We: wish to demonstrate here a canonical transformation on 
the hamiltonian describing the interaction of a neutral 
pseudoscalar meson field with a single nucleon through pseudo- 
scalar coupling, which has the property that it reveals the equiva- 
lence theorem between pseudoscalar and pseudovector coupling 
in a new light and at the same time reduces the hamiltonian to a 
form in which it may be amenable to strong-coupling treatment. 
The hamiltonian with which we begin is 

H=68M+a-pt+ig8y'got+Ay, Hy=$S [x?+(Ve)?+p'2¢J}dx, (1) 
where all symbols have their usual meaning, units are chosen so 
that # and ¢ are unity, and the subscript 0 represents the evalua- 
tion of the corresponding meson field quantity at the nucleon 
Under the canonical transformation 


H-H' =e'SHe'S 


position. 


with 
S=}7' tan {ggo/M} 


the hamiltonian takes the form 
H’=8M[1+2*¢02/M }'+a@-p+A, 
g 
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Hence we see that pseudoscalar coupling is equivalent to a 
nonlinear pseudovector coupling together with some additional 
non-spin-dependent nonlinear coupling terms.' It should be noted 
that the above transformation is exact to all orders in the coupling 
constant in contradistinction to other derived forms of the equiva- 
lence theorem.? The strong nonlinearity of the hamiltonian in the 
meson field is reminiscent of recent heuristic proposals by Heisen- 
berg,’ Finkelstein and Ruderman,‘ and Schiff,5 and suggests the 
possibility that pseudoscalar meson coupling may provide the 
elements required for the explanation of nuclear force saturation 
and of the relative independence of one-particle motions in nuclei 
required by the nuclear shell model on a basis other than exchange 
forces. 

The hamiltonian (3) is in a form such that the method of Foldy 
and Wouthuysen® may be applied to obtain the equivalent non- 
relativistic hamiltonian. The result, disregarding all terms which 
vanish as the nucleon becomes infinitely heavy (after writing 
g=fM and assuming f remains finite as M@—~>~), is 


(3) 
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I= M[1+ Pot} —L4fo-V oo/(14+ Pe?) ] 


Pr oa 
— | |-———— | dx. (4) 
+Hyt 8/ L1+f*¢0 % 


By the introduction of suitable source functions, it would appear 
possible to treat the hamiltonian (4) by the methods previously 
developed for strong coupling. 

Similar treatments are possible for the charged pseudoscalar 
meson field with pseudoscalar coupling and for the second- 
quantized form of the Dirac field in both the Schrédinger and 
interaction representations. These, together with further investi- 
gations of the strong-coupling theory, will be presented in future 
publications. 

* This work was supported by the AEC. Part of this work was carried 
out during a week's visit of the author to the University of Rochester. The 
hospitality of the latter institution is gratefully acknowledged. 


1 The last term is of course strongly divergent. However, in the second- 
quantized form of the Dirac theory its analog is the more familiar “‘con- 


tact” term. 
2 See, for example, K. M. Case, Phys. Rev. 76, 1 (1949). 


3 W. Heisenberg, Z. Naturforsch. 5a, 151 (1950). 

‘R. Finkelstein and M. Ruderman, Phys. Rev. 81, 655 (1951). 

5 L. I. Schiff, Phys. Rev. 80, 137 (1950); Phys. Rev. 83, 239 (1951). 
*L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 


Nuclear Spin of Actinium 227 
FraNK S. TOMKINS AND MARK Frep 
Argonne National Laboratory, Chicago, Illinois 
AND 

MEGGERS 
Washington, D. C. 
1951) 


WILLraM F. 
National Bureau of Standards, 
(Received August 13, 


S part of a joint investigation of the actinium spectrum, 
interferometer exposures were made which yielded about 15 
lines showing well-resolved hyperfine structure. The structure was 
in the form of flag patterns with either three or four components, 
with large degradation of spacing and intensity indicating a low 
nuclear spin. Since no more than four components were observed 
in spite of J values of at least 3 as shown by a term analysis, the 
number of levels in the split term is spin-limited, with J =} for 
Ac®’, the isotope used. Evaluation of the nuclear magnetic dipole 
and electric quadrupole moments must await a more complete 
analysis of the spectrum, and will be reported later. 


Erratum: A Self-Consistent Treatment of the 
Oxygen Dissociation Region in the 
Upper Atmosphere 
[Phys. Rev. 83, 109 (1951)] 
H. E. Moses* 
Department of Physics, Columbia University, New York, New York 
AND 
Ta-You Wu 
National Research Council of Canada, Ottawa, Canada 
. Eq. (25) replace Gz by G2’. 
In Appendix 1, replace the last two lines by “where G;,’ is the 
statistical weight of two atoms in the *P state, and G,’ is 1 and is 
hence different from G2.” 
In Appendix 4, Eq. (50) should be replaced by 


B= [- 8.0F(0)do=4,20% 10-74, (50) 


The value of B for T=300°K is 7.25X10-*. The equation for 


B’ should be replaced by 
eco 
B'= J, By'vF (v)dv = (G1/G1’) (G2 /G2) (11°/vo)* BX (1/24) B 
The above corrections do not affect any of the other results in 
the paper, since the correct expressions were used in calculating 


the results. 


* Present address: Institute of Mathematics and Mechanics, New York 
University, New York, New York. 
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